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Abstract

We study a multi-stage tandem queueing system and develop the law of the iterated
logarithm (LIL) for performance measures including the queue length, workload, busy
time, idle time and departure processes. These LIL results can help quantify the level
of stochastic variability of these performance functions. Using a strong approxima-
tion method, which transforms the renewal-process-based performance functions to
their continuous Brownian motion approximations, we establish all the LIL limits and
express them as simple functions of model parameters (e.g, means and variances) of
the interarrival and service times. Our LIL results reveal clear-cut insights on how the
stochastic variability received from upstream stages can be propagated to the down-
steam echelons in the tandem queue model; we show that stages that are underloaded,
overloaded and critically loaded play distinctroles. An underloaded stage simply trans-
fers all received upstream variability to the downstream stages; its own service-time
variability makes no impact on any succeeding echelons. An overloaded stage over-
rides the variability received from upstream stages; it resets the propagation process
by feeding its successive stages with its own service-time variability alone. A critically
loaded inherits the variability received from upstream stages, which it modifies using
its own service-time variability.
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1 Introduction

In this paper, we study a K-stage tandem queue in which customers arrive according
to arenewal process at station 1, and depart from the last station after completing their
services at all K stations. Each stage is operated by a single server and the service times
at the K stages are mutually independent and modeled by K sequences of independent
and identically distributed (i1d) random variables. We develop a law of the iterated log-
arithm (LIL) limit to characterize the asymptotic variability for this tandem queueing
system; we focus on studying the common performance measures including the queue
length, workload, busy time, idle time and departure processes. Understanding and
quantifying the stochastic variability in a queueing system is important: First, it plays
a critical role in the design of staffing functions subject to service-level constraints
[19, 26, 28, 39]. For example, in a two-term square-root staffing formula [26, 28],
the first (nominal) staffing term is determined by the means of the arrival and service
times, while the second (safety) staffing term is set by the stochastic variability of the
model. Second, the variability can be implemented in effective scheduling rules [27].
Last, the system’s variability (e.g., variance of the waiting time) has also been used to
measure fairness of the service process [5].

1.1 Background and related literature

Tandem queueing systems have been widely studied by researchers for many years
due to their practical relevance to manufacture systems, wireless communication net-
works, and service systems [9, 22]. Results for tandem queues have been developed in
several aspects: See [34] for transient behavior analysis, [2, 4] for joint queue length
distribution, [3] for the sojourn time distribution, [ 12] for the fluid approximation, [37]
for moments of performance measures, [18, 35] for diffusion approximation, [23, 38]
for applications in inventory system, [1] for analysis on throughput maximization, [16]
for asymptotic analysis for departure process, [40] for large deviations of queue length
and departure processes, [29, 30] for staffing levels to cope with time-varying arrivals
in tandem queues, and [13, 14] for recurrent neural network models for queueing
performance prediction.

LIL is a classical result in probability theory which characterizes the asymptotic
variability of stochastic processs. The earliest LIL result was developed to treat the
one-dimensional standard Brownian motion (BM) W (¢t): with probability one (w.p.1),

sup |W(s)| = O (\/t log log z), (1.1)

O<s<t

where the function O (-) means that f (1) = O(g(¢)) if imsup,_, . | f(#)/g(®)| <M
for some M > 0. In the context of queueing systems, LILs in form of (1.1) can be
used to characterize the asymptotic variability for important queueing performance
measures around their means: For the queue length Q(¢) ina G1/G /1 queue, according
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to Theorem 3.4.2 in Chen and Mandelbaum [6] for generalized Jackson networks
(GJN), it follows that

sup |0(s) — O(s)| = O (\/z log log z) (1.2)

0<s<t

w.p.1, where O(s) is the fluid function acting as the asymptotic mean value for Q(t).
Readers can also refer to Theorem 6.11 in Chen and Yao [8] for a simple proof of
(1.2).

The LIL in (1.1) gives a relatively rough estimate of the asymptotic variability
because it only specifies the order in form of O(-). A more refined LIL result should
be able to unravel the O(-) by establishing an explicit constant to better quantify the
asymptotic variability. Indeed, according to Theorem 1.3.1* in [10], we have

su W(s
lim sup ~Poss=t WEDL 50y, (1.3)

t—00 Jtloglogt

for the standard BM, where the limit “+/2" on the right-hand side more explicitly
quantifies the BM’s stochastic variability (around its mean value 0) asymptotically as
t grows large. Hereby, we refer to the LIL in form of (1.1) as the implicit LIL and
that in form of (1.3) as the explicit LIL. See [17, 31, 32, 36] for explicit LIL results
in multiclass priority queues and multi-server station GJNs under strict heavy traffic
conditions. Because the analysis of explicit LILs is in general more involved, most
LIL results in the extant literature are in the implicit form (see Chen and Yao [8] for
a review). As noted by [8] (Remark 6.14, p.145; Remark 7.18, p.181), “It would be
interesting to know what the limit

lim su SUP)<s<¢ |Q(s) — Q(s)]
t—>oop Jtloglogt

1s”, and “‘the same questions may be asked for the workload process and the busy time
process”. In this paper, we try to partially answer this question by establishing the
explicit LIL in a tandem queueing system.

(1.4)

1.2 A strong approximation approach

A primary method to obtain the implicit LIL is via the continuous mapping theorem
(CMT). For example, the implicit LIL for the GI/G/1 queue (Theorem 6.11 in [8])
is established by applying CMT to the implicit LILs of arrival and service processes.
Because both processes are modeled by renewal processes, the implicit LIL in (1.2)
can be directly concluded using the implicit LIL of a renewal process. See Panel (a)
in Fig. 1. Unfortunately, this approach does not help yield the explicit LIL.

In this paper, we establish the explicit LILs using the strong approximation (SA)
methods, which are approximating functions constructed by fluid limits and BMs. For
example, a renewal process N (¢) having interarrival times with finite th moment,
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mean 1 /o > 0 and standard deviation o > 0 can be approximated by its SA N@) =
at + 32w (). Specifically, we have supy—, -, W(s) — N(s)| = o(t!/"), w.p.1 for
some r > 2: See [10, 11]. Also see [7, 15, 20, 41-43] for SAs of queueing networks.
Here, we say that f(¢) = o(g(¢)) if lim;—. | f(¢)/g(¢)| = 0. We follow two steps.
First, we show that the explicit LIL limit in form of (1.4) is equivalent, in the LIL
sense, to that with Q(¢) replaced by its SA Q(t), a function of the fluid limits and
BMs, which is a continuous approximation of the discrete-valued Q(¢). Next, we
derive the explicit LIL limits by carefully analyzing the SAs. A key step is to treat all
the internal arrival processes because in our tandem queueing model, the departures
of an upstream station serve as the arrivals of its immediate downstream station. In
addition, our SA analysis depends on the traffic intensity p of the stations. For an
underloaded station with p < 1 (overloaded with p > 1), the SA of its departure
process is characterized solely by the arrival (service) times (see Theorem 3.1); while
when the station is critically loaded with p = 1, we show that the SA draws from the
variabilities in both the service and arrival times (Theorem 3.2).

1.3 Contributions and organization

e We study a tandem queueing model and establish the LILs for performance metrics
including the queue length, workload, busy time, idle time and departure processes.
We give their explicit LIL limits as functions of the means and variances of the
interarrival times and service times.

e We establish our LIL results using the fluid limits and SA approximations of the
tandem queue. We first show that the LILs of the queueing metrics are equivalent
to the those of the SAs. Next, we establish the LIL limits by properly treating
the BM terms in the SA. Our analysis is highly dependent of the value of the
traffic intensity p of the stations in consideration; we give fundamentally different
treatments for the stages that are underloaded (p < 1), overloaded (p > 1) and
critically loaded (p = 1).

e Our LIL results reveal clear-cut insights on how the variabilities received from
upstream stages can be propagated to the downsteam echelons in the tandem queue
model.

1. An underloaded stage simply transfers the entirety of received upstream vari-
ability to the downstream stages; its own service-time variability makes no
impact on any succeeding echelons.

ii. An overloaded stage plays an overriding role by blocking the variability
received from upstream stages; it resets the propagation process by feeding
its successive stages with its own service-time variability alone.

1. A critically loaded stage is a middle ground between an underloaded and
overloaded stage: On the one hand, it inherits the variability received from
upstream stages; on the other hand, it modifies the variability with its own
service-time variability and then passes it forward to the downstream stages.
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1.3.1 Organization of the paper

In Sect.2, we formally introduce the K-stage tandem queue and give the dynamic
equations for the performance measures. In Sect.3, we define the LILs for the per-
formance measures and present the main results, namely, Theorem 3.1 and Theorem
3.2; we also discuss some implications of these results. In Sect. 4, we prove Theorems
3.1 and 3.2 using the strong approximation approach. We present several preliminary
results as technical lemmas to reveal some structural results for the LIL limits. In
Sect. 5, we give concluding remarks.

1.3.2 Summary of notations

We close this section by summarizing all notations used throughout the paper. All
the random variables and stochastic processes are defined on the probability space
(2, F, P). Eis the expectation operator. Let R(R ) be the space of (non-negative) real
numbers. Let DX (H) be the space of k-dimensional right-continuous function with left
limit defined on H C R, and C*(H) c DF(H) is the space of continuous functions.
Let Df(H) = {x € D*(H) : x(0) > 0} and C§(H) = {x € CK(H) : x(0) > 0} with
= being a definition. For k = 1, let D = D' and C = C'. For f € Cy([0, o0)) and
fn € Dp([0,00)),n=1,2,...,if supg<s<; | fu(s) — f(s)| = Oforallt > Oasn —
o0, we say f, — f uniformly on compact sets (u.0.c.). Suppose that 1 is an indicator
function satisfying 1¢(¢) = 1 if t € C and 0 otherwise. For real numbers x and y in
R, denote x V y = max{x, y}, x A y = min{x, y} and (x)* = max{x, 0}. For one-
dimensional real function f(7), define the supremum norm || f||; = supp<,<, |/ (s)]

for all 7 > 0. Let ¢(t) = /2tloglogt for t > e (Euler constant). Let 2 denote
equality in distribution. Let Z,](: ;ar = 0if i > j for all number sequence ai.

