Order Ahead for Pickup: Promise or Peril?

Problem definition: Mobile technologies have increasingly enabled remote customers to order ahead at
quick-service restaurants. As customers travel to the service facility to pick up their orders, their orders also
advance in the food preparation queue. It is widely believed that the ability to order ahead reduces customers’
total delay and therefore allows restaurants to attract more orders and achieve higher throughput than if
customers must order onsite. Methodology /results: We build a queueing-game-theoretic model to study
a hybrid order-ahead scheme where some customers order ahead and some order onsite. Our analysis shows
that the common practice of accepting all orders as they come in and requiring all orders to be irrevocable
can cause a hybrid order-ahead scheme to surprisingly achieve lower throughput than a pure order-onsite
scheme. The throughput shortfall can persist even when the service provider freely chooses whether to share
queue-length information with remote customers. However, allowing remote customers to cancel orders not
ready for pickup when they arrive at the service facility can restore the throughput advantage of ordering
ahead over ordering onsite, but the cancellation scheme may nevertheless fall short of the non-cancellation
scheme in throughput. We then study another mitigation strategy that rejects new remote orders if the num-
ber of outstanding orders reaches a certain threshold. When the service provider optimally sets the rejection
threshold, the hybrid order-ahead-with-rejection scheme outperforms both its non-rejection counterpart and
the pure-order-onsite scheme in throughput, but not necessarily the cancellation scheme. Finally, we propose
an integrated mechanism that allows for both rejection and cancellation, subsuming all the previously con-
sidered hybrid order-ahead schemes as special cases. Mlanagerial implications: Our paper highlights the
unintended consequences of ordering ahead and provides prescriptive guidance for managing such a service

system.

Key words: On-demand service, Omnichannel service, Order ahead, Travel, Reneging

1. Introduction

In today’s on-demand economy, customers value instant gratification more than ever before and
would like to have their demand fulfilled as promptly as possible. In response, quick-service restau-
rants are increasingly enabling customers to order ahead on demand and pick up their orders at
the restaurant. Online food ordering is projected to be a $106 billion industry by 2031 (Business
Research Insights 2024) and the key ingenuity of ordering ahead is that it allows customer orders
to virtually advance in the order-processing queue while customers themselves physically travel
to the restaurant. By the time they arrive, their orders will be near completion or even ready for
pickup. This parallel effect contrasts with the tandem nature of a traditional order-onsite scheme

in which customers must travel to the service facility and place orders only after they arrive onsite.



Hence, ordering ahead is believed to reduce customers’ total delay, thereby attracting more orders
and generating higher “transaction volume” (Pucci 2017) than the pure order-onsite scheme.

Ordering ahead of time usually also means commitment ahead of time. It is not uncommon for
restaurants to require that all orders be final once they are placed. For example, Starbucks (2017)
says in the FAQs about its Mobile Order & Pay that “once your order has been placed it cannot
be delayed or canceled.” Other restaurant chains (Peet’s Coffee 2019, Subway 2020) have similar
terms of use. While this lock-in effect is characteristic of ordering ahead, the pure order-onsite
scheme does not require pre-travel commitment. Customers who order onsite can postpone their
ordering decision until they arrive at the restaurant and see the status of the queue (i.e., how many
people are waiting for their orders). Given that allowing customers to order ahead both attracts
orders (with less delay) and retains orders (with a no-cancellation policy), one would naturally
think that it would increase the restaurant’s throughput. Our paper challenges this view.

We develop a queueing-game-theoretic model in which a service provider faces a mix of remote
and local customers, both of whom are delay-sensitive. Remote customers are distanced from the
service facility and it takes time for them to travel to the facility, whereas local customers are
nearby and their travel time is negligible. Upon experiencing a need, a remote (local) customer
decides whether to place an irrevocable order ahead (onsite). The service provider operates in a
hybrid mode, taking both remote and onsite orders, and processing them following a first-come-
first-served rule. Remote customers who order ahead travel to the service facility to pick up their
orders. We compare the above hybrid order-ahead scheme with a pure order-onsite scheme in which
all customers may only order onsite. In both schemes, customers see the number of outstanding
orders onsite but not remotely. This is consistent with the practice that restaurants often put up
digital screens in store to show the list of outstanding orders but nevertheless only share with
remote customers a wait-time estimate at best rather than the length of the order-processing queue.

We find that contrary to conventional wisdom, the hybrid order-ahead scheme has lower through-
put than the pure order-onsite scheme when the market size is intermediate and travel time is
short (Theorem 1). The key culprit for this throughput shortfall is the lock-in effect of ordering
ahead, which is a double-edged sword. On the one hand, customer demand is secured early on,
which puts upward pressure on throughput. On the other hand, remote customers who order ahead
may unknowingly place and commit to orders when the queue is already long. This mismatch can
exacerbate congestion and make the actual wait time more unpredictable, which in turn, deters
customers from placing orders in the first place. Hence, the lock-in effect also puts downward pres-

sure on throughput. In fact, it outweighs the upward pressure from both the lock-in effect and the



parallel effect combined when the market size is intermediate (which implies abundant orders and
nontrivial congestion) and travel time is short (which implies a limited benefit from parallelization),
causing the hybrid order-ahead scheme to fall short of the pure order-onsite scheme in throughput.

The argument above reveals two driving forces for the throughput shortfall: (1) remote customers
place orders without knowing the real-time queue length; (2) remote customers commit to their
orders even if they see a long queue upon arrival at the service facility. This begs the question of
whether the throughput shortfall can be eliminated if the service provider has discretion in whether
to share the real-time queue-length information with remote customers or if the service provider
allows for order cancellation. We investigate the effectiveness of these two mitigation strategies.
We find that the throughput shortfall can persist even after the first mitigation strategy is put in
place (Theorem 2). The service provider’s dilemma is that sharing such queue-length information
remotely directly causes remote customers to stop ordering at the sight of a long queue but doing
so also regulates congestion, which indirectly increases customers’ willingness to order. When the
market size is intermediate, the indirect benefit of regulating congestion can still give way to the
direct fear of losing orders, prompting the service provider to prefer not sharing information. Hence,
the throughput shortfall cannot be eliminated by merely adjusting the information policy.

By contrast, we find that the second mitigation strategy—allowing remote customers to cancel
their orders when they are updated on their orders’ queue positions upon arrival at the service
facility—can eliminate the throughput shortfall, enabling the hybrid-order ahead scheme to outper-
form the pure-order onsite scheme (analytically shown in Theorem 3 for a small buffer system and
numerically confirmed more broadly). Allowing cancellation is a self-regulating mechanism that
does not deter remote customers with a long queue at the moment of ordering; rather, customers
abandon on their own only if the queue is actually long when they have to wait onsite. However,
cancellation addresses an existing problem by creating a new one: allowing cancellation reduces the
throughput of the hybrid order-ahead scheme when the market size is small (and thus regulating
congestion is a secondary concern) as it forgoes orders that could otherwise be captured (Theorem
4). Thus, allowing order cancellation is not an all-encompassing solution.

The limitations of the two proposed mitigation strategies motivate us to examine a third one:
proactively rejecting new remote orders when the number of existing outstanding orders reaches
a threshold that is optimally determined by the service provider to maximize throughput. Order
rejection is practiced by some Starbucks stores that turn off point-of-sale systems used for mobile
ordering when the stores are too busy (Dean 2021). We show that the service provider should not

reject any incoming orders if the market size is small, but as the market size grows, the service



provider may reject remote orders to tame the increased amount of congestion; in fact, when the
market size is sufficiently large, the optimal rejection scheme will mimic the outcome of information
sharing (Theorem 5). Thus, the service provider who can optimize the rejection threshold no
longer has the incentive to share queue-length information remotely (Theorem 6). Importantly,
the hybrid order-ahead-with-rejection scheme (with an optimal rejection threshold) achieves higher
throughput than both the hybrid order-ahead scheme (without rejection or cancellation) and the
pure order-onsite scheme when queue-length information is not shared remotely (Theorem 7). Like
information sharing, the rejection scheme regulates congestion by forgoing orders at the outset,
but unlike information sharing, the rejection threshold in the rejection scheme can be fine-tuned
to ensure that inducing more customers to place orders does not come at the expense of letting
go too many orders that have already been placed. We show that the rejection scheme beats
the cancellation scheme in throughput when the market size is small or large (Theorem 8) but
numerically find that the opposite can be true when the market size is intermediate. This speaks
to the complementary strengths of the proactive approach of forgoing orders at the outset (i.e.,
rejection) and the reactive approach of forgoing orders in the process (i.e., cancellation).

This complementarity motivates us to propose an integrated mechanism that allows the
throughput-maximizing service provider to control both the amount of order rejection and can-
cellation and thus subsumes all the previously considered hybrid order-ahead schemes as special
cases. We show that this integrated mechanism reduces to the optimal rejection scheme (without
cancellation) when the market size is extreme (Theorem 9) but numerically find that cancellation
and rejection should be jointly used when the market size is intermediate. We also observe from
our numerical study that overall, the hybrid order-ahead-with-rejection scheme has the smallest
throughput gap from the integrated mechanism among all the simple schemes considered.

We study three model extensions. The first extension captures food quality degradation that may
arise when remote orders are complete before customers arrive at the store. The second extension
captures remote customers’ channel choice on whether to order ahead, order onsite, or not order
at all. The third extension allows the travel speed of remote customers to be heterogeneous. We

demonstrate the robustness of many of our key insights.

2. Related Literature
Our paper contributes to the growing literature on omnichannel retail in general and omnichannel
service operations in particular. Most relatedly, Gao and Su (2018) show that the adoption of

online self-order technologies (such as mobile apps) increases restaurants’ throughput. They argue



that one driver of this result is the “advance order effect.” However, instead of actually modeling
the act of ordering in advance, they make the simplifying assumption that ordering online entails
a lower waiting cost per unit time than ordering offline. This same assumption has been used by a
series of papers that model customer behavior in settings broadly related to omnichannel services,
including Baron et al. (2023), Cui et al. (2020), Feldman et al. (2023), Chen et al. (2022).

Our paper differs from this line of work in both modeling and insights. On the modeling front,
our paper explicitly models customers’ travel time and therefore the parallelism of travel time
and waiting time (i.e., the system-state evolution during travel). Doing so allows us to capture
the “advance order effect” with higher operational fidelity. Modeling travel time also naturally
gives rise to two potential decision epochs spaced by a time lag (the moment a customer’s need
arises and the moment the customer arrives at the service facility) and enables us to build a
particularly novel model of the hybrid-order-ahead-with-cancellation scheme that captures both
strategic balking (not placing orders at the first decision epoch) and strategic reneging (canceling
orders at the second), a rare combination in the literature. On the insight front, the extant literature
(e.g., Gao and Su 2018, Baron et al. 2023) all points to online ordering as a means to increase
throughput. In contrast, by carefully modeling the operational subtleties and customer incentives
in such a service system, we find that the hybrid-order-ahead scheme can counterintuitively result
in lower throughput than the pure-order-onsite scheme. We further propose mitigation strategies
to overcome the throughput shortfall. Collectively, these new developments highlight the challenges
in managing the order-ahead scheme and advance our theoretical understanding of such a system.

In the omnichannel-service-operations space, our paper complements Farahani et al. (2022), who
also model travel time in ordering ahead—yet the focus is diametrically different. They study how
to manage queues to best meet a pre-specified target of pickup time, balancing the tradeoff between
earliness and tardiness of order readiness. As such, they abstract away from customers’ strategic
ordering decisions and focus on supply-side interventions. By contrast, our work carefully models
customer incentives and examines the demand-side response to different order-ahead mechanisms.

Beyond the application area, our paper contributes to the queueing-economics literature that
studies customers’ strategic behavior in queueing systems, pioneered by Naor (1969). We refer to
Hassin and Haviv (2003), Hassin (2016) for comprehensive reviews. In particular, Hassin and Roet-
Green (2021) form the basis of our benchmark model of the pure-order-onsite scheme in which
traveling and waiting are in tandem. They numerically show that to maximize throughput, the

service provider should withhold queue-length information from remote customers when the market



size is small but reveal such information when the market size is large. This insight is consistent
with the earlier finding established in a simpler setting (Hassin 1986, Chen and Frank 2004).

We not only extend the framework of Hassin and Roet-Green (2021) from homogeneous cus-
tomers to heterogeneous customers (i.e., a mix of local and remote customers who differ in travel
time) but also enrich this literature with various models of hybrid order-ahead schemes in which
traveling and waiting are in parallel. Further, the ordering-onsite nature of Hassin and Roet-Green
(2021) precludes strategic reneging, which nevertheless emerges in our cancellation model. The
scant literature on strategic reneging has considered reneging triggered by either time-varying ser-
vice rewards (Hassin and Haviv 1995), nonlinear waiting costs (Haviv and Ritov 2001), or random
utility shocks (Ata and Peng 2018). By contrast, our cancellation model is novel in that reneging is

driven by information about customers’ updated queue position upon arrival at the service facility.

3. Model Setup

We model a service provider (e.g., a restaurant) as a single server that processes customer orders.
Order processing times are independent and identically distributed (IID) random variables follow-
ing an exponential distribution with mean 1/u, where p is referred to as the capacity of the service
provider. Customer needs arise according to a Poisson process with rate A, where A is referred
to as the market size. The market consists of two types of customers who differ in their physical
location: remote customers and local customers. Let v € (0,1] and 1 —~ be the fraction of remote
customers and local customers, respectively.

Remote customers are away from the service facility when their needs arise and their travel times
to the service facility are IID random variables following an exponential distribution with mean
1/, where (3 is referred to as the travel speed. A remote customer is not entirely certain about her
travel time before travel due to potentially unanticipated (elevator/road) traffic. Upon experiencing
a need, a remote customer decides whether to place an (irrevocable) order online (from where she
is located); if she places an order, she travels to the service facility to pick up her order. Local
customers are near the service facility when their needs arise and their travel times to the service
facility are negligible. Upon experiencing a need, a local customer decides whether to place an order
onsite. Local customers can be thought of as those who stroll down the street and happen to pass
by the store. The service provider processes orders on a first-come-first-served basis. See Figure 1
for an illustration of the process flow for this hybrid order-ahead scheme. We highlight two key
features: (1) the service provider operates in a hybrid mode, with some customers ordering ahead
and some ordering onsite (if at all); (2) ordering ahead has a parallel structure: as remote customers

travel to the service facility, their orders are also advancing in the order-processing queue.



Figure 1 A Hybrid Order-Ahead Scheme
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Customers receive a reward V for having their needs fulfilled on demand. Each customer incurs
a delay cost ¢ per unit time between the point she experiences a need and the point she receives
her order. Customers are expected-utility maximizers. Consistent with practice, remote customers
are provided with a wait-time estimate based on the historical average (e.g., on a mobile app),
whereas local customers see the real-time queue length (i.e., the number of outstanding orders) as
quick-service restaurants often set up in-store digital screens to display the status of outstanding
orders. We will later investigate in §5 a case where the service provider can also share this real-time
queue-length information with remote customers if doing so increases the system throughput.

To preclude trivial cases in which the service reward is too low for remote customers to ever

place orders, we enforce Assumption 1 for the rest of the paper.

ASSUMPTION 1. V >¢[1/u+1/8—1/(B+ pn)].

4. Equilibrium and Comparison with Pure Order-Onsite

In this section, we first characterize customers’ order-placing strategies in equilibrium (in which
nobody can strictly increase her own expected utility through unilateral deviation). Next, we
compare the equilibrium throughput of the hybrid order-ahead scheme with that of a pure order-

onsite scheme in which both remote and local customers must order onsite (introduced in §4.3).

4.1. Preliminaries

This subsection derives the expected utility of a remote customer if she places an order for a
given queue length. We first derive the probability distribution of the queue position for a remote
customer’s order after a random travel time. Suppose that when a remote customer’s need arises,
the initial queue length is n >0 (i.e., n outstanding orders yet to be processed). If she places an
order, she joins the back of the queue and her queue position is n+ 1. Let NV,, denote her updated
queue position upon arrival at the service facility. Thus, N, is equal to n+ 1 less the number of
service completions X up to her own order during the customer’s travel. The support of N, is

{0,1,...,n+ 1}, where N,, =0 means her order is complete and ready for pickup. Formally, the



random variable NN, < [n+1— X]|T, where y* =max{y,0} and X is a geometric random variable
with P(X =) =[8/(8+ w)][u/(B+ p)]* for i=0,1,---. Denote o = 11/ (8 + p). We characterize the

probability distribution of N,, in Lemma 1.

LEMMA 1 (Updated queue-position distribution). The probability distribution of N, is:
Pu(0) ZB(N, =0) = 0™ pu(i) =P(N, =) = (1= 0)o" 1, =1, n+1.

For a remote customer who places an order when the initial queue length is n, her expected

utility conditioned on n, U(n) =V — czgzz;l)(i/,u) -pn(i) — ¢/ B. After simplification,

T(n) EV—% (wﬂﬂ”*ﬂ”ﬁ) (1)

4.2. Equilibrium
This subsection characterizes customers’ order-placing strategies in equilibrium. Local customers
place an order if and only if the queue length they see is less than n, = |uV/c], where || denotes
the largest integer less than or equal to z. We refer to n. as the Naor threshold (Naor 1969).
Remote customers place an order with probability ¢ € [0,1] (determined in equilibrium) based on
the expected utility. Next, we characterize this equilibrium order-placing probability q.

Given remote customers’ order-placing probability ¢ and local customers’ order-placing threshold
Ne, let pr = [yAg+ (1 —~)A)/u, pr =~vAg/p. Thus, for pr < 1, the steady-state probability of the

number of outstanding orders being i is

n. n —1
. 17pTE pTe .
prZT ( 1—prp + m) s for i < Ne,
T (q) = . 1—ple e (2)
i—Ne  Ne
Pr Pt (

-1
T—pr m) s for 4 > Ne.

The expected utility for a remote customer who places an order is U"(q) =>_- U (n)7%(q). Thus,
g €(0,1) is an equilibrium only if U“(¢) =0; ¢ =1 is an equilibrium if U“(1) >0, and ¢ =0 is an

equilibrium if U*(0) < 0. Proposition 1 characterizes the equilibrium strategy q%.

PROPOSITION 1 (Equilibrium). There exist thresholds on market size A, % and XY, such that

remote customers’ equilibrium order-placing probability q% is:

1, if A<AY,
ghi=9G<€(0,1), if Xj<A<AY, (3)
0, if A>Xy,

where § uniquely solves the equation U"*(G) =0. The resulting throughput THY = (1 — w5 (q4)).



When the market size is sufficiently small (A < \Y), the service system is not expected to be
congested, and thus all remote customers place orders. Despite this, the resulting throughput is
still lower than the market size A because local consumers do not always place orders if they see
a long queue. When the market size is intermediate (A%} < A < %), the system is expected to be
somewhat congested, causing some remote customers to not place orders. When the market size is
sufficiently large (A > \%), all remote customers stop placing orders because the system is expected

to be heavily congested even with local customers only.

4.3. Comparison with a Pure Order-Onsite Scheme

In this subsection, we compare the order-ahead scheme with a pure order-onsite scheme in which
remote customers may place orders (i.e., join the queue) only after they travel to and arrive at the
service facility. In the pure order-onsite scheme, as before, local customers decide whether to place
orders based on the observed queue length; remote customers first decide whether to travel to the
service facility and if they choose to travel, then upon arrival at the service facility, they further
decide whether to place an order based on the observed queue length, just like local customers. See
Figure 2 for an illustration of the process flow. Note that remote customers’ decision process has

a tandem structure: they need to travel to the service facility before placing an order.

Figure 2 A Pure Order-Onsite Scheme
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When onsite, customers (local or remote) place an order if and only if the queue length they
see is less than the Naor threshold n.. Given the onsite order-placing threshold n. and remote
customers’ travel probability ¢ € [0,1] (determined in equilibrium), the system operates as an
M/M/1/n. queue, and the steady-state probability of the number of outstanding orders being
iis m's(q) = (pr)' /3% (pr)?, @ =0,1,--- ,n., where pr = [yAg+ (1 —v)A]/p. Then a remote
customer’s expected utility of joining is Ug(q) = Yo (V — c(i +1) /) mi's(q) —c/B. Thus, similar
to Proposition 1, we can show that there exist thresholds on market size A, A% and A%, such that
a remote customer’ equilibrium travel probability ¢& = Lia<awy + ds - 1{A“§<A<Xg}7 where ¢s € (0,1)

uniquely solves the equation Ug(gs) = 0. The resulting throughput THg = (1 —7g 5(q4)). Notably,
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when the market size is large enough, remote customers stop traveling to the service facility, let
alone placing orders. Theorem 1 compares the throughput of the pure order-onsite scheme T'H

with that of the hybrid order-ahead scheme T HY.

THEOREM 1 (Hybrid order-ahead can be worse than pure order-onsite).

(i) When travel speed (3 is sufficiently low or market size A is sufficiently small, the hybrid order-
ahead scheme has higher throughput than the pure order-onsite scheme (THY >THY).

(ii) When B is sufficiently high, for an intermediate range of the market size, the hybrid order-
ahead scheme has lower throughput than the pure order-onsite scheme (THY <THY).

Theorem 1 shows that whether the hybrid order-ahead scheme can achieve higher throughput
than the pure order-onsite scheme depends on both remote customers’ travel speed and the market
size. Strikingly, if remote customers travel fast, then allowing remote customers to order ahead
results in lower throughput than if they must order onsite when the market size is intermediate.

Here is the rationale. On the one hand, for remote customers, the hybrid order-ahead scheme
parallelizes waiting (for order processing) and traveling (for order pickup). This parallel effect lures
more remote customers and puts upward pressure on throughput. On the other hand, the hybrid
order-ahead scheme requires remote customers to pre-commit to their order before they observe the
real-time congestion, whereas remote customers in the pure order-onsite scheme can defer ordering
decisions until they see the queue onsite. Pre-commitment is a double-edged sword for throughput.
On the positive side, it secures customer orders early on. This lock-in effect puts upward pressure
on the system throughput. On the flip side, remote customers may unknowingly place and commit
to orders when the queue is already long. This exacerbates system congestion, which, in turn,
deters both local and remote customers from placing orders. As a consequence, this lock-in effect
also puts downward pressure on the system throughput. When travel is fast and the market size
is intermediate, the parallel effect dwindles but the increased congestion due to the lock-in effect
becomes formidable. The downward pressure from the lock-in effect on throughput overshadows
the upward pressure from the parallel and lock-in effects combined, causing the hybrid order-ahead
scheme to lag behind the pure order-onsite scheme in throughput.

We supplement Theorem 1 with a numerical trial illustrated by Figure 3. We observe from Figure
3-(a) that when the travel speed is low, the throughput of the hybrid order-ahead scheme always
exceeds the throughput of the pure order-onsite scheme, consistent with Theorem 1-(i). We also
observe from Figure 3-(b) and Figure 3-(c¢) that when the travel speed is not low, the hybrid order-

ahead scheme has lower throughput than that of the pure order-onsite scheme for an intermediate
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Figure 3  Throughput Comparison of Hybrid Order-Ahead vs. Pure Order-Onsite
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Note. p=1,V =2, c=0.5, v=0.7.
market size, consistent with consistent with Theorem 1-(ii). Additional numerical studies reveal
that the throughput shortfall does not necessarily hinge on the mean travel time being shorter
than the mean processing time. In practice, the order processing time depends on the nature of
the food: coffee may be quick to make but hot meals may take longer.

We further break down the total throughput into the throughput of remote customers and that

of local customers. In the hybrid order-ahead scheme, define remote customer throughput to be
Ne—1
i=0
ne—1
i=0

vAqY4 and local customer throughput to be (1 —7)A > 7m#(q%). In the pure order-onsite scheme,

define remote customer throughput to be vAg% > mi's(q4) and local customer throughput to
be (1—7)AY i<, ! Ti's(q4). We present our numerical findings in Figure 4. We observe from Figure
4-(a) and Figure 4-(b) that when travel is slow or intermediate, a change from the pure order-
onsite scheme to the hybrid order-ahead scheme increases the throughput of remote customers but
reduces the throughput of local customers. This observation is consistent with the popular belief
that remote customers who order ahead crowd out local customers who order onsite (Buell 2020).
It further reveals that the shortfall of the total throughput observed in Figure 3-(b) occurs as
the increase in remote customers’ orders does not make up for the loss of local customers’ orders.
Moreover, we observe from Figure 3-(c) that when travel is fast enough and the market size is
large enough, remote customers’ throughput falls while local customers’ throughput rises, contrary
to popular belief. Collectively, our analytical and numerical results demonstrate the intricacies of
the hybrid order-ahead scheme. Neither the conventional wisdom that allowing remote customers

to order ahead attracts more orders in total nor the popular belief that doing so at least attracts

more orders from remote customers is always valid.
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Figure 4  Throughput Comparison of Hybrid Order-Ahead vs. Pure Order-Onsite by Customer Type
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5. Mitigation Strategies

In this section, we consider three strategies that might mitigate the potential throughput shortfall
of the hybrid order-ahead scheme: (i) in §5.1, we allow the service provider to share queue-length
information with remote customers; (ii) in §5.2, we allow order cancellation from remote customers;

and (iii) in §5.3, we allow order rejection from the service provider.

5.1. Information

Recall that a driver for the throughput shortfall of the hybrid order-ahead scheme discussed in
§4.3 is that remote customers—who have access to wait time estimates based only on historical
averages—may unknowingly place orders when the queue is already long. This begs the question of
whether the throughput shortfall can be eliminated if the service provider has discretion in whether
to share the real-time queue-length information with remote customers. This subsection explores

remote queue-length information as a mitigation strategy.

5.1.1. Hybrid Order-Ahead Scheme We first study the hybrid order-ahead scheme. We
start by characterizing remote customers’ order-placing strategy when queue-length information
is shared remotely, i.e., when remote customers are informed of the number of outstanding orders
when deciding whether to place orders. Note that the expected utility of a remote customer who
places an order after observing n outstanding orders, U(n), is derived in (1). Thus, a remote cus-
tomer places an order if and only this expected utility is non-negative. Proposition 2 characterizes

the order-placing strategy of a remote customer.
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ProOPOSITION 2 (Remote customer strategy with information). When queue-length
information is shared remotely, remote customers follow a threshold order-placing strategy:
(i) A remote customer places an order if and only if she observes a queue length n less than

threshold n* (i.e., n <n’), where n} is uniquely determined by n* =min{n € N: U(n) < 0}.

nv
c )

(ii) Threshold n} is no greater than the Naor threshold n., i.e., n* <n.. Specifically, if | Y| =
. - (&
then n’ <n. for any 0 < 8 < oo; otherwise, n: < n. if and only if travel speed B is low, i.e.,

. CNne C _Ne __
B < B, where 3 uniquely solves V — LT Eo= 0.

While the threshold structure of remote customers’ order-placing strategy in Proposition 2-(i)
is intuitive, Proposition 2-(ii) may be slightly less straightforward. Here is the rationale. The total
delay remote customers experience is either (a) the travel time (if the order is ready before travel
is complete) or (b) the delay between order generation and order completion (if travel is complete
before the order is ready), whichever is longer. Hence, the total delay is expected to be longer than
the delay in (b) alone, which is what local customers would endure for the same queue length.
This implies that remote customers will generally be less receptive to a long queue than their local
counterparts (i.e., n* <n.). In particular, when travel time is expected to be long, the total delay
is also expected to be much longer than the delay in (b), inducing remote customers to adopt a
strictly lower joining threshold than that of local customers (i.e., n* <n.).

Given local customers’ order-placing threshold n. and remote customers’ order-placing threshold
n*, let p=A/u be the potential traffic intensity. Thus, the steady-state probability of the number

of outstanding orders being i is

* * * —1
i [ 1=pe | ple(1—((A—y)p) e meth) . ok
71'.0: P ( 1—p + 1—(1—v)p ) ’ ) 1’_0517 7ne7
g i—n* n* _ "Z n: 1—((1— ne—nz-‘—l - B «
((]‘_7)10) ep ¢ (11fp +P ( (if(iy),p,z)p )) b Z:ne—i_l)”' 7ne.

The resulting system throughput is TH4 = pu(l — 75). Next, we take the perspective of
a throughput-maximizing service provider who chooses whether to share queue-length infor-
mation with remote customers, i.e., a service provider who solves the optimization problem:
max {TH4,THY}, where throughput THY is defined in Proposition 1. Proposition 3 characterizes

the service provider’s information-sharing policy in the hybrid order-ahead scheme.

PROPOSITION 3 (Whether to share information). There exists a unique threshold A such
that the throughput-mazximizing service provider should not share queue-length information with

remote customers (TH'Y >THS) if A < A and should share information otherwise.
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Proposition 3 generalizes the classical result of Chen and Frank (2004) to a setting of heteroge-
neous customers. When the market size is small, congestion is light, and withholding queue-length
information from remote customers can induce all of them to place orders whereas if queue-length
information is shared, remote customers who happen to see a long queue will refrain from ordering.
Hence, not sharing information is preferred. By contrast, when the market size is large, conges-
tion is nontrivial, and revealing queue-length information to remote customers induces them to
place orders only when the queue is sufficiently short, which keeps the queue length in check and

regulates congestion. This, in turn, entices more customers.

5.1.2. Pure Order-Onsite Scheme In the pure order-onsite scheme, customers follow a
simple Naor joining threshold when onsite. However, if queue-length information is shared, then
remote customers’ strategy in deciding whether to travel after observing the queue length is highly
complex. Hassin and Roet-Green (2021) study a simplified version of this problem that contains
only (homogeneous) remote customers but not local customers. They show that finding remote
customers’ traveling equilibrium is analytically intractable and instead develop an algorithm to
numerically search for the equilibrium. We extend their numerical procedure to our setting of

heterogeneous customers and obtain the resulting throughput of the pure order-onsite scheme T'H¢.

5.1.3. Throughput Comparison Let TH} and TH{ denote the maximum throughputs
achieved by the optimal remote-information-sharing policy in the hybrid order-ahead scheme and
the pure order-onsite scheme, respectively. That is, TH} =max{TH?,TH!}, i € {A,S}. Theorem

K2

2 compares TH, with TH.

THEOREM 2 (Hybrid order-ahead can still backfire). When travel speed 8 is sufficiently
high, for an intermediate range of the market size, the hybrid order-ahead scheme has lower through-
put than the pure order-onsite scheme even if the service provider optimally chooses whether to

share queue-length information with remote customers in each respective scheme (THj <THY) .

Theorem 2 shows that the potential throughput shortfall of the hybrid order-ahead scheme can-
not be eliminated even when the service provider freely decides whether to share queue-length
information with remote customers. The conundrum is that withholding queue-length information
from remote customers causes a supply-demand mismatch that drives congestion (which is partic-
ularly problematic when congestion is already high, i.e., when the market size is large), but sharing
the information turns customers away outright (which is particularly problematic when the service

provider desperately needs customers, i.e., when the market size is small). Thus, when the market



Figure 5

Throughput Comparison of Hybrid Order-Ahead vs. Pure Order-Onsite Under Optimal Information
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Note. p=1,V=2,¢=0.5, y=0.7.
size is neither too small nor too large, the service provider is pushed into a tight corner and cannot
salvage the hybrid order-ahead scheme by merely adjusting information.

We supplement Theorem 2 with a numerical study that compares the throughput of the hybrid
order-ahead scheme (T'H?) with that of the pure order-onsite scheme (T'HY) when the service
provider optimally chooses whether to share queue-length information with remote customers in
each respective scheme. The result is presented in Figure 5. Consistent with Theorem 2, we observe
from Figure 5-(b) and Figure 5-(c) that when the travel speed is not too low and the market size is
intermediate, the pure-order-onsite scheme outperforms the hybrid order-ahead scheme. Notably,
comparing Figure 5-(b) and Figure 5-(c) with their counterparts of Figure 3 reveals instances in
which the service provider switches to sharing queue information with remote customers in the
hybrid order-ahead scheme while sticking to no-sharing in the pure order-onsite scheme, yet the

throughput of the hybrid order-ahead scheme still falls behind that of the pure order-onsite scheme.

5.2. Cancellation
Recall that another driver for the throughput shortfall of the hybrid order-ahead scheme discussed
in §4.3 is that remote customers commit to orders when the queue is already long. This begs the
question of whether non-commitment (i.e., allowing remote customers to cancel orders when they
arrive onsite) helps. This subsection explores order cancellation as a mitigation strategy.

In the hybrid order-ahead-with-cancellation scheme, the service provider informs onsite cus-
tomers of the number of outstanding orders and the queue position of each order (e.g., by displaying

a sequence of order ID’s on in-store digital screens); further, (remote) customers who order ahead
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can freely cancel their unfinished orders when they arrive at the service facility. Upon cancellation,
an order will be withdrawn from the order queue and will no longer be processed. Hence, not all

orders initially placed will eventually be prepared. See Figure 6 for a process-flow illustration.

Figure 6 Hybrid Order-Ahead with Cancellation
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Note. Customers and orders are depicted by squares and circles, respectively. The onsite order-placing threshold is
ne =4. Customers 1 and 3 are onsite, waiting to pick up their orders (represented by the two solid circles); customers
2, 4, and 5 are still traveling; customer 6 is about to arrive at the service facility and cancel her order; customer 7 is

about to place an order.

On the surface, this cancellation scheme bears a resemblance to the pure order-onsite scheme
in that remote customers in both may choose not to stay after traveling to the service facility.
Nevertheless, the key distinction is that in the pure order-onsite scheme, customers may choose
to balk from the physical queue before committing to the service; while in the hybrid order-ahead
scheme with cancellation, remote customers may choose to renege on a previously secured spot
in the virtual order queue. As such, our model of the cancellation scheme captures both strategic
balking (not placing orders) and strategic reneging (canceling orders).

We first characterize the cancellation strategy of remote customers who arrive at the service
facility and observe their queue positions. One complication is that an arriving customer cannot
tell whether those with order IDs ahead of hers have arrived or not. Customers who have not yet
arrived may later cancel their orders upon arrival, thus affecting the focal customer’s calculation
about her own expected wait time if she does not cancel. Thus, each arriving customer needs to
think strategically about the cancellation strategies of those who have not arrived. Yet, Lemma 2

shows that customers’ cancellation strategy has a surprisingly simple threshold structure.