2 The tandem queueing model

We consider a queueing system comprised of K single-server stations, K > 2. All
customers arrive at the first station for their first service via an exogenous arrival
process; they proceed to the (k + 1) station after service completion at the k™ station,
k=1,2,..., K — 1, and leave the system after the service completion at the K th
station. We say that a customer is in stage k if she is waiting in queue or in service at
station k, where there is an infinite buffer for customers waiting for service. At every
stage, the first-come first-served (FCFS) service discipline is enforced and the server is
work-conserving, i.e., no server can be idle if there are customers waiting for service.

2.1 Primitive assumption

Let vo(n) be the interarrival time between the n'™ and (n 4+ 1)* customers of the
external arrival process, and v (n) be the n'™ service time at stagek,k=1,2,..., K.
Let vp = {vg(n),n =1,2,...} fork = 0,1, ..., K. Suppose that v, 0 < k < K,
are K 4 1 mutually independent sequences of non-negative and iid random variables
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having means E[vi(1)] = 1/ug, variances Var[vg(1)] and squared coefficients of
variation (SCVs) ¢ = Var[ve(1)]/(E[vk(1)])?, respectively. Let

D= (u,k, 20<k< K) @2.1)
be the primitive data. For k = 0, 1, ..., K, define the partial sums,
n
Vil =) w(), n=1.2,..., (2.2)
i=1

and their corresponding renewal processes
Sk(t) =max{n >0: Vi(n) <t}, t=>0, (2.3)

where So(#) counts the total number of external arrivals in [0, 7] and S () counts the
total number of potential service completions at stage k£ in [0,7], k = 1,2,..., K,
provided that the server there is always busy. Define the traffic intensity at stage k:

pp = TR0 - Pmt) (2.4)

Ik

We say that stage k is underloaded if p, < 1, critically loaded if pr = 1, and
overloaded if pp > 1.

2.2 Performance measures

Fork =1,2,..., K, let Qk(¢) be the stage-k queue length which is the total number
of customers at stage k at time ¢. Suppose that the system is initially empty with
Qk(0) = 0 for all k. Let Z(¢) be the stage-k workload at time 7, which is the total
amount of work (measured in time) required to be processed until that station becomes
empty, assuming there is no future arrivals after time ¢. Let T (¢) be the busy time of
the stage-k server which is the cumulative time the server is busy by time 7, namely,

t

T (1) Z/I{Qk(s)>0}ds- (2.5)
0

Let To(¢) = t and I (¢) be the stage-k idle time by time ¢, namely,
In(t) =t — T (2). (2.6)

Denote Dy (t) = Sk (T (¢)) as the actual stage-k departure or service-completion pro-
cess that counts the total number of service completions of in [0, #]. We have the
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following dynamic equations for these performance functions: for k = 1,2, ..., K,
we have
Qi (1) = Sg—1(Tk—1(2)) — Sk (T (1)) = 0, (2.7)
Zi (1) = Vi(Sk—1(Tk—1(1))) — Ti(2), (2.8)
t
0= / Qi (s)d1k(s), (2.9)
0

where (2.7) holds by flow conservation, (2.8) holds because Vi (Sx—1(Tx—1(t))) rep-
resents the total amount of work of all arrivals at the stage-k queue in [0, ¢], and (2.9)
stipulates that the idle time /;(¢) increases only when Q () = 0 according to the
non-idling rule.

2.3 Fluid approximations

For the performance measures above, the fluid approximations can be used to char-
acterize their mean values and serve as the centering terms when defining the LILs.
To properly introduce the fluid approximations, we define the following fluid-scaled
processes:

SOV () _ L —(m) L
Q, () = an(m‘), Z, (1) = nZk(m‘), T, (1) = nTk(nl),

_ 1 _ 1
I = -Lnr), D)= -Dy(nt), k=1,2,...,K,
n n

where n is the scaler. Next, we introduce fluid approximations as the limits of the
functional strong law of large numbers. Readers can refer to Theorem 4.1 in [12] for
details.

Lemma 2.1 (Fluid approximation) Suppose that the system is initially empty, we have,
fork=1,2,..., K,

(ng, 70 7m o D,ﬁ”)) — (Qx, Zi, Tx, I, Dx)

= Xk, u.o.c,wp.l, asn— 00,
where, for all t > 0, the fluid functions specified below:

On(t) = X)) = 0, Z4(t) = Q;i”,

_ 1 _ _ _
I (1) = —V (X)), Tp(t) =t — (1),
Ik

Xi(t) = pr—1Ti—1(t) — urt, Dr(t) = wTi(t), To(t) =t,  (2.10)
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and functions ® and ¥V are defined on the space Dy ([0, 00)) as below:

W(x)(t) = sup {—x(s)}" and ®x)(t) =x@)+ sup {—x(s)}T. (2.11)

O<s<t O<s<t

Remark 2.1 (Oblique reflection mapping) The mapping (¥, ®) is known as the one
dimensional Oblique reflection mapping (ORM) and is Lipschitz continuous under
the uniform topology, see Theorem 6.1 in [8]. In Lemma 2.1, the assumption that the
system is initially empty implies that X; (0) = 0, then, for Xy,

W(X)(@) = sup {—Xi(s)} and ®(Xp) () = Xp(t) + sup {—Xx(s)}. (2.12)

0<s<t O<s<t

3 Main results

In this section, we will establish the explicit LIL results for all performance measures
(Qks Zik, T, Ix, Dy) and identify their LIL limits as simple analytic functions in terms
of the primitive data D in (2.1). For simplicity, we omit the “explicit” and simply call
them LILs for the rest of the paper.

We develop the following LILs for the tandem queueing system:

X =(00L ZE T I, DY), k=1,2,... K, (3.1)
where
1 _
Qk:hmsup ( )HQk—QkHL, Zk:hzisol;pga( )||Zk—ZkHL,
7" = lim sup HTk—TkHL, I} = lim sup Hlk_l_kHL’
L—00 §0 L—oo ¢
Dy = lim sup ||Dk — Dk”L (3.2)

L— 00 (0( )

We remark that the convergence in (3.1) is termwise convergence instead of joint
convergence.

We make the following assumptions on the moments of v (1) and enforce this for
the rest of the paper. For some r > 2, we have

E[vk(l)r]<oo forall k=0,1,...,K. (3.3)

3.1 No critical loading

We first treat the relatively easy case without any critically loaded stage, i.e., all stages
are either underloaded or overloaded. We report the LIL limits for all performance
functions in Theorem 3.1 and provide in-depth discussions to gain insights into these
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results. We relegate the proof to Sect. 4. For the ease of notation, define the following
constants:

)

Cij=,/c¢+c2 and Cij=cive;, 0<i,j<K. (3.4)

Theorem 3.1 (No critical loading) Given data D in (2.1), we have the LILs in three
cases:

1. (The full underloading case) If all stages are underloaded, that is, pr < 1 for all
k=1,2,..., K, we have

C C
Xy - (O, 0 N 0k N O’k,u(l)/zco> | 3.5)
1Lk 1Lk

2. (The full overloading case) If all stages are overloaded, that is, p, > 1 for all
k=1,2,..., K, we have

k=1Chk—1k 1/2
X];k = (\/Mk—lci—l + Mkcl%’ m ) Oa Oa :u’k/ Ck) . (36)

3. (The hybrid case) If some stages are underloaded and the others are overloaded,
ie, pp > 1 fork = k’,ké,...,kl’o, with0 < kj < kb < --- < kl’o < K and
lo < K, and pr < 1 fork ;ék/,ké,...,kl’o, then, forl = 1,2, ..., 1y:

Mk/ Ck/ ,k/
x5 =| Jup & +ppcd, Y 00, 0P ). 3
ki =1k 1k k%

Mk

The LILs fork = 1,2, ..., k{ — 1 satisfy (3.5). Fork = kl/—|—1,kl’—|—2,...,kl’+l—l
andl =1,2,...,1,

2 2
Y+ ) Gy 12

X];k = O, O, y ,bLk/ Ckl/ . (38)
Ik [k !

To give insights into the mathematical results of Theorem 3.1, we next provide
detailed discussions of the three cases in Theorem 3.1 via three remarks.

Remark 3.1 (The full underloading case: K underloaded G/G /1 queues) When all
stages are underloaded with pr < 1,k = 1,2, ..., K, the overall system is in light
traffic. The Markov process describing the system dynamics has a stability distribution
[12]. Hence, the LIL limit for the queue length is zero, so is that of the workload due
to Little’s law. We next discuss the implications of the asymptotic variability of the
busy time, idle time and departure process. In light traffic, the server capacity is not
fully utilized, so the variability in the departure process at any stage is independent
of the service-time variability and is determined only by the variability in its arrival
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process, described by the variance parameter ,u(l)/ 2co in (3.5). Hence, in the LIL sense,
every stage behaves like a G/G/1 queue fed by the external arrival process So(z). A
similar implication can be drawn from the LIL limits of busy and idle times, which
are comprised of c% and c,% and have nothing to do with the variability parameters in
any upstream queues c,%_l fork = 2,3, ..., K. Indeed, the LIL result at any stage is
identical to that in an underloaded G /G /1 queue with an arrival process distributed as
So. In summary, the service variability of an underloaded stage makes no impact on the
remaining echelon; instead, it passes forward the entirety of the variability received

from upstream stages to its succeeding downstream stages.

Remark 3.2 (The full overloading case: K overloaded G/G /1 queues) When every
stage is overloaded with pr > 1, k = 1,2,..., K, the entire system is in heavy
traffic. Because all servers are almost surely always busy asymptotically, the busy
time 7Ty (¢) ~ t and the idle time I (¢) ~ 0, so they hardly have any variability, which
explains the zero LIL limits of 7;* and /;. Because there are almost infinitely many
customers waiting at the queue, the variability of the departure depends only on its own

service variability, described by the term u,i/ 2ck. Similar to the case of G/G/1, the
variabilities of the stage-k workload and queue length are determined by the stochastic
fluctuations in its service times and (internal) arrival process, which correspond to the
departure from its immediate upstream stage (i.e., stage k — 1). Hence, in the LIL sense,
it is equivalent to an overloaded G /G /1 queue having a renewal arrival process with
rate (x—1 and variability parameter cx—1 (because the stage-k server is asymptotically
always busy and continues to produce service completions in a renewal fashion).