LEMMA 2 (Cancellation strategy). In the hybrid order-ahead-with-cancellation scheme, each
remote customer cancels her order upon arrival at the service facility if and only if her queue

position (the number of outstanding orders ahead of hers plus her own order) is greater than n..
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Here is the rationale behind Lemma 2. If a customer’s queue position does not exceed the Naor
threshold n., then her dominant strategy is to keep waiting for her order. This result further implies
that the first n, outstanding orders in the queue will not get canceled. Therefore, if a customer’s
queue position exceeds n, upon arrival at the service facility, then she would definitely cancel her
order because she knows that at least the first n. orders will not get canceled and thus will be
processed before hers (regardless of when their order-placing customers arrive), which implies that
the reward from getting her own order is not worth the wait. Following the same logic, a local

customer places an order if and only if the order queue length is less than n..

5.2.1. Queue-Length Information Not Shared Remotely We next divide our analysis
by whether queue-length information is shared with remote customers when they decide whether
to order. We start with the case in which such information is not shared.

Given remote customers’ cancellation threshold n. and local customers’ joining threshold n,
at the service facility, we now derive remote customers’ ordering placing probability ¢ when they
experience a need. Given ¢, the system state of the order queue, i.e., the number of outstanding
orders i, evolves according to a birth-death process with a state-dependent birth rate A;(¢q) =
YAG+(1—7)A-1ji<p.—1y for i=0,1,... and a state-dependent death rate ji;: p; = p+p5(i—n.)*, i =
0,1,---. Birth rates \;(q) correspond to order arrivals. When the queue is short (i <n.—1), both
remote and local customers place orders, hence the birth rate yAg + (1 — «)A; otherwise, only
remote customers place orders, hence the birth rate yAq. Next, we explain death rate p;. An order
cancellation occurs only when a remote customer completes traveling and finds a long order queue
ahead of her order at the service facility. A remote customer who sees less than n. outstanding
orders ahead of hers will not cancel her order. Such a customer’s arrival at the service facility will
not trigger a “death” event in the system. Therefore, when all customers have a short queue ahead
of their orders (i.e., the number of outstanding orders i <n.), the order queue length can only be
decremented by a service completion (which occurs at rate p). On the other hand, if i > n., it must
imply that i —n. remote customers have an order-queue position above n., and furthermore, these
customers must all be traveling and have not yet arrived onsite (because otherwise, they would
have already canceled their orders). Hence, in addition to a service-completion event, the order
queue length can also be decremented by an order cancellation (which corresponds to one of those

i —n, customers arriving at the service facility) at rate 8(i —n.).
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Given the birth and death rates, the steady-state probability of the number of the outstanding

orders being i, 7' (q), satisfies the flow balance equations \;(q)7}'c(q) = pis17,, o(q) for i =

0,1,..., from which, we obtain the following product-form steady-state probabilities:
j -1 (i—ne)t
1- p%e“ T 7Ag e Ag
! = ——— ¢ , 1=0,1,---, 4
Z,C(Q) ( 1_ _1161_‘[1 +k5 Pr ]]Z[l M"’k,@ ()

where pr = [yAq+ (1 —~)A]/p. Next, similar to Lemma 1, Lemma 3 characterizes remote cus-
tomers’ updated queue position upon arrival at the service facility (before she cancels, if at all),

denoted by N¢, when her queue position is n + 1 at the moment of ordering.

n

LEMMA 3 (Updated queue-position distribution under cancellation). (i) Ifn>n., the
probability distribution of N{ s p;(0) = P(N7 = 0) = [[}_, ;M5 pi (i) = P(Ny = i) =
1<i<n+1, where p;=p+p(i—mn.)*, i=0,1,--- and Hi:ixkzl fori>j;

Hi— 1+B Hk i g +57

(i1) If n<n., NS has the same distribution as N,, given by Lemma 1.

Given ¢, the expected utility of a remote customer who places an order is

where U (i), 7! (q), and p{(j) are given by Equations (1), (4), and Lemma 3, respectively. Propo-

ne—1

q)EZU(i) Z

i=ne

— ) P () - ;] o (a), (5)

sition 4 characterizes remote customers’ equilibrium order-placing probability ¢¢.

PROPOSITION 4 (Equilibrium in the cancellation model).
In the hybrid order-ahead-with-cancellation scheme, when queue-length information is not shared
remotely, there exist thresholds on market size A, A\, and N, such that remote customers’ equi-
librium order-placing probability g = Ta<opy + qc - 1{A5<A<5\%}’ where o € (0,1) uniquely solves

U&(qe) =0, with U4(q) given in Equation (5). The resulting throughput is THE = [l — 7§ (q&)]-

5.2.2. Queue-Length Information Shared Remotely We next consider the case in which
queue-length information is shared with remote customers when they decide whether to order.
Recall from Proposition 2 that in such a case, remote customers place orders only when the observed
queue length is less than n} with n? <n.. By the time they arrive onsite, their queue position will
only be improved (at least no worse than n’). Since Lemma 2 shows that a customer will only
cancel if her queue position is worse than n., it implies that no customers have the incentive to
cancel in the original order-ahead scheme. Hence, enabling cancellation does not make a difference
when queue-length information is shared with remote customers. Hence, the system throughput in

this case T'Hg equals the throughput in its non-cancellation counterpart, THg, i.e., TH¢ =THY.
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5.2.3. Throughput Comparison Let TH} = max{THZ,TH!} denote the maximum
throughput achieved by optimal information sharing in the hybrid order-ahead-with-cancellation

scheme. We next compare this throughput with that in the pure-order onsite scheme, T H§.

THEOREM 3 (Hybrid order-ahead-with-cancellation v.s. pure order-onsite). When
queue-length information is optimally shared remotely, for n. =1, the hybrid order-ahead-with-

cancellation scheme has higher throughput than the pure order-onsite scheme, i.e., TH, > TH?.

Theorem 3 shows that enabling cancellation mitigates the throughput shortfall under optimal
information sharing; we prove the result analytically for n, = |V u/c] =1, but numerically, we find
that it holds for all the problem instances tested (see §5.4 for details of our numerical study).
Cancellation is a self-regulating mechanism that alleviates the issue of over-congestion created by
the lock-in effect without turning remote customers away from the outset just because the queue
is long initially (which would be the case if the service provider resorts to information sharing
alone). Customers abandon only after they arrive at the service facility and actually expect a
long wait onsite. Therefore, cancellation restores the advantage of the hybrid order-ahead scheme
over the pure order-onsite scheme. Next, we investigate the impact of enabling cancellation on the

throughput of the hybrid order-ahead scheme.

THEOREM 4 (To cancel or not to cancel). When queue-length information is optimally
shared remotely, allowing cancellation in the hybrid order-ahead scheme results in lower throughput

(TH} <TH?) if market size A is small.

While Theorem 3 suggests that enabling cancellation is a promising solution that allows the
hybrid order-ahead scheme to outperform the pure-order-onsite scheme, Theorem 4 shows that the
cancellation scheme nevertheless falls short of the non-cancellation one when the market size is
small. The cancellation scheme forgoes orders that the non-cancellation scheme would hold on to
otherwise. This order loss is critical when there are not too many orders to begin with, i.e., when the
market size is small. In this case, the cancellation scheme falls short of the non-cancellation scheme
in retaining orders. Hence, cancellation addresses an existing problem (i.e., the throughput shortfall
relative to the pure order-onsite scheme) by creating a new one (i.e., a potential throughput loss
relative to the hybrid order-ahead scheme without cancellation).

Figure 7 illustrates a three-way throughput comparison of the hybrid order-ahead scheme (T H?%),
the pure order-onsite scheme (T'HY), and the hybrid order-ahead-with-cancellation scheme (T'H,)
when the service provider chooses the optimal information in each respective scheme. We observe

that the hybrid order-ahead-with-cancellation scheme always outperforms the pure-order-onsite
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Throughput Comparison of Hybrid Order-Ahead, Pure Order-Onsite, and Hybrid Order-Ahead-with-

Figure 7
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Note. p=1,V=2,¢=0.5, y=0.7.

scheme, i.e., TH > THY (confirming Theorem 3 for general n,), mitigating the throughput short-
fall of the non-cancellation scheme. Nevertheless, we also observe that the cancellation scheme falls
short of its non-cancellation counterpart when the market size is small (confirming Theorem 4).
Further, we observe that the cancellation scheme coincides with the non-cancellation scheme when
the market size is large because both choose to share information and that the former achieves

strictly higher throughput than the latter only when the market size is intermediate.

5.3.

The limitations of the previous two mitigation strategies motivate us to explore yet another alterna-

Rejection

tive: a hybrid order-ahead-with-rejection scheme in which the service provider accepts new remote
orders (placed by remote customers online) if the total number of outstanding orders is strictly
less than a threshold N € NU{co} and rejects any new remote orders otherwise. Threshold N is a
decision variable of the service provider. Rejecting remote orders is in the spirit of Starbucks stores
turning off point-of-sale systems for mobile ordering when the stores are too busy (Dean 2021).

See Figure 8 for a process-flow illustration of the hybrid order-ahead-with-rejection scheme.

5.3.1. Queue-Length Information Not Shared Remotely We start with the case in

which queue-length information is not shared with remote customers when they decide whether

to order. We first characterize the equilibrium order-placing probability of remote customers for a
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Figure 8 Hybrid Order-Ahead with Rejection
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given rejection threshold N. If N > n,, then given remote customers’ order placing probability ¢,

the steady-state probability of the number of outstanding orders being i is

_ -1
pr| -+ = , I 1< ne,
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mir(q) = (6)
R q n N-—-ne+1 -1
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where pr = [yAq¢+ (1 —v)A]/n and pr = yAq/u. If N <n,, the steady-state probability of the

number of outstanding orders being i is

-1
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where pr = [yAq+ (1 — v)A]/pu and pr, = (1 —vy)A/p. Thus, for a remote customer who places
an order, with probability 7y ,(¢), her order will be rejected (from which she gets zero utility);
with probability 1 — 7y (q), her order will be accepted (which implies the queue length at the
moment is less than V). Recall from (1) that a remote customer’s expected utility conditioned
on the queue length being n is U(n). Thus, her unconditional expected utility from ordering is
Ut (@) = X205 O ()7 a(a).

Proposition 5 characterizes remote customers’ equilibrium order-placing probability.

PRrOPOSITION 5 (Equilibrium in the N-rejection model). In  the  hybrid-order-ahead
scheme with a rejection threshold N, when queue-length information is not shared remotely,
remote customers’ equilibrium order-placing probability qy n is as follows: if UN —-1) >0,
qh n = 1; otherwise, there exist thresholds on market size A, Ay n and X%’N, such that qp y =
Liasay o3 + 4o - Ly y<A<hy v} where §f, v uniquely solves Up (4 n) = 0. The resulting

throughput is THp = w[l — Wg’R(q}é,N)]-
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Building on Proposition 5, we characterize the optimal rejection threshold N* that maximizes
the system throughput. Theorem 5 establishes the structural properties of N*. Let the maximum

throughput achieved by N* be THp, ie., THp=TH} yv« = maxyenu{oo} 1T HE n }-

THEOREM 5 (The optimal rejection threshold). In the hybrid-order-ahead-with-rejection
scheme, when queue-length information is not shared remotely, the optimal rejection threshold N*

satisfies N* > n?, with N* =n} when A is large enough and N* = oo when A is small enough.

In setting the rejection threshold, the service provider faces the following tradeoff: a lower, more
aggressive rejection threshold forgoes a bigger fraction of remote orders placed but prompts more
remote consumers to place remote orders because it shortens the queue and better regulates con-
gestion. When the market size is small enough, there is not much congestion anyway, so the service
provider should not reject any orders (i.e., N* = 00). In this case, the rejection scheme degenerates
into a non-rejection scheme. As the market size increases, congestion becomes a growing concern, so
the service provider may reject orders to tame congestion. However, the optimal rejection threshold
should never be set any lower than n}, the order-placing threshold that remote customers employ
in the non-rejection scheme when they have queue-length information at the time of ordering (see
Proposition 2). Recall that U(n; — 1) > 0. Thus, if N =n}, then from Proposition 5, ¢ y =1,
i.e., if N =n?, the queue is guaranteed to be short enough that all remote customers place orders.
Reducing the rejection threshold even further will only forgo a bigger fraction of the remote orders
without prompting more remote customers to place orders and is therefore not fruitful. In fact,
N* =n7 is indeed the optimal rejection threshold for a sufficiently large market size, in which case,
the rejection scheme without information sharing mimics the information-sharing scheme without

rejection (characterized in Proposition 2) in the induced customer behavior and throughput.

5.3.2. Queue-Length Information Shared Remotely When queue-length information is
shared with remote customers, let the maximum throughput achieved by the optimal rejection
threshold in this case be T'Hf. Theorem 6 shows that if the service provider can choose both

whether to share information and the rejection threshold, then sharing information is not necessary.

THEOREM 6 (No Incentive to share information in the rejection scheme).
In the hybrid order-ahead scheme with an optimized rejection threshold, not sharing queue-length

information with remote customers achieves higher throughput than sharing, i.e., TH} > TH?Y,.

Sharing queue-length information with remote customers drives them away when the queue is

long, which helps regulate congestion. Yet, the same effect can also be achieved by rejecting orders
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when the queue is long. Therefore, the service provider can replicate the order-placing outcome
of information sharing with an appropriate rejection threshold without sharing information. More
specifically, if queue-length information is shared, the service provider cannot improve throughput
by imposing a rejection threshold. This is because a rejection threshold higher than n} will not

be reached (since remote customers will voluntarily stop ordering once the queue length reaches

*
€

n’), whereas a rejection threshold lower than n? will only hurt throughput by turning down too
many orders. Therefore, the service provider who does not share information can at least match the
throughput of the information-sharing case by simply imposing a rejection threshold of n}, which
ensures all remote customers are willing to place orders. Optimizing over the rejection threshold
will only increase the throughput further. Hence, the service provider will not bother to share
queue-length information with remote customers. In other words, let THj; =max{TH%, THY} be
the maximum throughput achieved by optimizing over whether to share queue-length information
with remote customers along with the rejection threshold; Theorem 6 establishes that T Hy, =T H}.

So far, we have implicitly assumed that customers rejected remotely will exit the system. Yet, one
may naturally wonder if these customers, upon rejection, will instead travel to the service facility

and order onsite. Proposition 6 shows that in the optimal rejection scheme, rejected customers

indeed have no incentive to make such an attempt even when given the opportunity.

PropPOSITION 6 (Rejected customers will not order onsite). In the optimal hybrid-order-

ahead-with-rejection scheme, rejected customers will not choose to order onsite.

Recall from Theorems 5 and 6 that the optimal rejection threshold is at least n}. When customers
are rejected remotely, they know the queue is too long for ordering ahead to be worth it anyway
(recall from Proposition 2 that customers will not order ahead if there are n} outstanding orders).
We further show that ordering onsite will be even worse than ordering ahead and thus, rejected

customers have no incentive to travel to the service facility and make a second ordering attempt.

5.3.3. Throughput Comparison We next compare the throughput of the hybrid order-
ahead-with-rejection scheme (with a throughput-maximizing rejection threshold) with those of the
three schemes introduced earlier: (1) the non-rejection scheme; (2) the pure order-onsite scheme;
and (3) the cancellation scheme, when each scheme has its respective optimal remote informa-
tion sharing policy. As for (1), the non-rejection scheme essentially has a rejection threshold of
N =00 and is thus a special case of the rejection scheme with an optimized rejection threshold.
Hence, it follows that the rejection scheme outperforms the non-rejection scheme, i.e., THj;, > T H?.

Theorems 7 and 8 address comparisons (2) and (3), respectively.



24

THEOREM 7 (Hybrid order-ahead with rejection vs. pure order-onsite).
When queue-length information is optimally shared remotely, for n. =1, the hybrid order-ahead-

with-rejection scheme has higher throughput than the pure order-onsite scheme, i.e., TH}, > THS.

Theorem 7 shows that the twist of order rejection mitigates the throughput shortfall of the hybrid
order-ahead scheme, enabling it to capture more customers than the pure order-onsite scheme. We
prove that this throughput dominance holds for general n, if queue-length information is not shared
remotely (i.e., TH} > THY for general n.), but when information is shared in the pure order-onsite
scheme, the underlying queueing system becomes analytically intractable and thus we can only
analytically prove this result for n. =1, even though numerically, we find that it holds for all the
problem instances tested (see §5.4 for details of our numerical study). The introduction of order
rejection keeps the queue length in check. Thus, order rejection regulates congestion and enables
customers who successfully order ahead to enjoy the benefit of the parallel effect without worrying
about the longer-than-usual delay they might otherwise encounter in the non-rejection scheme.
Therefore, customers are more willing to place orders. Moreover, the rejection threshold can be
fine-tuned to strike the balance between acquisition (getting more customers to place orders) and
retention (keeping more orders that have been placed) so that the hybrid order-ahead throughput
will indeed be higher than the pure-order-onsite throughput.

Theorem 8 compares the throughput of the rejection scheme with that of the cancellation scheme.

THEOREM 8 (To cancel or to reject). When queue-length information is optimally shared
remotely, the hybrid order-ahead-with-rejection scheme has higher throughput than the cancellation

scheme (TH3 >TH¢ ) when the market size is sufficiently small or large.

When the market size is small, recall from Theorem 5 that the rejection scheme reduces to
the non-rejection scheme, which has higher throughput than the cancellation scheme, according
to Theorem 4. Therefore, in this case, the rejection scheme outperforms the cancellation scheme.
When the market size is large, the rejection scheme fends off orders at the outset, which more
sharply regulates congestion that the cancellation scheme that lets customers voluntarily withdraw
orders in the process. Hence, in this case, the rejection scheme again outperforms the cancellation
scheme. However, when the market size is intermediate, it is unclear whether the rejection still
beats the cancellation scheme. We explore this question numerically in Figure 9.

Figure 9 conducts a four-way throughput comparison of the hybrid order-ahead scheme (T H?%),
the pure order-onsite scheme (T'HY), the hybrid order-ahead-with-cancellation scheme (T'H(), and

the hybrid order-ahead-with-rejection scheme (T'H},) when the service provider optimally chooses



Figure 9

Cancellation, Hybrid Order-Ahead-with-Rejection Under Optimal Information
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Note. p=1,V =2, c=0.5, v=0.7.

whether to share queue-length information with remote customers in each respective scheme. We
observe that the hybrid order-ahead-with-rejection scheme always outperforms both the hybrid
order-ahead scheme (T'Hj, > TH?), which is by construction, and the pure-order-onsite scheme
(TH}, > THY), confirming Theorem 7 for general n.. Hence, like the cancellation scheme, order
rejection can be yet another approach to mitigate the throughput shortfall. Yet, unlike the can-
cellation scheme, order rejection does not have the unintended consequence of falling short of the
basic scheme without cancellation or rejection (since the rejection threshold can be optimized).
Further, in many instances, the rejection scheme also dominates the cancellation scheme (echoing
Theorem 8), but this is not always the case. For example, Figure 9-(c) shows that when travel is
fast and the market size is intermediate, the rejection scheme results in lower throughput than the
cancellation scheme (although the magnitude of the difference seems small). The rationale is that
order rejection is a more drastic measure of regulating congestion than allowing order cancellation
and therefore can overshoot.

We have also numerically examined the impact of v (the share of remote customers) on the
throughput comparison. We observe that when v is small, the throughputs of the various schemes
considered are barely distinguishable from each other. This is not surprising since these schemes
differ in how they affect remote customers; if the vast majority of customers are locals, then there
clearly will not be any sizable differences across these schemes. As « increases, the throughputs of

the different schemes diverge, making our findings (e.g., the throughput shortfall of ordering ahead
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and the throughput restoration of the rejection scheme) more salient. This observation suggests
that our insights are particularly relevant for restaurants with broad geographical coverage and a
keen interest in remote ordering, which might be a growing industry trend.

In sum, the hybrid order-ahead-with-rejection scheme holds promise as it attains higher through-
put than both the hybrid order-ahead scheme (by construction) and the pure order-onsite scheme
(proved analytically in Theorem 7 for n, =1 and confirmed numerically for general n.). While it is
not guaranteed to outperform the hybrid order-ahead-with-cancellation scheme, it tends not to fall
far behind (based on numerical observation). However, in order for the rejection scheme to work
in practice, the rejection threshold must be carefully calibrated to the business characteristics and

clearly communicated to remote customers, both of which are not without practical challenges.

5.4. An Integrated Mechanism

In this subsection, we consider an integrated mechanism that subsumes all the previously studied
hybrid order-ahead schemes. In this integrated mechanism, the service provider (1) rejects remote
orders if the total number of outstanding orders reaches or exceeds threshold N; € NU{oco} and (2)
cancels online orders from remote customers when they arrive at the service facility and still have a
queue position exceeding threshold N, € NU{oo}. Both thresholds N; and N, are decision variables
of the throughput-maximizing service provider. We focus on rejection thresholds with N; > n} to
prevent creating perverse incentives for rejected customers to reorder onsite (Proposition 6); we
focus on cancellation thresholds with N, > n, to prevent creating perverse incentives for canceled
customers to reorder onsite. When queue-length information is shared remotely, this integrated
mechanism reduces to the hybrid order-ahead scheme with information sharing in §5.1 and is
throughput-dominated by the optimal rejection scheme without information sharing (Theorem 6).
We henceforth focus on the case without information sharing (which is without loss of optimality).
Further, when N; =00 and Ny = n,, this integrated mechanism degenerates into the cancellation
scheme in §5.2; when Ny = oo, this integrated mechanism degenerates into the rejection scheme in
§5.3. Theorem 9 (partially) characterizes the structure of the optimal integrated mechanism for

the throughput-maximizing service provider.

THEOREM 9 (The Optimal Integrated Mechanism). In the integrated mechanism, not
rejecting or canceling orders (Ny = Ny = 00) is optimal if the market size is sufficiently small;

rejecting orders at threshold n: (Ny =n*, Ny = 00) is optimal if the market size is sufficiently large.

Theorem 9 shows that the integrated mechanism matches the optimal rejection scheme (without

cancellation) when the market size is extreme (cf. Theorem 5). However, we observe from Figure
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10 that when the market size is intermediate, the integrated mechanism can strictly outperform all
of the four previously considered schemes (each under its respective optimal information sharing).
This indicates that in such instances, both order rejection and cancellation are active in the optimal
integrated mechanism (N, < N; < o0), even though Figure 10 seems to suggest a small throughput

gap between the rejection scheme and the integrated mechanism.

Figure 10 Throughput Comparison with the Integrated Mechanism
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We next quantify such a gap more systematically through a numerical study. We generate
625 representative instances from the following parameter combinations: =1, ¢=0.5, V €
{1.5,2.5,--- 5.5}, v€{0.1,0.3,---,0.9}, A€ {0.5,1,---,2.5}, B€{0.5,1,---,2.5} (all satisfying
Assumption 1). In each instance, we compute the percentage throughput gap between the optimal
integrated mechanism and each of the four previously considered schemes under optimal informa-
tion sharing (the percentage throughput gap is the throughput difference divided by the throughput
of the integrated mechanism). We present statistics of these percentage throughput gaps in Table
1, including the mean, median, maximum, minimum, first quartile, and third quartile.

Table 1 indicates that the hybrid order-ahead-with-rejection scheme is overall the closest to
the integrated mechanism in throughput, with a maximum throughput loss of only 2.45% (even
though it does not always dominate the cancellation scheme). Hybrid order-ahead-with-cancellation
is also relatively effective but shows more variability in performance. While its throughput gap
is substantially smaller than the hybrid order-ahead scheme (without cancellation) in worst-case

scenarios (9.58% vs 17.26%), its median throughput gap turns out to be larger (0.11% vs 0.02%).
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Table 1 The Percentage Throughput Gap of Different Schemes

Scheme Mean Median Max. Min. 1st Qu. 3rd Qu.
Hybrid order-ahead-with-rejection 0.07% 0 245% 0 0 0
Hybrid order-ahead-with-cancellation 0.71% 0.11% 9.68% 0  0.01% 0.72%
Hybrid order-ahead 1.12% 0.02% 17.26% 0 0 0.81%
Pure order-onsite 2.76% 0.44% 89.88% 0  0.08%  2.3%

pw=1 c=05 V € {1525354555}, v € {0.1,0.3,0.5,0.7,09}, 8 € {0.5,1,1.5,2,25}, A €
{0.5,1,1.5,2,2.5}.
The pure order-onsite scheme is overall the least effective in maintaining throughput, demonstrating
the biggest gaps in all statistical measures (even though it outperforms the hybrid order-ahead
scheme in some instances). In sum, our numerical study underscores the value of ordering ahead
and points to order rejection within the hybrid order-ahead scheme as an effective control lever

that balances simplicity and performance.

6. Extensions
6.1. Food-Quality Degradation

This extension incorporates the issue of food-quality degradation. Specifically, when remote cus-
tomers order ahead, food can be ready before customers arrive, and thus may be “soggy” at the
time of pickup. Our base model assumes away the disutility caused by “soggy” food and still finds
that the hybrid order-ahead scheme may result in lower throughput than the pure order-onsite
scheme. Incorporating such disutility in ordering ahead would imply that remote customers are
even less inclined to place orders, leading to even lower throughput, thus only strengthening this
key insight. In §EC.1.1, we formally model food deteriorating in quality over time after an order is
complete. We find that our most interesting results that occur when travel is fast are particularly
robust in that incorporating food-quality degradation hardly affects the system throughput of any
scheme. This is because when travel is fast, customers are likely to arrive at the service facility

before their order is complete, making food-quality degradation a secondary concern.

6.2. Channel Choice

This extension expands remote customers’ strategy space and allows for channel choice in hybrid
order-ahead schemes. When a need arises, remote customers decide whether to order ahead, order
onsite, or not order at all. That is, remote customers not only choose whether to order (as in
the base model), but also which channel to order from. When queue-length information is shared
remotely, remote customers will not choose to order onsite, and therefore our results from the
base model carry over. However, when queue-length information is not shared remotely, remote

customers face a tradeoff in the channel choice: ordering ahead allows an order to join the queue
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earlier but ordering onsite prevents customers from unknowingly joining a long queue. Thus, a
remote customer may choose to order onsite with a certain probability. Nevertheless, if remote
customers can cancel their orders upon arrival at the service facility, then they again will not order
onsite. Thus, even when queue-length information is not shared remotely, modeling the channel
choice may only affect the hybrid order-ahead scheme (with or without rejection), but not the
cancellation scheme or the pure order-onsite scheme. In §EC.1.2, we formally characterize the

order-placing equilibrium in these affected schemes and demonstrate the robustness of our insights.

6.3. Heterogeneous Travel Speed of Remote Customers

This extension allows remote customers’ travel speed to be heterogeneous. Let remote customers’
travel speed B be continuously distributed over support [a,b], where 0 < a < b < co. For a remote
customer with travel speed [, her travel time is drawn from an exponential distribution with rate
(. In the hybrid order-ahead scheme, each remote customer chooses whether to order ahead, order
onsite, or not order, based on their own travel speed 5. We set up the model in §EC.1.3 and

characterize remote customers’ ordering strategy in Proposition 7.

PROPOSITION 7 (A double-threshold strategy). Under heterogeneous travel speed, in the
hybrid order-ahead scheme without queue-length information shared remotely, there exist two
thresholds (31,82 with a < 81 < By < b such that a remote customer with travel speed B does not

order if B < By, orders ahead if 51 < B < (B2, and orders onsite if 5> (5.

Proposition 7 shows that customers adopt a double-threshold ordering strategy in the hybrid
order-ahead scheme. Those with a high 8 (those who live near or travel fast, e.g., by car) order
onsite because the benefit of ordering ahead (parallelization) for these customers is outweighed
by the benefit of ordering onsite (queue-length information); those with an intermediate  order
ahead because their time savings from ordering ahead (due to parallelization) is significant enough
to prevail over the lack of information; and those with a low 3 (tho who live afar or travel slowly,
e.g., by foot) do not place orders because they expect too much delay with either ordering mode.

We numerically compare the throughputs of three schemes: (i) pure order-onsite, (ii) hybrid
order-ahead, and (iii) hybrid order-ahead with rejection (with the optimal rejection threshold)
when queue-length information is not shared remotely. We observe from Figure 11 that consistent
with the base model, the hybrid order-head scheme can have lower throughput than the pure-order-
onsite scheme, yet introducing order rejection into the order-ahead scheme restores its throughput

advantage. In fact, we analytically prove this result of throughput dominance in Theorem 10.
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Figure 11 Throughput Comparison Under Heterogeneous Travel Speed of Remote Customers
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THEOREM 10. Under heterogeneous travel speed, when queue-length information is not shared
remotely, the hybrid order-ahead-with-rejection scheme (with the rejection threshold optimized) has

higher throughput than the pure order-onsite scheme.

We acknowledge that one limitation of this extension is the omission of the cases where queue-
length information is shared remotely and those that permit order cancellations due to their
intractability. Due to the heterogeneity in remote customers’ travel speed, if information is shared
or cancellation is allowed, then the computation of throughput requires deriving the steady-state
distribution of a high-dimensional Markov chain that tracks the travel speed of every single trav-

eling customer en route to the service facility, which would be best left for future research.

7. Conclusions
A key value proposition of letting customers order ahead is that doing so presumably attracts more
orders and achieves higher throughput than if customers must order onsite. Our paper cautions
that whether ordering ahead delivers this value hinges on the way it is operationalized. Specifically,
a common practice in the field—all orders are final once placed—can generate orders that are
placed and locked in when the queue is already long, burdening the service system and prolonging
congestion-driven delay, which, in turn, deters customers from placing orders. As a result, a hybrid
order-ahead scheme may alarmingly achieve lower throughput than a pure order-onsite scheme.
To overcome this throughput shortfall, we consider a variety of mitigation strategies. The first

one is to let restaurants optimally choose whether to share queue-length information with remote
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customers. We find that the throughput shortfall can persist despite this intervention. The second
strategy is to allow remote customers who order ahead to cancel orders after they arrive at the
service facility. While this strategy is promising in eliminating the throughput shortfall, it triggers
a new problem as allowing cancellation in the hybrid order-ahead scheme reduces throughput when
the market size is small. The third strategy is to reject new remote orders at the outset in the
event of too many outstanding orders. If the rejection threshold can be optimally determined, then
the hybrid order-ahead-with-rejection scheme will outperform both the one without rejection and
the pure order-onsite scheme, but not necessarily the hybrid-order-ahead-with-cancellation scheme.
Finally, we consider an integrated hybrid order-ahead mechanism that allows for both rejection
and cancellation of remote orders and subsumes all the previously considered order-ahead schemes
as special cases. We numerically find that overall, the rejection scheme has the smallest throughput
gap from the integrated mechanism among all the schemes considered.

We conclude by discussing the caveats of our model and future research directions. First, a
practical concern of order rejection or cancellation is the loss of goodwill, which might hurt future
business. Second, our paper focuses on on-demand services (Taylor 2018) in which customers value
instant gratification and prefer to have their requests fulfilled as soon as possible. That is why
our model assumes that customers incur the same unit delay cost regardless of the nature of the
delay (onsite or during travel), consistent with Hassin and Roet-Green (2021). Thus, in such an
on-demand setting, customers have no incentive to postpone their travel because delay is equally
costly regardless of where it occurs. In settings without such a salient on-demand feature, one may
argue that waiting at home is less annoying and thus less costly than waiting at the service facility
and that customers can have an incentive to postpone their travel after placing their order. Such

strategic postponement prolongs total delay and can be left for future research.
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Electronic Companion

Appendix EC.1: More Details about the Extensions in §6

EC.1.1. Food-Quality Degradation

Let t > 0 be the time elapsed after an order is complete. If a customer arrives at the service facility and picks up her
order at time ¢, her reward from the order is Ve~ %, where d > 0 is a parameter that measures the magnitude of quality
degradation. The pure-order-onsite scheme is not affected by d since, by definition, orders will be complete only after
customers arrive. Next, we re-derive the equilibria for various order-ahead schemes. To begin with, local customers
still follow the Naor threshold. For remote customers, the expected utility of ordering given initial queue length
n is Ug(n) = VP(N, > 0) +E[Ve ¥T=|T > X]P(N,, =0) — CZEZBA) i “pn(i) — 5, where T' is a random variable
denoting travel time and X is a random variable denoting the steady-state sojourn time in the order queue. Note
that in computing the expected service reward, quality degradation only arises in the event that the order is ready
for pickup upon arrival at the service facility, i.e., {IN, =0}, which is equivalent to saying that travel time exceeds

sojourn time, i.e., {T'> X}. Since T follows an exponential distribution with rate 3, due to its memoryless property,

E[Ve “T=X|T > X] =E[Ve %] = 2.V, Therefore, Ua(n) = (1 - a"+lﬁ> Ve (o”+1 n W) .

EC.1.1.1. Hybrid Order-Ahead (1) Queue-length information not shared remotely. Suppose all
remote customers place an order with probability ¢ € [0, 1] and local customers follow the Naor-threshold. The steady-
state probability of the number of outstanding orders being ¢, 7;'(q), is the same as (2). The unconditional expected
utility for a remote customer who places an order is Ua,a(q) = > o, Us(n)my(q), which is decreasing in ¢. Thus,
g € (0,1) is an equilibrium only if Ua,q(q¢) =0, ¢ =1 is an equilibrium if U q(1) > 0 and ¢ =0 is an equilibrium
if Ua,q(0) < 0. Hence, remote customers’ equilibrium order-placing probability is: ga,qa =0,if A > Xa.4;qa.a=Ga.a €
(0,1),if AA,d <A< S\A,d;qA,d =1if AL AA’d, where G4 4 uniquely solves the equation Ua 4(Ga,q) =0. The resulting
system throughput TH} ;= (1 -7y (da,qa)). (2) Queue-length information shared remotely. Remote customers
follow a threshold joining strategy. The joining threshold of remote customers 7. < n; < n. is uniquely solved by n; =

min{n € N: Ug(n) < 0}. Accordingly, the steady-state probability of the number of outstanding orders being 4 is 7{ =

fre (1—((1—y)p) e ~Ret1) ) -1
1-(1=v)p ’

ping, i=0,1,-- el = ((1 —q)p)i—%pﬁewg, 1="MNe+ 1, - ,ne, where 7§ = (11)2 + 2

with p = A/p. The resulting system throughput is TH3 4 = pu(1 — 75).