Remark 3.3 (The hybrid case: Overloaded (underloaded) stages override (pass for-
ward) previous memories) According to Remarks 3.1 and 3.2, we can see that, in the
LIL sense, a stage-k queue often behaves like a G/G /1 queue of which the variabil-
ity is impacted by its own service variability and the variability inherited from some
upstream stages. For the hybrid case, the impact on the arrival side traces back to the
latest upstream stage that is overloaded instead of its immediate upstream stage. Unlike
an underloaded stage that simply transfers its upstream variabilities to its downsteam
stages, this overloaded stage plays an overriding role in the network echelon; it elimi-
nates the effects from all preceding stages and resets the forward propagation process
by feeding the downstream stages with its own service variability alone. First, the LIL
limit of an overloaded stage k; is similar to the full overloading case (3.6) except that,
it is not its immediate upstream stage k; — 1, but its previous overloaded upstream
stage k;_, that accounts for the variability on the arrival side. The underloaded stages
between k;_, and k; (if any) have no impact on stage k;. Next, an underloaded queue k
between two overloaded stages k; and k;_ | (i.e., k; < k < k; ;) behaves like an under-
loaded G/G/1 queue having renewal arrivals with rate 0% and variability parameter
Ck- Its LIL limit is similar to (3.5) with o and c¢g replaced by 0% and Ck-

3.2 One critically loaded stage

The LIL analysis becomes much more complex when some stages are critically loaded
with pr = 1. As an initial attempt, we hereby focus on a tandem queue model with
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exactly one critically loaded stage. See Sect. 4.4 for detailed explanations on the tech-
nical challenges to treating more than one critically loaded stages. In what follows,
we first present the LIL limits in Theorem 3.2 and then draw useful implications from
these results.

Suppose that stage ko is critically loaded with pi, = 1,1 < kg < K. As we will
show next, two overloaded stages (if it exists) play particularly critical roles: (1) the
last overloaded stage preceding stage ko (if kg > 1), and (i1) the first overloaded
stage succeeding stage ko (if ko < K). When ko > 1, let k, be the index of the last
overloaded stage (if any) preceding stage ko, 1.e.,

ko = max{k < ko : px > 1}, 3.9)

and set k, = 0 if all preceding stages are underloaded, i.e., px < 1 for all k < ko.
When kg < K, let kg be the index of the first overloaded stage (if any) succeeding
stage ko, 1.e.,

ko = min{k > ko : px > 1}, (3.10)

and set ko = oo if all succeeding stages are underloaded, i.e., px < 1 for all k > k.

Theorem 3.2 (One critically loaded stage) Given the model data (2.1), we have the
following explicit LILs.

1. (Stages preceding stage ko) The LIL limits for all stages preceding stage ko are
specified by results in Theorem 3.1.
2. (Stage ko) The LIL limits for ko satisfies

Croko Croko Ckoko 124
X = /iy Crgokyr ——=» —=—=» —— . Ciyko | - (3.11)
X ( o VHky Pk APk fo TR0

3. (Stages succeeding stage ko) For k > ko, we specifies X in cases below:

a. Forstagek =ko+1, ..., (ko A K) — 1, we have

~2 2 C2 2
\/Mko (Cko’ko + <) \/Mlio (C/go,ko + ) 125

X=10,0, s " Crey
¢ Ik Mk ko —R0-R0
(3.12)
b. For stage /Eo (if Igo < K), we have
~2 2
§ = > \/Mko(cko,ko + C,;O) 12
ko = \/Mko Ckoako + MI;OCIEO’ " , 0,0, /LIEO Cko
0
(3.13)
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Fig. 2 Different roles of underloaded, overloaded and critically loaded stages in the tandem queueing
system. Here £ is the last overloaded stage preceding stage k

c. For stages k = IE() +1,....K (iflgo < K), their LIL limits are _equivalent to
a no-critical-loading tandem queue (Theorem 3.1) having K — ko stages and
an external renewal arrival process with parameters . %o and CFo-

Remark 3.4 (The critically loaded stage) First, stage ko has no impact on the its preced-
ing stages 1, ..., kg — 1, of which the LIL limits are already characterized by Theorem
3.1. We next discuss the LIL for ky. Consistent with results in Theorem 3.1, we know
that stage ko’s variability on the arrival side should inherit from the last overloaded
queue preceding stage ko, namely, stage k, (if any). On the other hand, the structure of
the LIL limits for stage k is significantly different from those of underloaded and over-
loaded stages. First, the critical loading condition enables all performance functions
(i.e., queue length, workload, and busy times) to preserve certain level of stochastic
variabilities, none of the LIL limits in (3.11) is O (which is in stark contrast to the
zero workload LIL in the underloaded case and the zero busy-time LIL in the over-
loaded case). Next, the LIL limit of the departure process C ky.ko 18 the mixture of the
variability parameter inherited from the upstream stages ¢k, and its own service-time
variability parameter ¢, (which is contrast to an underloaded stage which transfers
the received upstream variability only and to an overloaded stage which blocks all
upstream variability).

Remark 3.5 (Stages succeeding the critically loaded stage) As mentioned in Remark
3.3, an overloaded stage plays an overriding role in the tandem structure: it elimi-
nates the “memory” of variabilities from previous stages and resets the remaining
downstream echelons by fueling all subsequent stages with its own service variability.
Because stage ko is the first overloaded stage succeeding ko, it does not allow the
impact from previous stages to pass onto any later stages. Since server ko is almost
surely always busy, its departure process corresponds to a renewal process with param-
eters ug, and cg , which essentially turn the remaining stages into a (K — ko)-stage
tandem queue model having an external renewal arrival with parameters ug and cg,
(this explains Case 3.c in Theorem 3.2). To understand Cases 3.a and 3.b, note that the
variability of the departure process from the critically loaded stage (i.e., stage ko) is
C ko.ko (@s discussed in Remark 3.4) and each underloaded queue simply transfers any
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upstream variabilities received to next stages, all underloaded stages between ko and
ko are, in the LIL sense, equivalent to an underloaded G/G/1 queue having renewal
arrivals with parameters ug, and Cg, x,, Which explains (3.12); similarly, the over-

loaded stage kq is, in the LIL sense, equivalent to an overloaded G /G /1 queue having
renewal arrivals with parameters ftx, and Cy, k,, which explains (3.13). See Fig. 2 fora
summary of the distinct roles of underloaded, overloaded and critically loaded stages.
4 Proofs of main results

We prove Theorems 3.1 and 3.2 in this section. In Subsection 4.1, we give some

technical lemmas which are building blocks of our proofs; we relegate their proofs to
the Appendix. We prove Theorems 3.1 and 3.2 in Sects. 4.2 and 4.3, respectively.

4.1 Preliminary results

Lemma 4.1 (Strong approximation) If (3.3) holds, then, for some r > 2 and for all
k=1,2,...,K,

10k = Oxll, =o', ||Zk = Zi[|, = o), ||Ti = Ti[, = oL,
I = Te||, = o(LV"), ||Dx = Di||, = oLy, wp.1, (4.1)

where Z)(t) = 0,

o~ - - 1 ~ - -
(Ok, Yi) = (@, V) (Xp), IL(t) = ;Yk(f), Ti(t) =1t — I (1),

- ~ 12 -
X (1) = (k-1 — i)t — Pp—1lx—1(2) + Mk/_lck—ka—l(Tk—l(f))

—M}C/zcka(fk(t)),
~ 1 r~ _
Zu0) = | Ok + e W Te(0) = W) |
Di(t) = T () + > cx W (Tic (1)), (4.2)

Wo and Wy are mutually independent standard BMs associated with the exogenous
arrival process and service process at stage-k, respectively, and ® and V are defined
in (2.11).

Lemma 4.1 is the tandem queue special case of Theorem 7.19 in [8], where we
specify the routing matrix of the queueing network as

(010---0\

001---0
P=1:tii-
000---1

\000---0)
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See [8] for the proof of the SA results with a more general routing matrix P.

According to Lemma 4.1, the performance functions (which satisfy the dynamic
equations (2.5)—(2.9)) can now be approximated by functions of BMs. In addition,
(4.1) indicates that the errors of these approximations are o(L!/"). To establish LILs
of O, Z, T, I and D, we will first develop the LILs of their SA counterparts specified
in Lemma 4.1. Define the LILs of the SAs as:

Xi= (05 Z;, T IE, DY), k=1,2,...,K, (4.3)
where
1 ~ _
Qk:hmsup ( )HQk—QkHL, Zk:hzisolipw( )||Zk—ZkHL,
Tk = lim sup HTk—TkHL, Ik = lim sup Hflvk—l_kHL,
L—00 §0 L—>oco ¢

5}: = lim sup

Dy—D
L-oo $(L )H k= Dell,

Our proofs build on the following lemmas: Lemma 4.2 guarantees that the LILs
of the original performance functions coincide with the LILs of their SAs. Hence, it
remains to estabilish the LILs X" in (4.3). Lemmas 4.3, 4.4 and 4.5 are useful building
blocks to compute 2?,:‘ They also reveal some structural properties of the LIL limits
for the three cases pr < 1, pr > 1 and px = 1, respectively. The proofs of all lemmas
are relegated to the Appendix.

Lemma 4.2 Suppose that (3.3) holds, we have X} = /'f\?,f wp.lforallk =1,2,...,K.
Lemma 4.3 If px < 1 for some stage-k, then, éz = 2* =0wp.l,k=1,2,..., K.

Lemma 4.4 If px > 1 for some stage-k in the case the tandem system has no more
than one critically loaded stage, then I = Tk* =0wp.l,k=1,2,..., K.

Lemma 4.5 If px = 1 for some stage-k in the case the tandem gystemjzas no more
than one critically loaded stage, then Q; = uZ; and Z; = T, = I} wp.l, k =
1,2,..., K.