EC.1.1.2. Hybrid Order-Ahead with (Optimal) Rejection (1) Queue-length information not
shared remotely. Suppose that the service provider accepts new remote orders if the number of outstanding orders
is strictly less than threshold N and rejects any new remote orders otherwise. The unconditional expected utility
from ordering is Ug’d(q) = Zg;ol Ua(n)mn,r(q), The steady-state probability of the number of outstanding orders
being i is given in (6) and (7). The remote customers’ equilibrium order-placing probability gf 4 is as follows: if
Ua(N —1) >0, qn 4 = 1; otherwise, qi 4 = 0,if A > A% 45qr.4 = Gr,q € (0,1),if A} s <A< AR g5qr.a = 1,if A<AR
where ¢34 uniquely solves the equation Uf 4(¢) = 0. The resulting system throughput is THf{d =p[l— ﬂf{}R(qud)].

(2) Queue-length information shared remotely. Suppose that the rejection threshold is N. Thus, a remote
order effectively joins the queue according to a threshold min{N,i.}. The steady-state probability of the number of

outstanding orders being i is 70 = p'7g, i =0,1,--- ,2; 7 = (1 —7)p) " p"7§, i=x+1,--- ,n., where 2 = min{ N, 7. }

x x ne—x -1 _
and 7§ = (% +2 “*%:pf%p H)) . The resulting system throughput is THg 4 = (1 — 75).
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EC.1.1.3. Hybrid Order-Ahead with Cancellation (1) Queue-length information not shared
remotely. If a remote customer places an order when the queue length is mn, then her expected util-

ity is given by Uca(n) = VIF’(0<NC<ne)+IE[Vef‘i(T7X>|T>X]]P(N,?zO) — cwl(n) — <, where P(0 <

B
lfpn()—lf]_[k , if n<ne,
NY < ne) = n 0 7y 1P n . where pn, = p + (n — n.)TB. The
= { S P (6) = 20 i éj+6 ITi= ufiﬂ’ otherwise, : : ( )
expected omsite delay is we,a(n) = E[W(n)] = STV RW ()| Nn = 4] - po (i) = gV L pl(i) =

1 n+1 ("+1>ﬁ ; .
R ek e 1) , if n<ne; -
{»3( © Therefore, the expected utility of a remote customer who places an

H%Efel #Hk i uk+67 otherwise. N
order is Uc,a(n) = Uc,a(n)lin<n.y + Uc,a(n)l{n>n,}, where 14 is the indicator of event A, and the two

functions Uc .da(n) and Uc .a(n) are given by Uc,a(n ) =V (1 — ﬁ HZ:O M‘:—_’f_ﬁ) - % (U"Jrl + W) ,ﬁc,d(n) =
Vﬂf_ﬁ I % [0 iits — CH+B it ITTr, b5 — 5. Given that all other remote customers

place orders with probability ¢, the expected utility of a tagged remote customer who places an order is Uc,q(q) =
ne—1 773 N _u S} T N ne—1 c i i41 u

Sy Uoa(mtola) + S5, Uealimicls) = $ret [V (1- 4 i [Tizo Wﬁ) 5 (o + D2 1) miic(q) -

c B i B :

S % [V (Mo 5% + 525 S Taey 525 ) — ey S0y £ iy 5245 | mic (@), where triic(q) is

given by (4). Similar to what we show in the proof of Proposition 4, we can show that Uc a(q) is decreasing in g.

0, if A>Xca,
Hence, remote customers’ equilibrium order-placing probability is qc,a = { ¢c,qa € (0,1), if Aca <A< Xc.4, where
1, it A<)Ag a

gc,qa uniquely solves the equation Uc,q(Gc,qa) = 0. The resulting system throughput is THe,q = pu[l — 75 ¢ (go,q)]-
(2) Queue-length information shared remotely. Customers follow the threshold 7. < n}. The resulting system

throughput is the same as in the case without cancellation.

Figure EC.1  Throughput Comparison with Food Quality Degradation
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EC.1.1.4. Throughput Comparison We replicate the four-way throughput comparison in Figure 9 by
incorporating the effect of food-quality degradation. The results are presented in Figure EC.1. We observe that when
travel is fast, the system throughput of any of three order-ahead schemes is hardly affected by incorporating quality
degradation. When travel is fast, quality degradation rarely occurs because customers are unlikely to arrive at the
service facility after their order is complete. However, when travel is slow, quality degradation is more likely to arise
and quality degradation clearly takes its toll on all three order-ahead schemes when travel is slow. In particular,
when quality degradation becomes more intense, as shown in Figure EC.1-(b)-(a), the hybrid order-ahead scheme
can fall short of the pure order-onsite scheme. This issue can be addressed by strategic idleness as suggested by

Farahani et al. (2022) and geo-location technology that alerts the kitchen when customers are getting close so it does
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not start preparing orders too early. It is worth emphasizing that these supply-side interventions to mitigate quality
degradation cannot address the throughput shortfall of the hybrid order-ahead scheme when travel is fast because

the throughput shortfall arises even in the absence of quality degradation.

EC.1.2. Channel Choice

As argued in 6.2, modeling the channel choice will not affect the pure order-onsite scheme or the hybrid order-
ahead-with-cancellation scheme. It will not affect the hybrid order-ahead scheme (with or without rejection) when
queue-length information is shared remotely. The only cases in which modeling the channel choice will make a
difference are the hybrid order-ahead scheme and that with rejection when queue-length information is not shared

remotely. We rederive the equilibria below for these two cases.

EC.1.2.1. Hybrid Order-Ahead All customers who order onsite follow a threshold strategy n.. We suppose
that remote customers order ahead with probability ga € [0,1] and order onsite with probability ¢s € [0, 1], and do

not order with probability 1 —ga — gs, where ga 4+ gs < 1. The corresponding steady-state probability of the number
P76 (qa,4s), i < Me,
Z 1 P (A, qs), 0> Me,

_ yA(gatas)+(A—y)A

for pr1 <1, and pr = m

of outstanding orders being ¢ is 7' (qa,qs) =

_ ’YAqA

_ ne -1
qa,qs) = (1 Pri 4 °1 ) . The expected utility for a remote customer who orders ahead

, and
1—pm 1-pR1

and pr1 = i (

is UF (qA,qs) =3 U(n)TrZ(qA7 qs). The expected utility for a remote customer who orders onsite is U (qa, gs) =
ne—1 +1)
me (V _ M) o
(¢4,0), if Uf

qA,qs) . Thus, remote customers’ equilibrium order-placing probability is: (¢%,q%) =
qaA )>Oa‘nd UA(qAa )>U§(q§7 )a
(0,¢%), if U§ OQS >0 and U§(0,q¢) > UL(0,4§),
(qghl*qgl)» if UA 171*(1141) US (QA171*QA1)207
(

QAo q§2)7 if U (%2»‘152) = Ug(q,%»qls%z) =0.
qf €(0,1), it is solved by U (0,¢F) = 0. The resulting system throughput is TH" = u[l — & (¢%, q%)].

(
(¢4
E When ¢% € (0,1), it is solved by U¥(¢%,0) = 0; when

EC.1.2.2. Hybrid Order-Ahead with (Optimal) Rejection Given rejection threshold N and the order-
placing probabilities (ga, ¢s) of remote customers, we first give the steady-state probability of the number of outstand-

ing orders being i. If N > n. the steady-state probability of the number of outstanding orders being i is 7 r(qa,qs) =

i u ; N net+1y\ 1
pZT_l’:LTO,i(qxiv qS)7 Z< Ne, where WgR(qA7qS) _ (1 pTl + PT1(11 PR )> IfN < ne, the steady—
PR1 epTeiﬂ—O,R(quqS)7 1="Ne, " 7N7 ' P PRI
state probability of the number of outstanding orders being i is 7}’ z(qa, qs) = pggo’ﬁ(qi’ as), Z <N,
' Pr, pTlﬂ-O,R(quqS)7 Z:N7"' ; Ne,
u 1-p¥ PR (1—ppe Nt - YA(ga+qs)+(1—7)A A
where w5 g(q) = 17,)51 + L= L1 , and pr1 = % and pr1 = 2 :A, and pr1 =

hag+A=A Thus, for a remote customer who places an order ahead, with probability 7 r(ga,q¢s), her order will

be rejected (from which she gets zero utility); with probability 1 — 7y, z(ga,¢s), her order will be accepted (which
implies the queue length at the moment is less than N). Thus, her unconditional expected utility from ordering
ahead is Ui n(ga,qs) = ZZV:_DI U(n)wﬁyR(qA,qs). For a remote customer who places an onsite order, her uncondi-

tional expected utility from ordering is U§R(qA, gs) = Z:’Legl (V — @) T r(qa,qs) — 5. Thus, remote customers’

(q 30) if Uf,R(Qﬁ’O) >0 and UE,R(q§70) > Ué{,R(qzlzvo)?
0,q% if UFR(0,¢%) >0 and UF(0,¢5) > UF (0,45

equilibrium order-placing probability is: (¢%,¢%) = ( ;2(]5) R l i‘R( QS) Ran ;( ’gS) = RA’R( 0s);
(g5,1—q%), fUXr(dE,1—q5)=U&r(d%,1-q%) >0,
(¢4, 48), if Uf,R(qAﬂs) U&r(d4,q8)=0.

When ¢ff € (0,1), it is solved by Uf,R(qﬁ,O) =0; when ¢& € (0,1), it is solved by UgR(Q q}) = 0. The resulting

system throughput is TH" = p[l — 75 (¢4, ¢5)]-



ecd

Figure EC.2 Throughput Comparison with Channel Choice
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EC.1.2.3. Throughput Comparison We replicate the four-way throughput comparison in Figure 9 by
incorporating the channel choice. The result is presented in Figure EC.2. We observe that Figure EC.2 is qualitatively
similar to Figure 9, suggesting that the insights from our base model carry over. When travel is slow, incorporating
the channel choice barely affects the equilibrium outcome, as judged by the similarly between Figure EC.2-(a) and
Figure 9-(a). In such a case, ordering ahead has such a substantial advantage that remote customers will not forgo it.
When travel is fast, some remote customers switch to ordering onsite, making the hybrid order-ahead scheme more
similar to the pure-order-onsite scheme, as illustrated by Figure EC.2-(c). Still, we find that providing the order-ahead

option can result in lower throughput, but such shortfall can be addressed through cancellation or rejection.

EC.1.3. Heterogeneous Travel Speed of Remote Customers

Denote the cumulative distribution function of § by F'. In the hybrid order-ahead scheme, when queue-length infor-
mation is not shared remotely, we represent remote customers’ equilibrium by (Aa, As), where A4 and Ag denote the
arrival rates of remote customers who choose to order ahead and order onsite, respectively, By definition, Aa + As <
~A. Further, the arrival rate of local customers is A, = (1 —v)A. Given the triplet A= (Aa, As,Ar), let pr = (Aa +
As +Ar)/p and pr = Aa/p; for pr < 1, the corresponding steady-state probability of the number of outstanding
orders being i is: 7§ (A) = (11125;“ + liggR)_l AN = g (N),i < ne; T () = ply ™ pre 76 (), 4 > ne. For a remote
customer with travel speed 8, let Ua (A, 8) and Us(A, 8) be her expected utility of ordering ahead and that of ordering
onsite, respectively. Thus, Ua(X,3) = 300 U(n)w(A) and Us(X,B) = >t (V - @) 7 (A) — 5. Therefore,

n=0

the equilibrium (Aa, As) solves the following set of fixed-point equations: Ag = A~y fab Ly, a8 >ws(x,8)+1AF(B);
As = Ay ff Liveag)>1U4 0,8+ 12F(B). The equilibrium for the hybrid order-ahead-with-rejection scheme and that

for the pure order-onsite scheme can be similarly defined.

Appendix EC.2: Proofs

We first give the following two technical lemmas that will be repeatedly used in the subsequent proofs.

LeEmMA EC.2.1. For a strictly decreasing function f(n) and two probability distributions 7wl and w2, supported
over {0,1,--- i}, where i can possibly be oo, if 7l and w2 cross each other only once (there exists an n* such that

7wt > 72 when n<n* and vl <72 when n > n*), then for two random variables X1 and X2 following 7! and w2, we

have E[f(X1)] = Y20, f(n)mp > 320 f(n)my = E[f(X2)].
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Proof of Lemma EC.2.1 We write >."'_ f(n)m), — S n_, f(n)ms = Z;Of(n)(ﬂ',ll — )+ Yo ey f(0) (T —
72) > f(n*) (Zzlo(ﬂ}l —72)+ ZZ:n*H(W}L - W%)) =0, where the inequality holds due to the single-crossing prop-
erty, and the last equality holds because both 7' and 72 are well defined probability distributions over {0,1,---,7},
fe, 0=1-1=37_(mn—m2) = Cn_o(m —m) + L peia (ma =), O

LEMMA EC.2.2. Consider a birth-and-death process with birth rate A\;—1 and death rate p; for state i and denote

pi = Ai_1/ui. We consider two systems indexed by (1) and (2) with stationary distributions ) and ©® | respectively.

If pil) > p(-2) foralli=1,---, we must have 71'(()1) < 77(()2), and the queue length of the first system is stochastically larger

3
than that of the second system, i.e., QW >, Q@.
Proof of Lemma EC.2.2 In a birth-and-death system, mo = 1+p1+p1p2+<-1-+1_[" Py Therefore, a larger p; induces
i=1"F?
a smaller 7. Hence, 7r(()1) < 71((,2). The steady-state probability of the number of customers being i in the two systems

are 7721) = p<11) . "p,El)Tl'él), and 7r§2> = p(lz) . "p£2>ﬂ'82). Thus, 7r§1)/7r§2) is increasing in 4. Hence, Q) >, Q® in the

likelihood ratio order. O

Proof of Lemma 1 Consider a remote customer with n existing orders upon her arrival. Let T ~ Exp(8) be
her travel time, and let LI.D. Exp(u) r.v.’s S1,- -+, S, denote the service times for the n outstanding orders, with S;
corresponding to the ¢ order to be processed in the order queue. Let So be the service time of the tagged customer.
We next derive the distribution of N, the tagged remote customer’ updated queue position (including herself) when
she arrives at the service facility. Note that N,, € {0,1,--- ,n+1}. We denote the probabilities by p,(0),...,pn(n+1).
It is straightforward to see that the updated queue position is 7 if and only if there are exactly n — ¢+ 1 service
completions when the tagged customer arrives at the service facility; this corresponds to the event {S1+- -+ Sp—iy1 <
T<S1+4 -+ Sn—it1+ Sn—it2}. Let 0 =p/(u+ B). By the memoryless property of the exponential distribution, we
have p,(n+1)=P(Np,=n+1)=P(T < S1)=1—=0;pn(i) =P(N, =3) =P(T > S1) X - X P(T'" > Sp—it1) x P(T' <
Sn_ite)=(1—0)o™ " i=1,2,--- . m;pu(0) =P(N, =0)=P(T > S1) x --- x P(T > S,) x P(T > Sp) =o™. O

Proof of Proposition 1 The proof of Proposition 1 will be based on Lemmas EC.2.1 and EC.2.2. Recall that
when the queue-length information is not shared remotely, the expected utility for a remote customer who places an

order is U*(q) =27, U(n)m(g). The next lemma establishes properties of U (q).

LEMMA EC.2.3 (Property of U" function). The utility function U" has the following properties: (1)US (1) =
—00, Ug(1) >0, UL(0)=U(ne) <0 and Ug(0) > 0; (ii) Uy (q) is continuous and strictly decreasing in q for a fived
p; (W) Uy (1) and Uy (0) are continuous and strictly decreasing in p.