See Fig. 3 for a schematic illustration of the flows of the proofs.

4.2 Proof of Theorem 3.1
4.2.1 The full underloading case

Since pp < 1 forallk = 1,2,..., K, we have uo < min{uy, w2, -+, g} and
Pk = o/ Mk, the corresponding fluid solution:

Xi () = (0,0, prt, (1 — pp)t, not), k=1,2,..., K. (4.4)

By Lemma 4.3, we note that the LIL éz = 'ZV,’: =0wp.lforallk=1,2,..., K.
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To treat the LIL of the idle time process, we have, by (4.2) and (4.4),

~ _ 1~ _
L) — I (1) = — [Yi(t) — Yk (0)]
Ik
I ~ 1 ~ -
= — Ok(t) — — [ Xk (1) — Xk (D],
Ik Ik

and because X (1) = (o — )t by py < lforallk=1,2,..., K,

Xk (1) — Xk (1)
= wk—1Ti—1(t) — pot + ,lei/_210k—1 Wi—1 (Ti—1 (1)) — Mi/zcka(Tk(t))
= —Vio1(0) = Xpm1 (1) + 12 et Wamt (Tim1 (0)) — > cx Wie(Te (1))
= [Xi—1(t) = Xe—1(D] = Qk—1(1)

112 ke Wi (Tt (1) = iy e Wi (T (1)
k—1
=[X10) = X:0] = Y 01 + e Wi(T1 (1)) — e Wi (T (1)
=1

k—1

= =" 0i(0) + 1y 2coWo(t) — > ex Wi (Ti(1)). (4.5)
=1

Hence, we have

~ _ 1 .~ _
L () — k(1) = — [Y(t) — Y (D) ]
Ik

k
1 ~ 1 =
= —Y 0t — [M(l)/zcoWo(t) = u,i/zckwk(Tk(r»] .
[ [k

Notice that 0% = 0 w.p.1, and Tx(t) = (po/ux)t for all 1 > 0, so g/ *coWo(t) —

M}C/ ch Wi (T (1)) is a driftless BM with variance parameter i (c(z) + c,%). As a result,

the LIL I,;k = /10Co.x/ k-
For the LIL of the busy time process, by (2.10) and (4.2), forallk =1,2,..., K
and r > 0, we have

Ti(t) = (1) = Te(1) = Te (@), (4.6)
which always holds regardless of the value of the traffic intensity pi. As a result, by

(4.3), it follows that the LIL 7} = /1t0Co.x / 1k
To develop the LIL of the departure process, we have, by (2.10), (4.2) and (4.5),

Di(t) = Di(t) = i [Te(0) = Te@)] + 11> cx Wi (T (1))
= — i [Te(6) = ()] + 1, ex Wi (T (0))
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= —0c () + [Xk () = Xe ()] + 1) cx Wi (Ti (1))

k
— — Z 0,(t) + M(l)/QCoWo(f)-
I=1

This, together with éz = 0 w.p.1, implies that the LIL 5,’(‘ = ,u(l)/ 2c0 w.p.1.
Hence, invoking Lemma 4.2 we have established all the LILs in (3.5).

4.2.2 The full overloading case

Suppose that pp > 1 forallk = 1,2,..., K. We have ugo > 1 > --- > ug and
Pk = Mk—1/ MUk, the corresponding fluid solution:

By (2.10) and (4.2), Xe(t) = (up—1 — )t forallk = 1,2, ..., K and t > 0.

First, by Lemma 4.4, we note that I* = Tk* =0w.p.lforallk=1,2,..., K. For
the LIL of the queue length process, k = 1,2, ..., K, by (2.10) and (4.2), we have
Ok(t) = Xi(t) = (pk—1 — i)t forall 1 > 0, and

Ok (1) — OQk(t) = Xi(t) — X (1) + V(1)
= il () — pk—1lk—1(1) + M;i/_ZICk—ka—l(t) — M;i/ZCka(l)-
(4.8)

Since 7;:‘ = 0 wp.l for all £k = 1,2,...,K, we have the LIL éz =

Jieicd oy + et wp.d forall k= 1,2, K.

_ To treat the LIL of the workload process, we have, by (2.10) and (4.2), Ze(t) =
Ok (t)/ux = (pr — Dt for all ¢+ > 0. This, together with (4.8), implies that

Zi(t) — Zy (1)

1 - _

L0k = 0x0] + 1P (Wet) — W)

B I 1~ - ~ 1/2

= [Xk(t) — Xi () + Yie(t) 4+ p e (Wi (1) — Wk(pkt))]

~ Hik—1 ~ Lrop 1/2
= I (1) — Wlk—l(t) + P [Mk/_lck—ka—l(t) — /Lk/ Cka(/?kt)] :

Notice that, by Lemma 4.4, 7,:‘ = 0 w.p.1, we have the LIL Zf = /k—1Ck—1.k/ 1k
w.p.lforallk =1,2,..., K.
For the LIL of the departure process, by (2.10) and (4.2),
~ = ~ = 1/2 ~ 1/2
Di(t) — Di(t) = py [T (t) — T ()] + g “ex Wi (1) = —pua I (1) + ' “ex Wie(2).

Since T¥ = 0 w.p.1, we have the LIL D} = u,>c w.p.1 forallk =1,2...., K.
Hence, invoking Lemma 4.2, we have proved the LILs in (3.6).
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4.2.3 The hybrid case

Recall that kﬁ,ké,...,kl’o 0<kj<ki<---< kl’o < K satisfy that p; > 1 for all
k=k{. k5, ....kj and pg < 1forall k #kj,kb. ... k] , by (2.4) we have,

I’Lkl/<lu’kl/_l<l’l’k’ k_kl ]+19 1— ]+27""kl{_1a i:1727°-"l()9
,LLkl/O < Uk, k :kl(/) + l,kl(/) +2, ey IS (49)

Next, we proceed to find the LILs for k = k},kj,...,k; and then for k #
A9

~

ki, kS, .., kl’o. According to Lemma 4.4, we have I = T = 0 w.p.1 for all

k : pr > 1. To develop the LIL of ék(t), k = ki ky, ..., kfo, we have, by (2.10)
and (4.2),

)?kl’ = —?k;—1(f) + (g —1 — Mgt
12 - 1/2 -
+Mkl/_lckl/—1Wkl/—l(Tkl/—l(f)) — My Cy, Wi (T (1))
> ~ 12 _
= Xp1(1) = Q1 () + (g1 — py)t + Mkl//_lckl’—lWkl/—l(Tkl/—l(t))

12 -
—,U«kl// Wi (T (1))

k/ 1
~ 1 —_
=~ Ay (1) — Z 0i(t) + (g — M)t +,U«kl// g Wy (Ty_ (D)
i=k]_ +1
1/2 -
—y ey Wy (Ty (), 1=1.2,.... 1o, (4.10)

where k(’) = 0. Notice that ékf (1) = )?k; (1) + ?kl/ (t) in (4.2), we have

K1
ékl’(f) — le/(f) = _Mkl'_lfi;clf_l(t) + Mk;ﬁ;(t) — Z éi (1)

':kl/ 1

Wy, (T, () = ) cy Wy (Ty(0). (4.11)

1/2
+'Udk271 iy

Notice that the LIL Ej‘ = 0 w.p.1forall k =k}, k5, ..., kl’o, the LIL é,’; =0 w.p.l
for all k # ki, k), .. .,kl’o, w.p.1. Then, for all [ = 1,2,...,1lp, the LIL Q;{", =
)

) 1/2 =
\/M"z lc,%, 1 + Mk/ci,, w.p.1, because the driftless BM ukl,/_lckl/kalfl(Tkl/l(t)) —

u,k, ckz Wk/(Tk/ (1)) has variance parameter i lc,%; + ,ukl/cl%l,.
—1

To treat the LIL of Zk(t), k=ki,k, ..., klo’ we have, by (4.2) and (4.11),

~ - I 1~ = -
Zy, (t) — Zy (1) = M_k’ [le/ (1) — le/(t) + /L]il,/zck;(Wk;(Tk;(t)) — Wkl/(,Ok;t))]
1
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1 k-1
= —y Ly O+ pglg@— Y i)
: i=k]_,+1
1 _
+’“k;/ Wy (T (1) = Mk/ Ck’Wk/(:Ok/t)]

forl =1,2,...,Ip. Notice that Pk} = ,ukl/_l/,uk/ by (2. 4) and Tk/ (t) =tforallz >0
and/ =1,2,..., [y, then ,u,i,/z Ck] kal/ 1(Tk/ (1)) — k/ Ck/ Wk’(ﬂk/f) in the above
-1 - -
equality is a driftless BM with variance parameter il (ck, + ck/). Hence, we have
- -1 1
ZZ‘, = /Mkz/—1ckz/—£kz’/'ukz/ wp.lforalll =1,2,..., .
For the LIL of Dy (1), k = ki, k5, ..., kl/o, we have, by (2.10) and (4.2),

Dy (1) — Dy (1) = juy [Tk;(f) - Tk;(f)] + Mkl// Wiy (Ty (1))

By Lemma 4. 4,T , =0w.p.lforalll=1,2,...,[, we have the LIL D;C", = M;i//zck;

w.p.lforalll:1,2,...,lo. l
Invoking Lemma 4.2, we can obtain all the LILs in (3.7) for stages &, k5, .. ., kl’o.

We next proceed to establish the LILs for stages k # ki, k5, ..., kl’o. First, we note

that all the LILs satisfy (3.5) fork = 1,2, ..., k’1 — 1, because the first k/1 — 1 stages
form an independent tandem queue in light traffic as in the full underloading case.