Proof of Lemma EC.2.3 To prove Part (i), first, we have Ug (1) = Uy (0) = U(0) > 0 by Assumption 1. When the
system load goes to infinity and if all remote customers place orders (i.e., ¢ =1), the birth-death process becomes
unstable so that Ul (1) = —oo. When the system load goes to infinity and if no other remote customers join (i.e.,
g =0), the steady-state probability m;,, =1 because there are infinite local customers keeping the queue size at its
capacity n.. Hence, we have U%(0) = U(n.) < 0. For Part (ii), continuity is obvious. To prove monotonicity, we
pick ¢i1 < g2 and consider the two corresponding steady state distributions {m,(¢1)} and {7} (¢2)}, we have that
76 (q1) > 7§ (g2) since the system 2 is busier than system 1 according to Lemma EC.2.2. In addition, there must exist
some integers n’ such that 7%/ (q1) < mp/(g2). Otherwise, we cannot have >-°7 (7 (q1) = Y oe o Tn(g2) = 1. We then
claim that for any n', if 7% (1) < 7% (g2), then mj(q1) < 7i(g2) for n >n' +1 due to the geometric structure of 7
distribution. Then it is straightforward to see these two distributions satisfy Condition (ii) of Lemma EC.2.1. And
because U(n) is decreasing in n, it follows from Lemma EC.2.1 that U} (q1) > U (g2). Hence, U} (q) is decreasing in

g. The proof of (iii) is similar to that of (ii). O
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Finishing the proof of Proposition 1. From Parts (i) and (iii) of Lemma EC.2.3 and U (1) = U(0) > 0 by Assumption
1, there must be a unique solution BZ to equation U, (1) =0 for p € (0,1). Similarly, there must be a unique solution
pa to equation U, (0) = 0. Denote A% :B:u and \Y4 = p%p. By Lemma EC.2.3, U“(1) > 0 when A < A%, which

implies that ¢% = 1. On the other hand, when A > )%, ¢% = 0. Otherwise, ¢ must satisfy U“(q) = 0. a

Proof of Theorem 1 We first consider the small 8 case. When 8 = o =c¢/(V — ¢/u), the cost of travel and
undergoing a single service time becomes too high so no remote customer will join in the order-onsite model. Hence,
the order-onsite model reduces to a standard M /M /1/n. model with arrival rate (1 —~)A and service rate u. On the
other hand, the parallelization effect achieves some waiting time reduction so some remote customers may still join
the system which makes the order-ahead model stochastically busier than the order-onsite model (to see this we again
invoke Lemma EC.2.2). Hence, the order-ahead model yields higher throughput than the order-onsite model. We next
consider the large 3 case. We define AX= A% — A%, where A% is defined in the order-onsite model and \Y is defined in
(3). Our strategy is to study the asymptotic behavior of A\ and XY when 8 is sufficiently large. We will show that, when
B grows large, \¢ increases without bound whereas X% does not (it approaches a finite number). Then, we will have an
interval [\, \%] such that g% (A) =0 and g¥%(A) =1 for all A € [\%,\%], as long as 3 is sufficiently large. This result will
ensure that the order-onsite Continuous Time Markov Chain (CTMC) is stochastically busier than the order-ahead
CTMC when A € [A\4, A%]. To see this, note that the two models have an equal death rate but the former has a strictly
larger birth rate than the latter. Hence, invoking Lemma EC.2.2, we must have 7§ (A) < m§'(A), so that the order-
onsite model yields strictly higher throughput for all A € [772,3;]. For X%, we let 8 — oo, so that a remote customer’s
utility in the order-ahead model with ¢=0is U"(0) =3 "¢, (V - % - %O’i+l) T (0) = >0, (V - (Ztillk) i (0) =

_ 41 e+ 1 i1 .
e (W%) 72(0) + (vf%) 72, (0), where w(0) = Z02ER G = 0,1, m, and pr = (1 -

>0 <0
v)A/u. As A increases, 7, (0) will have a bigger weight so the negative term in U"(0) will dominate the positive

terms, so that U"(0) will become negative when A > A for some finite A. Recall that A% is the root of U*(0) =0, A%
must be a finite number as 8 grows large. On the other hand, recall that the utility function of remote customers
in the order-onsite model is U%(q) =31 " (V - %) mis(q) — 5. When f3 is sufficiently large, Us(g) > 0 for any
q€[0,1] (because V — (i+1)c/pu>0 for all i =0,...,n. — 1). So we must have A% = 0o and A\ = —oco. Hence, A\ is
sufficiently negative when f is large. Because A\ is continuous in (3, there exists a /3 such that AX < 0 for all 8> 5.
By the definition of A% and A%, we now have ¢%4(A) =0 and ¢%(A) =1 for all A € [\, %], as long as B> 8. Thus,

Lemma EC.2.2 implies that the order-ahead scheme has lower throughput than the order-onsite model. O

Proof of Proposition 2 Recall that the expected utility of a remote customer who sees a queue length n and
places an order is U(n) =V — 5 (J"H + W) . We leverage the following properties of U(n): (i) limn—ee U(n) =
—o0; (ii) U(n) is strictly decreasing in n since U(n) —U(n — 1) = c¢(e™ ™ —1)/u < 0. Since U(0) > 0 (Assumption 1),
the equilibrium strategy must be of a threshold type, given by n: = min{n > 0:U(n) < 0}, and the threshold n} is
at most ne. Since U(n.) =V — 5 (U"CH + W) =V - W — %U"CH <0, and U(n) is decreasing in n, the
joining threshold n: must be attained in {0,1,...,n.}, i.e., nf =min{n >0:U(n) < 0}. When L%J = %, for any
finite 8, U(ne —1) = 7%0”“ <0, so that the joining threshold n} < n. — 1 < ne. Otherwise, from Equation (1), U(n)

decreases in n and increases in 8. Note that n) = n. if and only if U(ne -1)=V-

that 8> 8, where j is given by V — mT“ — %a"“ =0. |

%0’”5 >0, which requires

Proof of Proposition 3 Given any A, there exists a unique order-placing probability ¢ € (0,1), which induces

the same throughput regardless of whether queue-length information is shared directly or not remotely, i.e.,



ec’?

TH%(q) = THY. It holds since TH}4(0) < THS < TH4(1) by Lemma EC.2.3 and the throughput when queue-
length information is not shared remotely increases in the order-placing probability g given the market size. Recall
from Proposition 1 that the equilibrium order-placing probability of remote customers under the hybrid order-
ahead scheme decreases in the market size, and ¢4 = 1 when the market size A < \%. Hence, ¢ < ¢4 = 1 when
A < )\Y. Pick two market sizes A1, As (A% < A1 < Ag), there exist two order-placing probabilities gi(A1),g2(A2)
that satisfy TH3%(q1(A1)) = THS (A1) and THX(q2(A2)) = THS(A2). We next prove U"(q1(A1)) — U%(q2(A2)) =
2o Um) (i (@i (A1) — mi'(@2(Az)) > 0. Since TH(q1(A1)) = THR (A1) and THX(G2(A2)) = TH;(A2) , we also
have 7§ (q1(A1)) = 75 (A1) > 7§ (A2) =75 (g2(A2)), and there must exists some 72 such that 75 (q1(A1)) < 75 (q2(A2)).

ne

ne —1
Otherwise, we cannot have > 72 7 (q1(A1)) =Y io o™i (G2(A2)) = 1. Recall that ng(q1) = (l_pTl + p#) and

1—pr1 1-pRr1

. , -1 _ _

~ 1—pr$ i A1G1+(1—7)A AsGo+(1—7)A A1G Ao .

u — T2 T2 _ yA141 Y 1 _ Y2492 Y 2 — YAi1491 — YAH2492

w0 (q2) = (1*97"2 7o , where pr1 = T g = PR R oy = ML ppy = 15242, First, we

aim to show that pr1 < pra. To see this, assume pr1 > pr2, then because A1 < Az, we must have pr1 > pre. The geo-
metric structure of the steady-state probability in (2), along with 7§ (¢1) > 75 (g2) implies that 7' (g1) > 7i'(gz2) for all
i. Hence, a contradiction. Next, we aim to show that pr1 < prz. To see this, assume that pr1 > pr2 which is equivalent
to A1g1 > A2gz. Consider the special case v = 1, where the steady-state distribution follows an exact geometric struc-
ture with pri = pr1 > pr2 = pr2. Because 7§ (q1) > 75 (q2), similarly, we have a contradiction. Hence, we conclude
that pr1 < pr2 as well as pr1 < pr2. Note that the two probability distributions have the same structure (both are
geometric-like, with the former having a bigger probability mass at 0 than the latter. Hence, it is straightforward to
see that there must exists some 7 such that 7, (q1(A1)) > (<)m(g2(A2)) when n <7 (n > ). We shall show that the
probability distribution {7 (q2) }n=o stochastically dominates the probability distribution {7y (g1)}a~o. Hence, the
distribution of {7, (¢) }axo satisfies the condition (ii) of technical Lemma EC.2.1 and U"(q1(A1)) — U"(g2(A2)) > 0. is
proved. Further, the utility function of remote customers under equilibrium is U*(A) =0 when A% < A < X%. Then,
U“(g(A)) — U"(qY) is decreasing in A, and this indicates § — ¢% increases in A € (A%, \%). Since we have know that
the equilibrium order-placing probability ¢% =0 < g € (0, 1) when the market size A > X% and ¢% =1> g€ (0,1) when
the market size A < XY, this reminds us that there exists a unique market size Ae (A%, \%) that enables ¢% > (<)q
when A < (Z)/N\ Therefore, the throughput under two information provision policies are equal when the market size

A=A, and when A <A, TH%(q%) > THY(q) =TH%; when A> A, THY(¢%) < TH%(§) = THS. O

Proof of Theorem 2 To compare the throughput of the two models under optimal information, we first consider
the order-onsite model. Recall that when the market size A < A%, the equilibrium order-placing probability of remote
customers is gg =1 of the order-onsite model. We then focus on the specific market size A = A%. In this case,
THS =THg by using the result in technical Lemma EC.2.2. We compare the throughput under optimal information
of the two models by considering two cases: First, when TH} = THY, the order-onsite model outperforms the order-
ahead model by achieving a higher throughput (THg > TH} =THY) by using the result in technical Lemma EC.2.2.
Otherwise, when the maximum throughput of the order-ahead model is TH; = T H}, the equilibrium order-placing
probability ¢¢ =1 while ¢} is solved by Proposition 1. The rest of the proof is similar to the last part of the proof of
Theorem 1, where we showed that for a sufficiently large 8, we must have THg > TH} when A = )\¢. O

Proof of Lemma 2 Consider an arriving customer with N outstanding orders ahead of hers. (i) If N < n., her
expected utility if she keeps on waiting is no less than V —¢(N +1)/p > 0. This lower bound V' —¢(NN 4 1)/p would
be attained if no customers ahead of her were to cancel their order. Since even the lower bound is nonnegative,
any customer seeing N < n. keeps on waiting. (ii) If N > n., the arriving customer knows (based on the preceding
argument) that the first n. outstanding orders will not be canceled. Thus, her expected utility if she keeps on waiting

is no greater than V — ¢(n. + 1)/ < 0. This upper bound V' — ¢(ne + 1) /¢ would be attained if all customers ahead
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of her beyond the first n. were to cancel their order. Since even the upper bound is negative, any customer seeing

N > n. abandons and cancels her order. O

Proof of Lemma 3 Consider a tagged remote customer who observes n existing orders upon her arrival. Let
T ~ Exp(B8) denote her travel time, and Sy ~ Exp(u) denote her service time. Let r.v.’s Y1,...,Y, denote inter-
departure time of the order for the n outstanding orders (excluding the tagged customer), either by service completion
or by order cancellation, with Y; corresponding to the i‘" order in the order queue. The corresponding departure rate
is pi=p+ (G —ne)tB8, i=0,1,---. We next derive the distribution for NS, the tagged remote customer’ updated
queue position (including herself) when she arrives at the service facility. Note that NS € {0,1,---,n+1}. We denote
the probabilities by pg(O), oS (n+1). It is straightforward to see that the updated queue position is ¢ if and only
if there are exactly n — 4+ 1 orders removed (either for service completion or cancellation) from the order queue
when the tagged customer arrives at the service facility; this corresponds to the event {Y1 4+ -+ Y, i1 < T <
Y1+ 4+ Yacit1+ Ya—it2}. (i) If n > ne, the probability distribution of NS is given by pg (n+ 1) = ]P’(NC =n+1)=
P(T <Ypy1) = ﬁiﬁapg(l) EP(NE =4)=P(T>Ynt1) X - xP(T > Y1) x P(T <Y;) = 1+,3 [Ti= uk+ﬁ71 <i<
n;pS (0) =P(NS =0)=P(T > Ynt1) X - x P(T > Y1) x P(T > So) =1, ﬁ; (ii) If n § ne, the departure rate of

outstanding orders is g, = 1 and then NS has the same distribution as N, given by Lemma 1. |

Proof of Proposition 4 First, we characterize remote customers’ expected utility function. Consider a
tagged remote customer who observes m outstanding orders upon experiencing a need and places an order.

The probability she will continue to wait upon arriving onsite is do(n) = P(NS < (n + 1) A n.) =
{1, if n<ne
Ne C o n .
dorcopn (B)=T1Ih_o u:iﬁ + M%B e Tlh, erﬁ’ otherwise
3, and = A y = min{x,y}. Hence, the mean remaining onsite waiting time if joining is wc(n) = Z(”“)/\"“ .,

l(or”"'l—l—w—l), if n<ne
pf(')={’3 ‘

where the probabilities p§ (i) are given in Lemma

5 ) Let Uc(n) denote the expected utility of a remote cus-
hE i 1#1_[1@ lmﬁﬂ’ otherwise.

tomer who observes a queue length n and places an order to join the queue at Stage 1. Thus, Uc(n) =

Vidco(n) — cwe(n) — 5 = Uc(n)lincn,y + ﬁc(n)l{nZne}y where the indicator function 14 is equal to 1 if

condition A holds and 0 otherwise, and the two functions Uc(n) and Uc(n) are given by Uc(n) =V —

+1, (n+1)B c _ ne
(U" +T—1)_E—U()UC() (Hk 0 iiks + ke i i JukJrB)_cuH?EJ e
. Therefore, when the queue-length information is not shared remotely in the cancellation model, given that

wle ™le

all other remote customers place orders with probability ¢, the expected utility for a tagged customer to place
an order is U%(q) = 2"6*1 Oe(iyrlc(a) + ... ﬁc(i)wgc(q) =gt (V-5 (o EE 1)) rtt(e) - 5 +
e, [ (Hk 0 Mkﬂg + u+B e H,C - m+ﬂ) u+/3 >y 2 Hk _; #k+B] mi'c(q), where the steady-state proba-

S . 1 A iATe i—ne)T AA .
bilities are given by 7}'c(q) = (L +p7e EJ 1Hk 1 ;1%135) ( >H( ) ;lfkqﬁ7 i=0,1,---, and pr =

1—pp
[yAg+ (1 =~)A]/p. To show U (n) is strictly decreasing in n, we have Uc(n) —Uc(n—1) = ¢ ( "t—1) <o, Uc(n)—
Uc(n—1)= (u:iﬂ ) [Vnk 0 uk+ﬁ M%Z?;( )Hk i u;ﬁ-ﬂ} <0. In addltlon Uc(ne) —Uc(ne —1) =
(c—=1)(V — ") + ;55 (0" —1) <0, which implies that Uc(n) is decreasing in n. To give customers’ equilibrium
joining strategy, we first give some properties of U&(q) in (5) in the following Lemma. Let Ug ,(g) denote the expected

utility of a joining remote customer when A/u = p and other remote customers join with probability q.

LEMMA EC.2.4 (Property of U¢ function). The  utility  function U&  has the  following  prop-
erties: (i) Uboo(l) = Ub(0) = —¢/B < 0 and Uso(l) = Use(0) = UO) > 0. (i) Us(q)
is  continuous and strictly decreasing in q. (1) UG(l) is continuous and  strictly  decreas-
ing in p, where UE(l) is given by Ug(l) = Z?“al(Vfﬁ(”lJr@ 1))7Tl-fc(1) - 5 +

S i 2] B
S, [V (o s + 8 Sy iy ) — e S & Il 5] i
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The proof of Lemma EC.2.4 is similar to that of Lemma EC.2.3 and thus omitted due to the page limit.
Finishing the proof of Proposition 4. Similar to the proof of Proposition 1, and by the property of the U function,
there must be a unique solution BZ to equation Ug(1) =0. Similarly, there must be a unique solution ¢ to equation

U&(0) =0. Denoting A¢, = /LBZ and A% = pupd completes the proof. a

Proof of Theorem 3 The proof proceeds in two steps. Step 1: We first prove TH¢ > THg. We compare the
system throughput of the order-ahead-with-cancellation (OAC) model and the order-onsite model in the following
cases specified by the equilibrium order-placing probabilities of remote customers (g¢& and ¢%): Case 1: g > gg. This

case includes three subcases: (a) q¢ =1,q5 € [0,1], (b) g5 =q¢ =0, and (c) q¢ € (0,1),g5 = 0. Note that 75 - (q) =
21

1 metl _ 1o ret1i) 71 .
L+ e 3052 Tl W) < (%) = 78 5(q). Therefore, 7§ o(qé) < 7 o (q¥) < 7§ s(g¥), which

implies that TH# > TH. Case 2: g < qg. In this case, the equilibrium order-placing probability of remote customers
must be strictly positive with gg > 0 and we must have ¢& < 1. When n. =1, in the order-onsite model, the remote
customer’s expected utility from traveling is 75 5(qs)(V —¢/u) —¢/B >0, where 7§ g is the idle probability. We then
consider the following two subcases specified by the value of g¢. Case 2a: We first consider the case ¢& € (0,1). In
the OAC model, the remote customer’s expected utility from ordering is poV + p1(V — ¢/u) — ¢/B =0, where pg is
the probability that the order is ready when the customer arrives at the service facility, p; is the probability that the
order is not ready when the customer arrives at the service facility, and 1 — po — p1 is the cancellation probability.
Let 7y ¢ be the idle probability in the OAC model. Thus, po + p1 > g, because if the system is idle when a

customer places the order, the customer will surely not cancel the order. Moreover, we have 7g s(V —c¢/p) —c/8 >

>0
poV +p1(V —c/p) —c/B> (po+p1)(V —c/p)—c/B, which implies 75 ¢ > po+p1. Hence 5 ¢ > 74 ¢ <= pu(1—75 ) >

(1l —mg S).:(therefore7 the OAC model yields higher throughput than the order-onsite model. Case 2b: We next
consider the case g¢ = 0. First, we must have poV +p1(V —c¢/u) —¢/B < 0. The OAC system with g¢ =0 is equivalent
to an M/M/1/1 queue. Thus, the steady-state probability that the system has exactly one outstanding order is
o = %, and the steady-state probability that the system is empty is 7y c =1 — 7}'¢. The cancellation
probability is (1 — po — p1), i.e., the probability of seeing exactly two outstanding orders (including one’s own order)
ahead after arriving onsite. Hence, 1 — po — p1 = Wluﬂcﬁ < 7{¢. Thus, po + p1 > 75 . Note that in the order-
onsite system, 7y s(q) is decreasing in ¢ and 7j ¢(0) = 7y ¢ (0). Because g& > 0, we have 7y ¢ (0) > 7y s(¢§). Thus,
po + p1 > 75 (0) > 74 5(g8), which implies that poV + p1(V —¢/p) — /B > 75 5(q5)(V — ¢/p) — ¢/ > 0. That is,
poV +p1(V —c¢/u) —¢/B > 0. However, this contradicts poV +p1(V —¢/u) — ¢/B8 < 0. Therefore, the case g& =0 and
qs > 0 does not exist. In summary, when n. =1, TH¢ > THg.