Next, we consider the stages k = k; + 1,k 42, .. kl’Jrl lwithli=1,2,...,1,

where kl 41 = K. Forall k = k’ + 1,k +2,. k1/+1 1, we note by Lemma
2.1 and the traffic intensity (2.4) that py = 0% / ik, Te(t) = pit, Ok() = 0 and
Xi(t) = (ug — p)t < 0 for all 1 > 0. By Lemma 4.3, the LIL Qf = 0 w.p.1 for

allk =k + 1,k +2, .. kl/le — 1. This, along with (4.2), implies the LIL Zf =0

w.p.1 forall k = k; + 1, kl’ +2,...,k,; — 1. By (2.10) and (4.2), we write
k—1
Xi(0) = Xi(1) = —p Iy () = Y 0i(0)
i=k]+1
1/2 = 1/2 =
iy gy Wi (T (1)) — iy~ cx Wie(Tie (1)) (4.12)

For the LIL of Iy (t), k = k; + 1,k; +2,...,k; ., — 1, we have,

I+1

~ - 1 ~ - 1 ~ 1 ~ -
I (1) — I (1) = — [Ye (@) = Ye(0)] = — Ox (1) — — [Xi (1) — Xk (1)]
[k Ik Ik

(t)+u_ Z Qi (t)

k i=kj+1

_L |://L // Ck/Wk/(Tk/(l)) - /’Lk/ Cka(Tk(t)):I
i LK
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By Lemmas 4.3 and 4.4, the LIL IN:I, = éz = 0 w.p.l forall k = k; + 1,k +
2,..., kl’_‘_1 — 1, we have the LIL [} = Mck;,k/ﬂk w.p.l forallk =k + 1, k; +
2,...,kj, —1,because M,il/ 2oy Wiy (T (0) — >k Wie(Ti(1)) is a driftless BM with
variance parametei Ik, (c]%l, + c]%).

For the LIL of T (¢), k = k; + 1,k; + 2, ..., k., — 1, it follows from (4.6) that

[+1

the LIL 7 = /i Cy i/ ttx w.p.1 forall k = k[ + 1, k/ +2, ..., k| — 1.

To develop the LIL of Bk(t), k=k+1,k+2,..., kl’Jrl — 1, we have, by (4.2)
and (4.12),

Di(t) = D (1) = i [Te(0) — Te )] + 1> ex Wi (T (0))
= —[Ve() — )] + 1,2 cx Wi (T (0))

— 0k (1) + [Xk(t) — Xi()] + Mi/zcka(Tk(t))
k

- _”kfﬁf(t) -2 0o+ /‘11(;/2%; W (T (1)),

i=k]+1

where Tkl/ (t) =t forall t > 0. By Lemmas 4.3 and 4.4, the LILs fI;*/ = é,’; =0 w.p.l
[
forall k = k| + 1.k/ +2,.... kj,; — 1, we have the LIL D = p,/ ¢, w.p.1 for all
l
k =k +1,k+2,..., kl/le — 1. All LILs for class kl/OJrl = K can be established
similarly.
In summary, we have established all LILs results in (3.5), (3.6), (3.7) and (3.8). O

4.3 Proof of Theorem 3.2

4.3.1 Stages up to kg (cases 1 and 2)

Stages preceding stage kq. Since the first ky — 1 stages form an independent (kg — 1)-
stage tandem model, their LILs are already characterized by Theorem 3.1. Specifically,
for k < ko, X} satisfies (3.5) if k is in the full underloading case, it satisfies (3.6) if k
is in the full overloading case, and it satisfies (3.7) and (3.8) if k is in the hybrid case.

Stage ko. Since pg, = 1, we note that ug, = g, by (3.9) and the fluid solution:
Xko (1) = (0, 0,2, 0, pugot) (4.13)
and T/i(t) =t for all + > 0 by (2.10). By (4.2), it follows that

NG
~ 1/2 - 1/2
= _Yko—l(t) + (Mko—l - Mko)t + Mko_lck()—lWko—l(Tk()—l(t)) - Mko Cko Wko(t)

oy ~ 1/2
= Xig—1(1) = Okom1(1) + (kg1 — 1ko) + 1)~ 1 Cho—1 Wieg—1
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- 1/2
(Tig—1(0)) =ty Wiy (1)
ko—1
o ~ 1/2
= X1 () = Y Gi() + (ager — a)t + )3 Chgt1 Wig 41

= 1/2
(Tky+1(0)) — 1ty ey Wiy (1)
ko—1

S ~ 1/2 1/2
=Ty = D" i) + ] ery Wiy (6) = 11 exg Wi (1), (4.14)
i=ko+1

To treat the LIL of the idle time process, we note that X k(1) = Iko (1) = 0 and
Tko (t) = t for all + > 0. Notice that by Lemma 4.3 the LIL Q ¢ = 0 w.p.1 for all

k=ky+1,2,...,ko — 1, and by Lemma 4.4 the LIL I*O = 0 w.p.1, we have the
LIL, w.p.1, -

I Ly ! ( Ye (2)
= — lim sup sup Yy
ko Mk L—o0 (L) 0<t<L 0

o
= — lim sup sup y sup [_Xko (s )]

Mky L—o0 (L) 0<t<L | 0<s<t

1 1 ¥
= — lim sup sup [_Xko (t)]}

r——

Mky L—o0 QO(L) 0<t<L
1 1 1/2 1/2 Cleg-ko
= — lim sup sup [—,u ko Wi (t) + " crog W, (t)] = —,
Mk L—o0 (L) tOggL ky “Z0 %0 ko ZR0 TR0 Mk,
(4.15)

where the second equality holds by (2.11), the fifth equality holds because ur, =
i, and — ,u,lcé 2c;£0 Wi, (1) + /,L,lcézcko Wi, (2) 1s a driftless BM with variance parameter

Mg Clizo,k0°

The LILs of Zm (t) and Tko () equal to f;;“o by Lemma 4.5, that is, T,j(‘) = 27;0 =
Cko ko/ M w.p.1.

To develop the LIL of the queue length process, we note in advance that the Lipschitz
constant for ® is 2. To see this, for any given X’ and X”, we have

|@(X) — (X")]|,

sup {—X'(s)}" — sup {—X"(s)}"

0O<t<L O<s<t 0<s<t

< sup {|§?’(r)—5€”(z)|+

SHX’ X”HL—l— sup  sup ’X (s) — X”(S)|

0<t<L 0<s<t

=2/|X' - X" (4.16)

.-
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By (4.2), Ok, (1) = ®(Xy,)(t). For all L > 0, with (4.14) we have
o 1/2 1/2

sup | (Rey) (1) — b1y e, We, — 114/ ey Wig) (0]

O<t<L -

i 1/2 1/2
<2 sup K1) — gy Wiy (0 = 113 ek Wiy ()]
O<t<L B

ko—1
=2 (Ykom + sup Z 0 (r))

O<t<L

where the inequality holds by (4.16). By Lemma 4.3 and Lemma 4.4, we have

. o 1/2 1/2
lim sup sup | (Ri)(6) = Dty *ex, W (0) = 113ty Wi ()|
L—>oo P(L) 0<t<L =0
ko—1
. NO. ~
< 21lim sup —— + 2 lim sup sup > Qi(){ =0, wp.l. (417
L—0o0 §0( L—o0 §0( 0<t<L i—1

Hence, w.p.1,

N ( N

% =y 5, 1P )
(
m

1 1/2 1/2
= lim sup sup CD(/,Lk/ Cko Wi, (t) — /Lké Cio Wi (t))’
L—oo ¢(L) 0<t<L -
= lim sup : sup M;i/zcko Wi, (1) — M/i/zcko Wi, (1 )‘ = /MkyCry ko>
L— o0 ‘P(L) o<t<L! 0 T~ 0 -

(4.18)

where the second equality holds by (4.17), the third equality holds because

1/2 1/

(11 ety Wi (1) = e Wiy (0) (1) = |11

2 12
Cho Wi, (1) — Mké Cko Wy

the fourth equality holds because ,u,i(/) 2c/£0 Wi, (@) — ,u,ié 2Cko Wi, (¢) is a driftless BM
with variance parameter Kk, C,%O, ko' Readers can refer to Theorem 5.1 on p.119 in [33]

for a similar result for a standard BM.
To treat the LIL of the departure process, by (2.10), (4.2) and (4.14), we have

Dy, (1) — Dy, (1) (4.19)
= ttio [Tk (1) — Ty )] + 13> e Wy (Tiy (1))
= — Vo (1) + 11 o Wi (1) = — o [- Xio ()] + s kg Wiy (1)
<s<t
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[ ko—1
s ~ 1/2 1/2
== sup | Vi) + Y 0ils) = ) er, Wiy (9) + 113 ciy Wig (9)
O=s=t i=ko+1 B
1/2
+Mké Ck()Wk()(t)
| [ ko—1
s ~ 1/2 1/2
S —osup | Vi) + Y 0ils) — iy e, Wiy (9) = 1y Perg Wig (1 = 5)
O=s=t i=ko+1 -

(4.20)

By Lemmas 4.3 and 4.4, T*O = Qf =0wp.dforallk =ky+1,2,...,ko — 1 wp.1,
we have, w.p.1, -

L—oo ©(L) 0<t<L 0<s<t

= /1, Chy o 4.21)

where the second equality is from Lemma 4 in [17]. Invoking Lemma 4.2, we have
proved all LILs results in (3.11).