Step 2: We next prove THg > THS for ne = 1. Note that TH& =THY. Hence, we need to prove TH3 > THg for
ne = 1. This is done later in Theorem EC.1. O

To facilitate our proofs, we introduce an order-ahead model variant when queue information is shared with remote
customers. In this variant, remote customers can cancel their orders upon arrival at the store, based on the updated

queue position of their order at that time. We refer to this variant as “order-ahead with onsite balking” (OAOB).
LEMMA EC.2.5. In the OAOB model, a remote customer orders if and only if the queue length n <n}.

Proof of Lemma EC.2.5 Consider a tagger remote customer who observes n orders upon arriving, NOZ denotes
her updated queue position (including herself) upon arrival at the service facility if she places an order. If she
places an order and travels to the service facility, she will keep the order with probability ¥#(n) = P(NS? < n.).
Because N9B <n+1, we have 9(n) =P(NZ < (n+1)An.) = L if n<ne,

reopn(i)=0"""e T otherwise,
abilities pn (i) are given in Lemma 1, and x A y = min{xz,y}. Her expected onsite waiting time, w(n), is w(n) =

where prob-
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ontt + ("H)B 1) , if n<ne,

E(n+1)Ane g

i pn(i) = Let U9 (n) denote her expected utility. Then

= =

o" - ”eﬁ) ”_"e"'l) , otherwise.
UB(n) =Vi(n) — cw(n) — 5= 1{n<ne} +U(n n)1{n>n,.}, where U(n) is given by (1) and U(n) = Vo mett -
5 (a"“ — (1 — #) gnTretl ) It remains to show that U%? (n) < 0 for alln > n}. If n} < ne, U°P (n) =U(n}) <
0; otherwise, UCB(n}) = U(n.) and U(n.) = o (V— n;c) +50(1-0")-1) =0 [(V— %) - gane} <o.
We then conclude that U (n}) < 0. To show the monotonicity of U?®(n) in n, we establish the monotonic-
ity for both U(n) and U(n), namely, U(n) — U(n — 1) = £ (0" —=1) <0 and Un)—Uln—1) = —g" (1 —
o) (v— nee | %) < 0. Further, U(ne) — U(ne —1) = —(1 — o) (v— nee | %) < 0. Hence, UB(n) is
decreasing in n. We then have U°P (n) < 0 for all n>n. O

~—

THEOREM EC.1. When queue-length information is shared remotely and n. =1, the hybrid order-ahead scheme

has higher throughput than the pure order-onsite scheme, i.e., THS > THY.

Proof of Theorem EC.1 In the pure order-onsite system, given that remote customers observe n < n. orders in
the onsite queue, we will show that the maximum onsite queue length under which a remote customer is willing to
travel with a positive probability must be less than n.. We draw on the results of the auxiliary OAOB model given in
Lemma EC.2.5. Consider a tagged remote customer who observes n outstanding orders upon arrival, let N denote
her updated queue position (including herself) if she places an onsite order upon arrival at the service facility. We then
have Us(n) =E [V - %] T 5<E [V - CN:?B]-‘- —5= U®B(n), where NO® and U5 (n) are the updated queue
position and expected utility function defined in the OAOB model, and the inequality holds because N5 >, NOE.

Because remote customers in the OAOB model will not place an order when n > n} (as shown in Lemma EC.2.5),
neither will the aforementioned tagged customer in the present order-onsite model when n >n}.

Now consider the case n. = 1. Since we have proved n; < n. in Proposition 2. Also, we have that n; > 1 according to
Assumption 1. Hence, n} =1 in this case. The throughput in the hybrid order-ahead system is TH% = Ap/(A+p). We
consider the following two cases for the pure order-onsite system: (1) No remote customers travel in the order-onsite
system. Then clearly, the order-ahead throughput is higher. (2) Remote customers in the order-onsite system travel
with a positive probability p > 0 if and only if they see an empty onsite queue. Let Ap = A(1—~) be the arrival rate of
local customers and Ar = Ayp be the travel rate of remote customers, and A\r, + Ar < A. Let 7 ; be the steady-state
probability of state (k,¢), where k € {0,1} is the number of customers in the onsite queue and ¢ € {0,1,...} is the

number of traveling customers. The balance equations are

(’iﬁ-ﬁ-,u)ﬂ'lyi:ALW07i+(i+1)ﬁF0,i+1+(i+1)571'1,i+17 1=0,1,... (ECl)
(AR+AL +iﬂ)ﬂ'07¢ :/L7T1,i+>\R7T0,i_1, t=1,2,... (ECQ)
()\R+)\L)7T0,0 = [UT1,0- (EC?))

We prove the following: Ar7os = (i +1)8(70,i+1 +71,i+1), ¢ =0,1,... We first show that it holds for ¢ = 0. Equation
(EC.1) gives pumi,0 = Ar7o,i + Bmo,1 + f71,1. Combining this with (EC.3) gives (Ar + Ar)mo,0 = Armo,: + Bmo,1 + B71,1-
Hence Armo,0 = B(m0,1 +71,1). Next, we prove that Armo,; = (i + 1)8(70,i+1 + m1,+1), ¢=0,1,... holds for i > 1.

Equation (EC.1) gives umi,; — Armo, = (¢ + 1)B(mo,i4+1 + 71,i+1) — ¢8m1,: for @ > 0. Equation (EC.2) gives pm,; —
Armo,i = (Ar+18)m0,: — ArTo,i—1 for i > 1. Hence, for ¢ > 1, (i+1)8(m0,i+1 +71,i+1) — 1871, = (Ar+18)m0,i — ArT0,i-1,
(i + DB(moip1 + mig1) — iB(mi + m04) = Ar(m0i — To.i-1), Yooy [(A+1)B(m0,i41 +m1i41) — iB(m1i +mo.)] =
S Ar(mo,i — mo,i-1), (5 + 1)B(m0,41 + m1j41) — B(m11 +70,1) = Ar(70,; — T0,0). Since we have proven Agmo,o =
B(mo,1 + m1,1), it follows that Armo; = (¢ + 1)B(mo,i+1 + 71,i+1) for ¢ > 0. Hence, i8mo,; < Armo,i—1 for ¢ > 1. Com-
bining this inequality with (EC.2) shows that (Ar + Ar)mo,s > pmie. Thus, pd> 2T < (AL + AR) D oo To,s. Since
Yoo+ Do o, = 1, the throughput THS = pY 2 w1 < (A + Ar)/(AL + Ar + ). Since Ar +Ar < A and
THY =Ap/(A+p), it follows that THS <TH3. O
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Proof of Theorem 4 When we compare the order-ahead-with-cancellation (OAC) model and the plain order-
ahead model, we note that given any fixed ¢, the birth rates of the two models are equal and the death rate of
the OAC model is higher (u; > p when i > n.). Hence, invoking Lemma EC.2.2 gives 7g ¢ (q) > 75 (q) and then
mc(q) = prmic(q) > 7 (q) = prmg(q) for i =0,1,--- ,ne. There must exist some n’ > n. such that 7% ~(q) <
7 (q). Otherwise, we cannot have Y > 7y o(q) = > 7, (q) = 1. We then claim that for any 7 > n., if 73 o (q) >
ma(q) and w4, o(q) < mh11(q), then 7 o(q) < m,(q) for all n > 7+ 1. To show this claim, note that 75, ~(¢q) =
ﬂz7c(q)#’:‘;€)5, Ta1(q) = ﬂz(q)”TAq’. Hence, Wﬁie)ﬁ < “’TAq. This implies W < 224 for any n > n+ 1,
which further implies 7, ~(q) < 7y (q) for n > 7+ 1. And this satisfies Part (ii) of Lemma EC.2.1, where 7¢ and 74
cross each other only once: there exists an 7 such that 7, o > m,, when n <7 and 7, ¢ <7, when n > 7. In addition,
Uc(n) =U(n), and Uc(n) > U(n) and thus Uc(n) > U(n) for all n. Both U(n) and Uc (n) are decreasing in n. Hence,
Us(q) =200 s Uc(n)my o(q) > 300 U(n)mit o(q) > S°0° , U(n)mi(g) = U*(g), and the second inequality holds by
Lemma EC.2.1. The above ranking of the utility functions implies the ranking of the solutions for Ug(q) =0 and
U"(q) due to the properties established for the two utility functions in Lemmas EC.2.3 and EC.2.4. That is, A% < A¢
and A4 < A%, hence the equilibrium joining probabilities exhibit ¢% < g&. Note that in the plain order-ahead model,
ga =1 for A <)AY%. In the OAC model, g& =1 for A < \Af. The birth-rate of the two systems are equal while the
death-rate in the OAC model is larger, which implies (based on Lemma EC.2.2) that the plain order-ahead system is
busier, and thus TH3 > TH¢ for A <min{A%, A¢ } = AY. It remains to show that for sufficiently small A, TH} =TH}

(which has already been proved in Proposition 3) and TH¢ =T HE, which can be similarly proved. a

Proof of Proposition 5 The expected utility of placing a remote order in the order-ahead-with-rejection (OAR)
model is Ug y(q) = Zg;ol U(n)my r(q). If U(N —1) >0, because U(n) decreases in n, we have Ug y(q) > 0 for all
q € [0,1], so that the equilibrium order-placing probability is ¢ x = 1. Next, we consider the case U(N —1) < 0. Define
Uk n(q) = % Z U(n )% = 271;1—01 U(n)fy r(q). We first consider ¢ =1 (the case ¢ =0 is
similar). To establish that there exists a unique p > 0 such that Ug y(q) =0, it suffices to show that there exists a

unique p > 0 such that URyN(q) =0 because the latter is the former scaled by a positive term Z;.V;Ol TR

LeEmMA EC.2.6 (Property of UI%,N function). The function URN exhibits the following properties: (i) U}:‘&N(q)
is continuous and strictly decreasing in q for a fized p. (ii) U}é,N(l) and UE,N(O) are continuous and strictly decreasing

in p. (iii) When p=0, Up x(0) =Up x(1) =U(0) > 0; when p— 0o, Up 5 (0) <0 and U 5 (1) < 0.

Proof of Lemma EC.2.6 To prove Part (i), we consider two cases: (1) If N > n.. Define fffR(p) = fi'r(q) =

E"e—l i +Z z ne me ) if 4 < MNe,
j=0 Pt ’;q@e PR “PT where pr = ypq and pr = ypq + (1 — 7)p. For two traffic inten-
Pr PT if i:ne,"',Nfl,

E;EOI J+Z_] nepR nep?"e’ _ _
sities p1 < p2, we have f§'r(p2) < fo'r(p1). We find that fi'z(p2)/fi'r(p1) increases in i since yp1q < yp2q and

vp1q + (1 —¥)p1 < yp2q + (1 — 7)p2. This satisfies condition (ii) of Lemma EC.2.1. Because U(n) decreases in n,
we conclude that U}%, ~(q) decreases in p. Next, when the traffic intensity p goes to infinity, it is evident that
limy—oo f&_1.1(p) =1 when g € (0,1], and lim, e f. z(p) =1 when g = 0. Hence, the joining utility of a tagged
remote customer approaches U(N — 1)) when ¢ >0 and U(n.) when ¢ = 0; in both cases, it converges to a negative
value. (2) If N < n., from equation (7) we have f'z(p) = fi'r(q) = Z-N%jlp]f’ 1=0,---,N — 1. For two traffic inten-
sities p1 < p2, we have f§ r(p2) < f¢'r(p1). We find that fi'z(p2)/fi'r(p1) increases in i for i =0,1,--- , N — 1 since
vp1q+ (1 —v)p1 <yp2q + (1 — 7)p2. Hence, UR,N(q) decreases in g for a fixed p. When p — oo, the joining utility of
a tagged remote customer is ﬁﬁyN(q) approaches U(N —1) <0 for all g € [0,1] because lim,—o f¥_1 r(p) =1. The
proof of Part (ii) is similar to Part (i). To prove Part (iii), Uk x(0) = Up x(1) = U(0) > 0 by Assumption 1. Combined
with Part (ii), we have Uj x(0) <0 and Ug x(1) < 0 when p — <. O
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Finishing the proof of Proposition 5. Similar to the proof of Proposition 1, and by the property of the utility function

f]}i ~» both Ui x(0) =0 and Ug y(1) =0 have a unique solution, denoted by pg y, respectively. Furthermore,

Pr N
let Ak N = PR Ns Apn = P - O

Proof of Theorem 5 First, if the service provider uses a rejection threshold N < n}, then all remote customers
have nonnegative utilities so that their order-placing probability is ¢ = 1. In addition, the system throughput under
rejection threshold N < n is lower than that under threshold n}, because the former model rejects customers who
observe i,7 =n;,--- ,N — 1 outstanding orders, who are supposed to place an order in the latter model. Therefore,
the optimal rejection threshold N* must satisfy N* > n’. Hence, it suffices to focus on the case N > n below.

Next, we prove that N* = n} for sufficiently large A. For any rejection threshold N > n’, U(N — 1) <0, and
Proposition 5 shows that the order-placing probability g =0 for sufficiently large A. By contrast, ¢ =1 for N =n.
Hence, by Lemma EC.2.2, the throughput under rejection threshold n} is higher than that under any rejection
threshold N > n} for sufficiently large A.

Next, we prove that N* = oo for sufficiently small A. Let p T A//.)L, or = (YAg+ (1 —v)A)/u, pr =vAq/p, pr =

iAne (i—ne

+ .
_ P pR ﬂ-O,R(q)a if N>n6a

(1 —=~)A/p. Define steady-state probabilities: 7'z (q) = : ot ] , 1=0,1,...,NVne,
pZTANpE M ﬂ_g,R(q)v it N < Ne,

_ ne Ne _ N—ne+1 -1
<11—ppTT + 7 (lliﬁa )) , if N>mne,
where 7§ r(q) = Y N(1_pre ) o Let 7, r(q; N) be the steady-state probability of n
oL 4 AL , if N<n,.

orders in the OAR model with rejection threshold N, where remote customers place orders with probability g. Also, let
Ut(q; N)(g; N) denote the joining utility of a remote customer in the OAR model with rejection threshold N, where
remote customers place orders with probability ¢. (1) We first prove that the expected utility when all customers join
Ug(1;N) = ij;ol U(n)my r(1;N) is decreasing in rejection threshold N for N > nZ. To prove this claim, recognize
that 7, p(1;N) > 7 g(1;N 4+ 1) for n=0,1,...,N. Hence, distribution {m; r(1; N 4+ 1)} stochastically dominates
distribution {m; r(1;N)}. That is, we can stochastically rank the steady-state queue length Q(N) and Q(N + 1)
under the two thresholds N and N + 1 as: Q(N) <s Q(N + 1). Define the function f(z) = U(z)1l{,<n}, we have
U (15 N) = SN O () (1 N) > SN Tyt p(15N) = B (Q(N))] > BLAQUN +1))] = SN Tyt p(15 N +
1) =Ug(1; N+1), where the first inequality holds because U(n) < 0 for n > nj, and the second inequality holds because
the function f(x) decreases in . (2) Given that all customers join, the throughput p(1 — 7§ z(1)) is increasing in
rejection threshold N due to a larger birth-rate (see Lemma EC.2.2). (3) It follows from (1) and (2) that if Ux(1;00) >
0, then the optimal rejection threshold is co. Further Up(1;00) is decreasing in A € (0,u) because distribution
{7 r(1;00,A)} stochastically increases with A. Hence, A such that if A <A, the optimal rejection threshold is co.
Note that when N = oo, this model reduces to the plain order-ahead model, hence A =\%. O

Proof of Theorem 6 When queue-length information is shared remotely, we define N to be the optimal rejec-
tion threshold in the rejection model. First, we consider the case where N >n. In this case, the joining behavior of
remote customers coincides with the behavior of the plain order-ahead model when queue-length information is shared
remotely (balk with threshold n}), that is THp nx =THZ. We next consider the case where NJ <n?. In this case,
customers will always join since U(Ng) > 0, which further implies that the joining probability of remote customers
is g = 1. Compared to the case where Ny =n, in which all remote customers place orders, the birth rate in the
former case is smaller. Lemma EC.2.2 implies that the latter system is busier, which consequently results in a higher
system throughput, i.e., TH% Nx < TH. This implies that system throughput in the OAR model when queue-length
information is shared remotely will not exceed that of the plain order-ahead model when queue-length information is

shared remotely, that is, TH% < TH. Recall from Theorem 5 that when the queue-length information is not shared
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remotely, the optimal rejection threshold satisfies N* > n}, thus resulting in a higher system throughput than that

of the plain order-ahead model when queue-length information is shared remotely. In summary, THi > TH%. a

Proof of Proposition 6 From Theorem 5, we have proved the optimal rejection threshold N* > n}. Consider
a tagged rejected remote customer. The number of outstanding orders satisfies n > n’. Let N denote her updated
queue position (including herself) upon arrival at the service facility if she travels to the service facility. Let Us(n) be
her expected utility if she travels, and we then have Us(n) =E [V — %] T % <E [V - %} T % = UOB(n) <0,
where N¢P and UF (n) are the updated queue size and utility function defined in the OAOB model (see proof of
Lemma EC.2.5), the first inequality holds because NZ >, NOB and the last inequality holds by Lemma EC.2.5. [

Proof of Theorem 7 First, consider the case of queue-length information not being shared remotely. We sup-

pose the rejection threshold N = n.. Recall that the steady-state probability of the number of outstanding orders

in OAR model is 7}'g(q) = %J =0,1,---,n.. and the steady-state probability of the number of outstand-
j=0FPT )
ing orders in the order-onsite model is 7}'g(q) = anf + =7i'r(q),i=0,1,--- ,n.. We next compare the util-
i=0PT

ities of a tagged remote customer who decides to join the order-onsite model and the OAR model. We have
Ut (@) = X055 Ot nle) = Xy (V= S22 mi(q) — £ e o't pa) > S0y (V = S22 ) it g)— & =
U§(q), for any given g, where the strict inequality holds because o < 1 and 7y zr(q) < 1 under a rejection threshold
ne. We next use the normalized utility 0§,N(Q)~ According to the above inequality, we have U};‘»]’N(l) >Ug n(1) >
U4(1), whenever Up (1) > 0 because the normalization factor of U y(1) is Z;V;Ol 7 r(1) € (0,1). Also, since
UII;‘,’N(q) decreases in ¢, the two solutions of U}%,N(l) =0 and Ug(1) =0 must satisfy A% 5 > Ag. Similarly, we have
Uk n(0) > Uk n(0) > U(0), whenever U 5 (0) >0, so that the two solutions of Up (0) =0 and U%(0) = 0 satisfy
that 5\}‘3, ~ > A%, By Proposition 5 and the order-onsite model, the equilibrium order-placing probability in the OAR
model and travel probability in the order-onsite model must satisfy the ordering g x > ¢3. Finally, the steady-state
probabilities of ;' (¢) and 7;'5(g) imply that g p < 7§ g, showing that the OAR model achieves higher throughput
under rejection threshold N =n.. The OAR model under the optimal rejection threshold only achieves even higher
throughput and thus, THg > THg.

Next, consider the case of queue-length information being shared remotely. We know that TH% = T HY. We further
know from Theorem EC.1 that TH{ > THS for ne =1. Hence, THp > THS for n. = 1. a

Proof of Theorem 8 Recall from Theorem 6 that the service provider has no incentive to share queue-length
information in the OAR model. Moreover, when the queue-length information is shared in the OAC model, customers
behave the same as they would in the hybrid order-ahead model, which represents a special case of the OAR model
with an optimal rejection threshold. Hence, under optimal information, when it is optimal for the OAC model to share
information (THE =THE), we always have THp =THp > THG =THE; when it is optimal for the OAC model not
to share information (TTHf =THE), since THy = THE, it suffices to prove that THg > TH¢ when the market size
is sufficiently small or large. The rest of the proof focuses on the case where queue-length information is not shared
remotely. First, according to Theorem 4, we know that the throughput of the plain order-ahead model dominates that
of the OAC model when the market size is small (i.e., when A < \%). In addition, under the optimal rejection threshold,
the OAR model yields higher throughput than the plain order-ahead model. Hence, the OAR model dominates the
OAC model when the market size is sufficiently small. When the market size is large, we consider the OAR model with
rejection threshold N = n. and show that this model already yields higher throughput than the OAC model. Case 1:
If U(n.—1) > 0, the joining probability of remote customers is g% = 1 in the OAR model (Proposition 5). On the other
hand, in the OAC model, if A > A%, the joining probability of remote customers is g& = 0, so that the OAR model is
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stochastically more congested than the OAC model (to see this, we again invoke Lemma EC.2.2). Hence, OAR yields
higher throughput than OAC under a large market size (A > A\%). Case 2: Suppose U(n. — 1) < 0. Assume that the
order-placing probability of remote customers in the OAC model is 0, so that the joining utility for a remote customer

isU&(0) = 22151 (ﬁ(n) + %) mh.c(0)+ (U(ne) + g) m,,,0(0) — 5, where the corresponding steady-state probabilities

are given by: 7' (0) = %, 1=0,1, -+ ,ne, where pr = (1 —v)p. On the other hand, the utility of a remote
) e

customer in the OAR model is Ug ,_(0) = Z;Bl U(n)w&R(O), where the steady-state probability of the number

of outstanding orders being i is 7'z (0) = % =7;'c(0), i=0,---,nc. A straightforward comparison of the
e

above the two utility functions reveals Ug ,,, (0) — U&(0) = m;, (0) 5 — (U(ne) + %) T, .c(0)=—m5 c(0)U(ne) >0,

where the inequality holds because U(n.) < U(n. — 1) < 0. Consequently, we must have that A% < A%. When the
market size A € (A&, %), the OAR model is stochastically more congested than the OAC model (Lemma EC.2.2),
so the former yields higher throughput than the latter. When the market size A > A%, the order-placing probabilities
under the two models are ¢ = g = 0, which yields identical system throughput. Hence, the OAR model under the
rejection threshold n. already dominates the OAC model by giving higher throughput when the marker size A > A%.
We conclude that the OAR model has higher throughput than the OAC model in this case. a

Proof of Theorem 9 We first characterize the queueing system for a given rejection threshold N; and cancel-
lation threshold Na. Given remote customers’ order-placing probability ¢, the number of outstanding orders i evolves

according to a birth-death process with a state-dependent birth rate A;(q) and death rate u;:
Mi(@) =7Aq- 1pen -1y + (L =NA 1pcn, 1y and i =p+pBi—N2)", i=0,1,---, (EC.4)

Given the birth and death rates, the steady-state probability of the number of the outstanding orders X being i,

7i.c(q) =P(X =1), satisfies the balance equations below:
VA Lien -1y + (L= A Lign, Ao (@) = lu+ (1= No) " Bl (), i=0,1, max{Ni,nc}.

Denote X, as the steady-state number of outstanding orders when a remote customer’s order is accepted. Thus, given

¢, P(Xo=1) =P(X =i|X <N1) =7'c(q)/(1 — 7, c(q)). The expected utility of a remote customer who places an

order is
. Ny,
Ugrc(q) =E {(V - CTX) ]-{NX(L<N2}:| - % (EC.5)
No—1 B N1—1 [ N2 ci c
=3 vlre@+ 3 |3 (v-2) i) - | fela,
i=0 i=No Lj=0 H B

where pf ’C( j) represents the probability distribution of the updated queue position Nx, in the rejection-cancellation
system, which is the same as in Lemma 3, except that n. is replaced by Ns.

We next derive the optimal (N1, N2) for a sufficiently small market size A. In the integrated scheme: the birth
rate \i(q) =vAq- 1y<ny + (1 —9)A - 1gi<pn 1y is maximized when N; = oo and ¢ =1, and the death rate p; =
pu+ B(i — N2)* is minimized when Na = co. Hence, from Lemma EC.2.2, the throughput is indeed maximized by
setting N1 = N2 = oo and ¢ = 1. On the other hand, According to Proposition 1, when A is sufficiently small, the
hybrid order-ahead model (with N1 = N2 = 00) induces the remote customers’ order-placing probability ¢4 = 1.
Hence, when A is sufficiently small, N1 = No = oo achieves the maximum throughput.

We next derive the optimal (N1, N2) when the market size A is sufficiently large. Suppose that the service provider
adopts a rejection threshold Ny < n}, then cancellation will not kick in since the cancellation threshold satisfies
N3 > n. and the queue position of each remote arrival at the service facility will never exceed n;. Thus, according to

Theorem 5, any rejection threshold N1 < n} is throughput-dominated by rejection threshold n.
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Suppose that the service provider adopts a rejection threshold N1 > n’. We next show that if N1 > n}, then for
any Nz > ne, remote customers’ order-placing probability gg n, = 0 for sufficiently large A. To see this, first, for
a birth-death process with birth rates {\;,0 <7 < N; — 1} and death rates {ui,1 < < N1}, we know its steady-
state probability m; = H;;B pi/(zg:lo ;Zol pi) for i=0,..., N1, where p; = \; /p1i+1. We prove by contradiction. Now
suppose g y, > 0, we know from (EC.4) and (EC.5) that as A — co, we have p; = Xi—1(qk, ~, )/1ti(qR,N,) — 00, and

the probability that a remote customer is accepted at state N1 — 1 is

o w Ny—2 N k—1 Ny—2
ANy —1,c(qRN,) [120 " pi/ Cklo [Tz p1) IT,2, " pi

— 1,

L= o(@in)  1=T12 o/ (Cae 10 ) 1+ po+popr + -+ 12, 2 pi
so that
“ “ c-Nn,— c
Ug,c(qr,n,) —E KV— ¢) l{NN1—1<N2}:| -3
jZ B
N, -
= (IE [(Vf wﬂ - 5) P(Nn,—1 < N2)+ (75) ‘P(Nn, -1 > Na).
p B B
U(N,—1)

Because U(N; — 1) < U(n?) <0, the above limit is strictly negative regardless of the cancellation threshold N». Thus,
there must exist a sufficiently large Ar,c such that, for any A > Ag ¢, a remote customer’s joining expected utility
is negative if ¢z n, > 0, which leads to a contradiction. Hence, ¢ n, =0 for sufficiently large A when N; >n;.

Thus, for sufficiently large A, the model with N; > n; and the model with N; = n} have identical states i =
0,1, ,n. and death rates, while the former has smaller birth rates (i.e., (1 —+)A) than those of the latter (A) at
states 1 =0,1, -+ ,ne — 1, thus resulting in lower throughput (according to Lemma EC.2.2).

Based on the above analysis, when the market size is sufficiently large, N1 = n, N2 = co is optimal. O

Proof of Proposition 7 We first establish Lemma EC.2.7, where Ua (X, ) and Us(A, 8) are defined in §EC.1.3.

LeEmMA EC.2.7. Given arrival rate A, the utility functions Ua (A, 8) and Us (A, B) are increasing in 8. In addition,
AU, B)=Us(N, B) —Us(X, B) is decreasing in 3, and the two utility functions have exactly one intersection.

Proof of Lemma EC.2.7. Note that U(n) increases in 8, and #%(A) is independent of 3. It is straightforward to see
that both Ua (X, 8) and Ug (A, 8) increase in 3.
Let N be the steady-state queue length of an M /M /1 queue with birth rate \; = A if ¢ < n. and A\; = A4 otherwise,

and death rate p; = p for ¢ > 0. The expected utility of a tagged customer with 8 who places a remote order is
UA(Av ﬁ) =V- CE[ma‘X{T(ﬂ)v XN‘FLH}]’

where T'(8) ~ Exp(8) is the random travel time with speed 3, and Xn41,, denotes an Erlang random variable
with (IV 4 1) phases and rate u. The expected utility of a tagged customer with 8 who places an onsite order is
Us(X,B)=VP(N <ne)—cE [T(8) + XNt1,u-L{n<n.}] - The difference between the two utility functions is

AUX,B) =VP(N > ne) — cEmax{0, Xn11,, = T(8)} — Xn+10 - Lincn.y)-

To show that AU (A, 8) decreases in 3, it suffices to show that the random variable max{0, Xn+1,, —T'(8)} stochas-
tically increases in . To see this, let 81 < f2; it is straightforward to see that T'(81) ~ Exp(51) >st Exp(82) ~ T(B2).
Next, because T'(3) ~ Exp(3), we have limg_,o0 AU (A, 8) = oo, and

lim AU()\, 5) = VP(N 2 TLG) — CE[X]\H_L“ — XN+1,,u . 1{N<ne}]

B—o0

= VP(N 2 TLE) — CE[XN_;_L,J . 1{N2’ﬂe}]

=E[(V—c-Xny1,u) 1{n>n}] <0,
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where the inequality holds by the definition of n.. Hence, the above analysis ensures that there exists only one
intersection between utility functions Ua (X, 8) and Ug(A, B). |

Finishing the proof of Proposition 7. From Lemma EC.2.7, there exist thresholds £ and f2 with a < g1 < (2 <b
such that 0 > max{Ua (A, 8),Us(X, 3)} (and hence customers do not order) if 8 < B1; Ua(, B) > max{0,Us(\,5)}
(and hence customers order ahead) if 5 € (81, 82); Us(X, B) > max{0,Ua(X, 3)} (and hence customers order onsite)
if > Ba. O

Proof of Theorem 10 We prove the throughput dominance under rejection threshold n., which would imply
throughput dominance under the optimal rejection threshold.

In the OAR model, let the arrival rate for remote customers who choose to order ahead and order onsite be A4
and Ag respectively, with Aa + As < vA; let the arrival rate for local customers be Ar = (1 —)A. The order queue
evolves as a birth-death process with state-dependent birth rate A\; = (Aa +As+ AL) - 1{;<y,} and death rate p; = p
for ¢ > 0. The steady-state probability of the number of outstanding orders being i < ne is #;'(Aa + As + A\p) =
(1= Aa+As +A) /) ((Aa+As +A0) /1) /(1= (Aa+ s+ Azr)™t). Let the expected utility for a remote customer
who orders ahead be U¥ and that for a remote customer who orders onsite be U&:

ne—1

S ] 1 7 AU

U}E()\AJ\S’)\LB) = Z (V - 7(“; Je — %O’ +1) i (Aa+As +AL),
i=0

ne—1 .

DeY

UE(a,As AL, B)= > (vf(”T)c) (A + s +Ar) —
=0

c
B’

where o = /(8 + ). It is straightforward that U5 (Aa, As, Az, 8) > UF(Aa, s, Az, 8). Thus, no remote customers
place onsite orders (As =0) in equilibrium. Moreover, since Uf()\A, As, AL, B) increases in 3, there exists a threshold
for travel speed fSa that uniquely solves UX(Aa,0,\z,B4) = Z?:Cgl (V — % — égiﬂ) T (Aa + Ar) = 0 with
Aa=~A(1—F(Ba)) such that customers place orders (ahead) if and only if 8> (4.

In the order-onsite model, let the arrival rate for remote customers be Ny <A and the arrival rate for local
customers be A, = (1 —v)A. The order queue state is a birth-death process with state-dependent birth rate \; = (A +
AL) - 1{icn.} and death rate p; = p for ¢ > 0. The corresponding steady-state probability of the number of outstanding
orders being i < n. is 7'(Ns + M) = (1 — (N + Az)/p)(Ns + An)/p)' /(1 — (Ns + Ar)™ ™). Thus, the expected
utility of a joining remote customer with travel speed 3 is US (N5, AL, 8) = Z:ﬁgl (V — %) A (Ng + L) — % It
is straightforward to see that Ug (N, Az, ) increases in 3. Hence, remote customers join when their travel speed
B exceeds a threshold fs, which uniquely solves US(Ng, Az, Bs) = S 1" (V - @) At (Ng +AL) — é =0 with

s =7A1—-F(Bs)).

Next, we prove Aa > N, i.e., B4 < Bs. Note that 0= UK (Aa,0,Az,B4) =3 0" (V — % _ ig“‘l) At (Aa +
Ay > Syt (V= ) f (A (L~ F(Ba)) 4 Ms) — 5 = USGAQ — F(Ba)), Ar, ). Since US (AL~ F(8)), Az, 6)
is increasing in A and US (yA(1 — F(Ba)), Ar,B4) <0 and US(yA(1 — F(Bs)), Az, Bs) =0, we have B4 < Bs. Hence,
Aa > Mg, which implies that 7o(Aa +Ar) < 7o(Ng + Ar). Therefore, the throughput of the OAR model with rejection
threshold n. surpasses that of the order-onsite model. The throughput of the OAR model under the optimal rejection

threshold will only be even higher. O