Dj, = lim sup { sup sup uké Cho Wi, (5) + /Lké Cho Wi (f — s)‘

4.3.2 Stages succeeding stage ko (Case 3)

Stages between kq and ko (Case 3.a)  First, by the definition of k¢ in (3.10) we note
that py < 1 fork = ko +1,..., (ko A K) — 1. Hence, we have the following fluid
solution: fork = ko +1,..., (ko AK) — 1,

S . Mk
Xk () = (0,0, prt, (1 — pp)t, jukot) with p = ,u_ko (4.22)

Forl =1,2,..., (koA K — 1) —ko, by (4.22) we note that Qy,+;(¢) = Oforallz > 0.
By (2.10) and (4.2), we have

Xig41 (1) = Ko (1)

= ko ti—1 [Trot1-1(t) = Trgr1-1(1)]
+M;1€éil_16ko+1—1Wko+z—1(Tko+l—1(l)) — M%iﬁkoﬂ Wig-1 (T4 (1))
= [Xig41-1(0) = Xrgr1-1(0] = Orgi-1(1)
‘|‘M/1¢(<_2H_1Cko+l—1Wko+l—1(Tko+l—l(f)) — M%iﬁkoﬂ Wig-+1 (T4 (1))
= [Xig41-2(0) = Xigr1-2(0] = Qkg1-2() = Oigi-1(1)

1/2 - 1/2 _
+Mké+l_zcko+l—2Wko+l—2(Tk0+l—2(f)) - Mké+lcko+l Wi+ (Trg+1(1))

[—1
= [)N(k0+1(t) — Xk0+](f)] — Z ék(ﬁ-i (1)
i=1
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1/2 = 1/2 -
i ko1 Wi 11 (Tig 11 (0) = 1! k1 Wi 41 (T 41(1))

[—1
~ ~ 1 2 -
= ko Do (1) = > Okoi (1) + 13 i Wi (T (1)
i=1
1/2 =
— g1 ko Wio+1 (Tig+1 (1)), (4.23)

where Tko (t) =t forall r > 0. Invoking (2.11) and (4.14), we have

Xio1(1) — X (1)

ko—1
o ~ 1/2 1/2
=— sup { Vi + Y 0itw) — e Wiy () + 11 exy Wi ()
O=u=t i=ko+1 B
-1
~ 1/2 1/2 =

= Okori (0) + 1y "o Wiy (0) — 1% 111 Wi 1 (Trg 11 (1)), (4.24)

i=1

To develop the LIL of T;;(r) forl =1,2,..., (kg AN K — 1) — ko, we have, by (2.10)
and (4.2),

~ _ 1~ - _
Tig+1(2) — Tig41 (1) = [ Qko+1(1) — Xigr1 (1) ] — (t = Tig 41 (1))

Mkl
= : Oko1(1) — [??k0+z () — kot (Trg+1 (1) — )]
Mko+1 Mo+l
1 ~ ~ _
= Qko+1(1) — [ Xko+1() — Xigi (D] - (4.25)
Mko+1 Mko+1

Combining Lemma 2.1, (4.2), (4.24) and (4.25), we have,

- . 1~ _
Iljo+l = 11LH1)S;10P o) kg1 = Tro ]|
1

= i — || Okyt — Kyt — X
1Lnl)s;10p PRI || Oko+1 = (Xig+1 ko),

1
= lim sup (L)H ko+1 — Xk0+lHL

Hko+! L—o0
ko—1
— sup (Y, + Y 0i(w) - k CkOWkO(u)
O<u=<t i=ky+1

1
= lim sup sup | 42 Wi (u } + uh e Wi (8
Hko+1 L—oco @(L) 0<r<L ﬁLk ko kO( ) Mk ko k()( )

- Z Qk()+l (1) — /LkO_HCk()—H Wk()—H (Tk0+l (1))

- o [
= lim sup 1 sup O<u<t =

L 1/2 1/2
Pho+l L—oco ¢(E) Josi=<L +Mké CkOWkO(t)—Mké_HCkO—HWko+l(Tk0+1(t))

1/2
Cko Wieo () + Mké ko Wko (”)}
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1/2 1/2
sup {—/,Lk(/) ko Wk, (u) + /Lk(/) Cho Wiy (1 — u)}
= lim sup 73 sup Ofulg/tz =
Hkotl L—oo @ O=t=L | tpge s 1€kt Wig+1 (T 41 (1))

1/2 1/2
sup {_“k(/) ckoWko(u)—l-Mké ckOWkO(t—u)}

1
— lim sup (L) sup OSuls/tz - ¢
Mko+l L—oo ¥ 0<t<L Fiy ko4 Wio+1 (1)

(4.26)

where the fifth equality holds because Yk = Q koH = = 0 due to Lemmas 4.3 and 4.4.
The numerator of the seventh equality in (4 26) is

1/2 1/2 1/2
sup | sup { =1, Wiy 00) + 13 ety Wiy (L= 0)0) + 11y ck0+zwko+z<t>}|
0<r<L | 0=0=I -
d
= sup | sup \//uioc,%o@ + ,ukocio(l —0) + /Lkoc,%OHW(t) ,
0<tr<L |0<6<1 -

where W (¢) 1s a one-dimensional standard BM, and the equality in distribution holds
because Wi, (1), Wi, (1) and Wy, 4;(7) are mutually independent BMs. This, along with
(4.26), implies that, w.p.1,

; 0<6<I B
Ko+l = = :
0F Moko+1 Mko+1
(4.27)

2
Sup '“kock 0+ “kock (1 = 0) + ko Cig \/Mko(a% ko T Cl%o—i—l)
pAd Ko

where the equality holds because g, = 1tk -
For the LIL of the busy time process, it follows from (4.6) that the LIL 7" ., =

o+l —
uk+,\/“ko(ck k0+ck pwpdforl=1,2,... (ko AK—1)—ko.
For the LIL of Dk0+l (t)forl =1,2,..., (koA K — 1) — ko, we have

Diy41(t) = Do (1) = puig [Tko+z (1) = Ty 0]

+ MkéHCkoJrz Wig-+1 (T4 (1))
= — Qo1 (1) + [Xig1 (1) — Xig1(1)]

1/2 ~
+ l/«ké+lcko+l Wio+1 (T +1(2))

ko—1
=— sup (V) + ) 0i(w)
O=u=s i=kg+1

—Mk/ Chy Wi, (1) + /Lk/ CkoWko(u)}

l

=3 Oroi () + s kg Wi (Tiy (1)), (4.28)
i=l1
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where the third equality holds by (4 24) and the fluid O ko+1(t) = 0 and Tko (t) =t for
allt > 0. By Lemmas 4.3 and 4.4, Yko Qk = =0forl =1,2,..., (koAK —1)—kp.
By (4.28), we have, w.p.1, -

N* .
Dy, = limsup

. " ) ||5ko+l _Dko+l||L
—00

1/2 1/2
sup | =11y, Wi, (0) + 114) 1, Wiy ()|

O<u<t -

1
= lim sup sup
L—oo 9(L) lo<r=L

}

1
= lim sup sup
L—>oo @(L) 0<t<L

—Mké Cio Wiy (k)

O<u<t

1/2 1/2
sup {—,u,i(/) Cho Wi, (1) — ,uké Cko Wi (f — u)}“

124
= Mk/ Cky ko>

where the second equality holds similarly to (4.26), and the fourth equality holds by
Lemma 4 in [17] and Mk, = Mio- Again, invoking Lemma 4.2 yields all LIL results
in (3.12).

Stage ko (Case 3.b) Notice that Pk = 1, Py = /Lko/:“%o > 1 and p; < 1 for all

k=ko+1,ko+2,....ko—1, by (2.10) we have the following fluid solution: for all
t >0,

Xp, (1) = ((ry — mg,)t. (pg, — D1.1,0, g 1) (4.29)

and Xk (t) = Qk (t). By Lemma 4.4, we first note that I* = T- =0 w.p.l.

To establish the LIL of the queue length process, by (2 10), (4 2) and (4.29), we
have

O, () — Of, ()
= (Wgymt = Hio)t = Vi (O + 11!
(Trym1 () = 1 e, We, (0 + T, ()
= (g1 — o)t = Ofy 1 (0 + Xy (0 + 1’ ey Wey oy (T (1)
AN UNORNG
= (W2 — ko)t — Q1 (1) = Oy () + X, ()

1/2 -

1/2 _ V-
I ko Wi, (t) + Yz, (1)

ko—1

= Y 0i0) = Vi) + 1y ey Wiy (1) — 1/2% Wy, (1) + Y (1).(4.30)
i=ko+1

/2 _
1 Cko—1 Who—1
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Then, by (4.14) and (4.30), we have

O, ) — O3, (1)

ko—1
~ 1/2 1/2 %
== D 0i) + m erg Wiy () = e, Wi, () + T, ()
i=ko+1
ko—1
~ ~ 1/2 1/2
— sup Yy, (w) + Z Qi(u) — Mké Cky Wi, (1) ""“ké Clo Wiko (14)
O<u<t i=ko+1 -
=0
ko—1
~ = 1/2
== ) 00+ Y () — ng "eg, Wi, (1)
i=ko+1
ko—1
~ ~ 1/2 1/2
— sup AV )+ D i) — ey Wiy () = 1) cig Wi (t — u)
O=u=t i=ky+1 B
=0
Hence, éiﬁl
= lim sup : ||§ko+1 - Qko—HHL
Lsoo ®(L)
1 ko—1
. ~ ~ 1/2
= lim sup sup | sup | Y, (u) + Z Qi(u) — Mk/ Chy Wiy (1)
n—oo @(L) O<r<L [0<u<t i=kq+1 =
1/2
_Mké Cko Wko (t - u)}
]Eo—l
~ = 1/2
+ Y 0i0) = Vg, () + i e, Wi, ) (4.31)
i=ko+1

= lim sup sup
L—ooo @(L) {OftSL

12 1/2
—Mké Cho Wio ( — u)] + M,;g o W;;O(I)H

1/2
sup [_'“ké Cky Wi, ()

O<u<t

_ \/Mkoaﬁo,kﬁﬂzzo%%o, w.p.1, (4.32)

where the third equality holds because, by Lemma 4.3 and Lemma 4.4, QT = f;fo =
Iy =0wp.lforalli=ky+ 1. kg+2,....ko— Land ko + 1. ko +2.....ko — 1,
and the fourth equality holds similarly to (4.27) given ug, = (k-

To show the LIL of the workload process, we have, combing Lemma 2.1, (4.2),
(4.14) and (4.30),
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Zp () = Zg (1)

- I:Q]EO () — Q/;()(t) + Mégzclgo (W/EO (T/;()(t)) - W/;() (,OIEOI))]

R
ko—1
1 ~ S 1/2 1/2 5
=— = 2 Qi) = Vg () + " rg Wy (6) — 11 ey W (o, 1) + Y (1)
Hko i=ko+1
1 o] 1/2 1/2
= — | = D 00+ ) e Wi (0 = 1 e, We (o) + T, (0
o | izkor1
ko—1
1 1/2
——— sup YkO(M)+ Z 01 ) — 1y i Wiy () + 13 ey Wig (0
(4.33)
Next, similar to (4.31), we have 2;(—"0
_hmsup—1 ||2 Z,;OHL
L—o0 Mko(p(L)
1
= lim sup ———
n—00 MkO(P(L)
r kool 1/2 ~
Y. 0i(t) - Mko CkoWko(t)-l-M CkOngo(plgot)-l-Y;;O(t)
i=ko+1
{ osupL 0 ko1 1/2
<r<< ~
==+ sup {Yko(u)"‘ > 0iw) — ! %er, Wiy ) + 1) CkoWko(u)}
O<u<t i=ky+1 =0
1
= lim sup ————
n—00 MkO(P(L)
1 1/2 1/2
sup MIE/ ckOWkO(,okot)—l— sup {—uk/ ClsoWko(”)_r“ké ckOWkO(t—u)}
o<t<L| " O<u<t =0
o C gy +2)
= ,  w.p.1,
Mo

1/2

where the last equality holds similarly to (4.27) with %o ko Wi, (og, 1) having variance

parameter Lk, Cl%o
To treat the LIL of the departure process, by Lemma 2.1 and (4.2), we have

Dy, (1) = Dy, () = g, [T, () = Ty (0] + 1 g, Wi (T, (1)

= =, [Ty O = Iy O] + 1P, Wi, (0.
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This, together with the LIL / ]z‘o = 0 (Lemma 4.4), implies that, w.p.1,

D* = limsu H Ui —i—,ul/c W; = lim su HMI/Z Wr
ko L—>oop L) ko ko ko ko ||, L_)OOp (L) kol|;
_ 2,
= Hp, ko

Invoking Lemma 4.2, we have completed the proof for all LIL results in (3.13).

Stages succeeding ko (Case 3.c) Note that the departure process from stage kg cor-
responds to the arrival process for the downstream echelon which consists of stages
ko+1, ..., K.Because stage k is overloaded w.p.1., the server is always busy so that
its service completion process is a renewal process with parameters uuz, and cg , the

downstream segment of the system is equivalent to a tandem model having K — ko
stages fed by an “external” renewal arrival process with parameters p and ¢z . Hence,

the LIL results of stages ko+ 1, ..., K are characterized by Case 3 in Theorem 3.1. O

4.4 Multiple critically loaded stages: technical challenges

In Theorem 3.2, we assume that there is only one critically loaded stage in the tandem
queue. Next, we discuss the challenges in treating a tandem queue having more than
one critically loaded stages. Suppose two stages k, < ko are critically loaded, i.e.,
Pko = Pi) = 1. For simplicity, assume px < 1 for all k # ko, k;,. The main challenge
lies in the difficulty in analyzing the multi-fold composition of the function ®(-) (i.e.,
O(P(-)) and O (P (P(-)))), because one critically loaded stage will give rise to one-
fold ®(-). We can use the SA method to find the LIL ézg) when k6 is the first critically

loaded stage. However, it is the critically loaded stage ki that makes the downstream
analysis more challenging because Q K (1) = (X k(r))(t) must be transformed into
Brownian motions in order to facilitate the subsequent analysis. In other words, the
established LIL QZ, does not directly help establish LILs for the performance measures

0
of the subsequent stages. To put this into perspective, we discuss the LIL of the queue
length of stage kq: on.
For stage k, and ko, following (4.14), we have

ky—1
Xy (1) = — le 0i (1) + g coWot) = /ey Wiy (1), (4.34)
ko—1
Xig) == Y 0i(0) = Oy (1) + g *coWo(e) — i) cio Wi (1)
i=1,i7k)
ko—1
== > 0it) = O(Xy) () + g *coWo(t) — ) ek Wiy (1)(4.35)
i=1,i#k)
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Notice that k(’) < ko and pi, = P, = I and pr < 1 for all k& # ko, (’), it follows

from (3.11) that Q;‘;/ = ~//L0Co,k6 w.p.1l. Since éko (1) = @(gko)(t) and )?ko(t) 1Isa
~ 0 ~~ ~

function of Qké (1) = <I>(Xk6)(t), we have on

1 ~
= lim sup sup O (Xg,) (1)
L—oo ¢(L) {Ofth 0

1 ~
){ sup {Xko(t)"'_ sup [ Xko(s)]}}

O<r<L O<s=t

= lim sup
L—oo ¢

= lim sup
L—00 (L)

— 0Ky ) (1) + g coWot) — ) ery Wiy (1)

su o 1/2 1/2
osror |+ sup [ @Ry ) — g 2o Wols) + i) ek Wiy )
0<s<t 0 0
= lim sup
L—oo ¢(L)

o S X))+
sup 1)) + sup
0<t<L %o 0<s<t M(l)/zcoWo (t—s)— M%z% Wko (r—5)

Xk/ (t)+ sup [— Xk/ (u)]
O<u<t
= lim sup sup 1 >
L—o0 QD(L) 0<t<L + sup Xk/ (S)+Oilzl)gs[ Xk/ (v)]
0ss<t | +ugy/*coWolt —s) — V‘ké Cro Wig (1 — )
— sup [ Xk/ (u)]
O<u<t
= lim sup sup 1 sup [_Xk’ (v)
L—oo 9(L) |o<i<L sup O<v<s
0<s<t +Mk// ck/ Wk/ (t—s)— ,uk/ ckOWkO(t—s)
— sup [ [LO/ coW()(u)+,uk// Ck/ Wk/ (u)
O<u<t
= lim sup sup 3 su —/ch+ V20w, (
L—oo (L) |o<i<L + sup 0<vgs o coWo) '“k(/) ko k6()
0=s<t +u,i,/2ck/ Wig (1 = 5) - kg Wiy (2 = 9)

(4.36)

where Xy (1) is in (4.34), Xy, (¢) is in (4.35), the third and the seventh equalities hold
because QO = O w.p.1 fork < ko and k # k(’). In the last equality in (4.36), it says that
it is the decomposition of the multi-fold compositions of “sup” functions of Brownian
motions that complicates the analysis.

5 Conclusion

In this paper, we establish the LIL for a multi-stage tandem queueing system. Our
LIL results, called explicit LILs, give explicit limits for the asymptotic variabilities
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of the system, which refine the implicit LIL results in [8]. Using the SAs and fluid
limits, we develop the LIL limits for the following performance measures: the queue
length, workload, busy time, idle time and departure processes. In our main results, we
separately treat the cases with and without critically loaded stages (i.e., px = 1). In our
first main result (i.e., Theorem 3.1), we show that, in the LIL sense, an underloaded
(overloaded) stage is equivalent to an underloaded (overloaded) G/G /1 queue having
a renewal arrival process with parameters corresponding to those of the last preceding
stage. On the other hand, a tandem system having critically loaded stages are much
more difficult to analyze. In Theorem 3.2, we report the LILs of a tandem queue having
one critically loaded stage.

In addition, our LIL results reveal clear implications on how the variabilities
received from upstream stages can be propagated to the downsteam echelons in the
tandem queue model: (i) An underloaded stage simply transfers the entirety of received
upstream variability to the downstream stages; its own service-time variability makes
no impact on any succeeding echelons. (ii) An overloaded stage plays an overriding
role by blocking the variability received from upstream stages; it resets the propagation
process by feeding its successive stages with its own service-time variability alone. (iii)
A critically loaded stage is a middle ground between an underloaded and overloaded
stage: On the one hand, it inherits the variability received from upstream stages; on the
other hand, it modifies the variability with its own service-time variability and then
passes it forward to the downstream stages. One future direction is to study the case
having multiple stages that are critically loaded. As indicated in Sect.4.4, this may
requires some new methodologies. Another future research is to extend our SA-based
LIL analysis to the queueing networks having more general topological structure.
This requires the analysis of more complex SAs (Theorem 7.19 in [8]) that consist of
multi-dimensional BMs.

APPENDIX
A Proofs of Lemma 4.2

Because all proofs are similar, we only give a proof for the queue length process. First,
we note that 71/ = o(¢(T)) for r > 2, and

10k — Ocll, 112k = Oxll,| _ llo=aull, _ [18=aull,

o(L) oLy | D = D
12«0l
e
Lemma 4.1 implies that lim HQk— ékHL/go(L) = 0 w.p.l. As a result,
L—o0

HQk — Qk| |L /(L) and HQk — Qk| |L /@ (L) have the same limits if they exist as

L — oo. In other words, Q7 = Q5 for k = 1,2, ..., K. The proofs for the other
performance metrics follow similar arguments.
Hence, X" = A" w.p.1. O
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B Proof of Lemma 4.3

We prove Lemma 4.3 based on Lemmas B.1 and B.2, which are presented in advance
and are proved after Lemma 4.3.

LemmaB.1 If o < 1forallk =1,2,...,K, then

P { sup Qg (r) > z} < kexp{—yz}, (B.1)
0<t<T
where
y = M1 — Ko Y = min Mk — KO Y1 V2 Vik—1
Ho(c3 +¢}) o +c) 26— 1) 2k — 1)’ 2k — )
(B.2)
forallk =2,3,..., K.
Lemma B.2 [fthere exist ko and ly suchthat pry, > 1, prg+1 < Lforalll =1,2,...,1

and pig+iy+1 = 1 and ko +1o+1 < K, then for all k > ko such that pr < 1, we have

P{ sup Qo 41(1) = z} <lexp{—y/z}, (B.3)
0<t<T
where
Mko+1 — Mk
yp=—o—— o0 (B.4)
ko (Chy F Cg1)
_ / / /
y/=min| Mt Tl MY M (B.5)
ko (Cy + €y ) 20— 1D 20 =1 2(0-1)

foralll =2,3,...,l.
Next, we prove Lemma 4.3.

Proof of Lemma 4.3 Given k, we prove the result in two cases: (i) p; < 1 for all
i =1,2,...,k. By Lemma B.1, letting z = 2log 7'/ yx in (B.1) yields

~ 2 1
P sup Ok(1)/logT = — =k—>.
0<t<T Vk T

This and Borel-Cantelli Lemma imply that supy—, -7 ék(t) = O(logT). (ii) there
exists a k' < k such that ppy > 1 and p; < 1 foralli = k' +1,k' +2, ..., k. For this
case, by Lemma B.2, the proof is similar with case (i) and is omitted.

As a result, Qz = 0 w.p.1 when p; < 1. So, Z,’C" = 0 w.p.1 under p; < 1 because,
by (2.10) and (4.2), ik Zi (1) = Ox(t) and pr Zi (t) = QO (¢) for k: pr < 1. O
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B.1 Proof of Lemma B.1

Since pp < 1forallk =1,2,..., K, we have pr = uo/ur and uo < ui for all
k=1,2,...,K.
At first, we prove (B.1) holds with k = 1. By (4.2),

i 1/2 1/2
X1(1) = (o — )t + wy “coWo(t) — i >c1t Wi (p11)

is a reflected BM with negative drift (9 — w1) and variance parameter (i (c(% + c%),
then it follows from Theorem 6.3 in [8] that

2(p1 — (o)

2 . <
0<t<T /LO(C() + Cl)

P{ sup 01 () = z} < exp {— } = exp {—y1z}, (B.6)

that is, (B.1) holds with k = 1.
In order to prove (B.1) holds with k = 2, 3, ..., K, we first consider the following
probability, forall k = 2,3, ..., K, by (4.2),

P{ sup  Ox(t) > z} =P 4{ sup [Xi(t) + Yi(0)] = Z}

O0<t<T 0<t<T

=P j sup |:§k(t) + sup [—yk(S)]:| > Z}

0o<t<T 0<s<t

=P j sup sup [)?k(t) — )?k(s)] > z} . (B.7)

0<t<T 0<s<t

Since, forall 0 < s <,

Xi(t) — X (s) = it [Ti—1(0) — Tem1 ()] — st — 5)
i et [Wao (T 1 (1)) = Wit (Ti—1(5)]

—w e [Wi(Te(0) — Wi(Ti(5))] (B.8)
where
pi—1 [Te—1(t) = Ti—1()] = pa—1(t = 8) = [Vom1 (1) — Yoo (5)]
= k1 (t — ) = [Ok=1(1) = Ok—1(s)]
+ [ Xi—1 () — Xp—1(9)]
we have

Xi(t) — X (s) = pa—1(t — ) — piet — 5) — [Ok—1(t) — Q—1(s)]
i et [Wam (T 1 (1)) = Wit (Ti—1(5)]
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— 1P [Wi(Ti (1)) — Wi (Ti ()]
+[Xi1(0) = Xa1(9)] (B.9)

So, by iteration, we have, forall 0 <s <1,

k—1
Xi(t) = Xp(s) = pa(t — ) — it =) = Y _[01(1) = Qu(®)] + [X1(1) — X1 ()]
=1
+uy P [Wi T (1) — Wi(Ti(s)]
— 1t e [Wie(Tie (1)) — Wie(Tie(s))]
k—1
= (o — ni)(t — ) — Z [él(l) — QI(S)]
=1
1/2 1/2 = -
+1y' "o [Wo(t) — Wo(s)] — p “cx [Wi (T (1)) — Wi(Ti(s)) ]
k—1
£ (o — )t =) — _[010) = 0s(s)]
=1
+ag %o [Wo () — Wo()] — e/ 2ci [Wi () — Wi(s)]
k—1

< (o — )t =)+ Y 01(s) + g *coWo(t — 5)
=1

1/2
—,uo/ ckWi(t —s).

Following (B.7), we have

P{ sup O (1) > z}

0<t<T

1/2 1/2
5P{ sup sup | (0 — )t = ) + g/ “eoWolt = 9) = g P Wit = )| =
0<t<T 0<s<t

k—1
+Pi sup sup » - 0y(s) = }

0<r<T 0=s=t ;—;

NI | ™
[ —

(SRS

B | &

1/2 1/2
=P{ sup [ (2o — )t + 11> coWo(®) = g > Wi )| =
0<t<T

k—1
+P{ sup Y 0(1) = ]

0<r<T ;—
k—1
P1> " sup 00
j—1 0<t=<T

|

SRS

_I_

v

NS

N po(cd +ci) 2
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<expl— 2(mk — po) z
B po(eg+cp 2]

P
i ; {Osth

k—1

sup 0y(1) > ———

2(k—1)}’

(B.10)

where the second inequality holds because (g — g )t + ,u(l)/ 2co Wo(t) — ,u(l)/ 2ck Wi (1)
i1s a BM with negative drift (o — k) and variance parameter i (c% + c]%).
Next, we inductively prove that (B.1) holds for k = 2,3, ..., K. We first prove

(B.1) for k = 2. By (B.10),

0<t<T

P{ sup Q(1) > z} < exp

< exp

p.

—

P,

< 2exp{—yat},

where y» is defined in (B.2).

(_2(/& — 10) gl Lp
po(cg +¢3) 2|

~ 2(pu2 = o) 51
o+ )2

r +exp {—ﬂz}

sup Q1() >

0<t<T

2

B9 | 2

|

Suppose that (B.1) holds forall k = 2,3, ..., j — 1, we next show that (B.1) holds
for k = j < K. By the inductive hypothesis and (B.10),

P1{ sup éj(t) >z¢ <expy—
0<t<T

<expy—

2(18j = o) z |

2(mj — o) z l

po(cd + ) 2 |

2 2
po(cg +¢2) 2

< jexp{—yjt},

where y; is defined in (B.2). So, (B.1) inductively holds fork = 2,3, ..., K. O

B.2 Proof of Lemma B.2

We inductively prove this result. At first, we prove that (B.3) holds for k = ko + 1.

By (B.8),

Xko1(t) — Xig1(8) = (kg — Lo+ )t = 5) — [Yig (1) — Yi(5)]
2o [Wio (T (1)) — Wiy (T (5))]

12 ~ =
_U«ké+1cko+l [Wig+1 Tig41(1)) — Wig1(Tig+1(s) ] -

/

1
+Mk0

By (2.4), we have

min{/q, i1,

Pk =

@ Springer
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then min{wo, (1, ..., kg—1} = Mk- This, along with the fact that
min{o, 1, - -5 Hkg} Mk
Pko+1 = = < 1,
Mko+1 Mko+1

implies that sk, < fto+1. By (2.12), we have, forall0 < s < 1, Ye_1(t)—Yi—1(s) = 0
forallk = 1,2,..., K. Notice that Ty, (t) = t and Ty,+1(t) = po+1t forall > 0,
then

Xiot1(1) — Xpgr1(s)

< (lky — Mot )t = ) + 1 kg [Wi (8) — Wi (5)]

1/2
— 1% kot [Wio1 (0ro1 (6) = Wiy 1 (Dko 1 (5))]
d 12 1/2
= (Mky — Mko+1)( —5) + Mké Cko Wi (1 — 8) — Mké Chot+1 Wig+1 (1 — 5).

As (B.10),

P{ sup Qpyr1(2) = z}

0<t<T

12 1/2
<P {OSUP [(Mko — Mko+1)E + Mké Cho Wiy (£) — Mké Ck0+1Wko+1(f)] > Z}
<t<T

Hko+1 — Mk
<exp)—— o ————z ¢ =exp{—yz},
Mo (Cko + Ck0_|_1)

where y is defined in (B.4), the second inequality is from Theorem 6.3 in [8] because
1/2 1/2 . : : .
(Uky — Mig+1)T + /Lké Chko Wio () — /Lké Cko+1 Wio+1(2) 18 a BM with negative drift

(kg — Mko+1) and variance parameter [ix, (c,%O + c,%o +1). So, (B.3) holds for / = 1.
Next, we prove (B.3) for/ =2,3,...,lp. By (B.9),forl =2,3,..., [,

Xigt1 (1) — Xig11(5)
= Lkoti—1(t — ) — kg1t = 5) — [ Qroi—1(1) — Qkgi—-1(5)]
1/2 = =
+Mké+l_10ko+1—1 [Wig+1—1(Tkgi—1 1)) — Wiggi—1 (T 41—1(5)) |
1/2 ~ =
—/«LkéHCkoH [ Wi+t (Tio 1)) — Wig+1(Tieg+1(5)) |

- [)?k0+z—1(t) - )?k0+z—1(8)]
ko+1—1

= ko1(t —8) — g1 (t — ) — Z [Qi(t) — @i(S)]

i=ko+1
1/2 - -
it kot [Wioat (Thg1 (1) = Wigat (Trg1 ()]

1/2 - -
— 1% kot [Wiot (T 41 (8) = Wit (Teg1(5))]
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+ [Xig41(6) = Xig1(9)]
where, by (4.2),

Xig+1() = Xig1(5) = iy [T (1) — Tio ()] — tg1 (2 — 5)
10, kg [Wao (Tig (1)) — Wi (Tkg (5))]

0
— 1% et [Wios1 Ty (D) = Wigat (Trg1(5)]
= Bko(t = 8) — Bkt (t — 8) — [Yio (1) = Yy (5)]
1% ek [Wio (T (1)) — Wi (Tig ()]

0

1/2 _ ~
_Mké_l_lcko—l—l [Wio+1(Tko+1 (1)) — Wig1 (Trg+1(5))] -

Since Yko (1) — Yko (s) > 0 and @k(t) > (Qforall kand 0 < s < t, we have

ko+I1—1
Xig11(t) = Xig11(8) < (thg — MbotD)(t —5) + Y Qi(s)
i=ko+1
1/2 = =
+ Mko Cko [Wk()(Tko (t)) - Wko(Tko (S))]
1/2 - -
— Mké+lcko+l [ Wit (Trg+1(1)) — Wit (Tig41(5)) ]
d ko+I—1
= (kg — ko) =)+ Y Qi(s)
i=ko+1

1/2 1/2
+ Mké Cho Wi (1 — 5) — ,kaé Cho+l Wig+1(t = 5),

where the equality in distribution holds because Tko (t) =t and Tk0+z (t) = pro+it =
(ko / Mrg+i)t for all £ > 0. So,

P{ sup  Qo+1(1) ZZ}

0<t<T

<P { sup  sup [(fky — Mio+1)(t — 5)

0<t<T 0<s<t

1/2 1/2 Z
+//Lké Ckyg Wk() (t—s)— :uké Cko+1 Wko—i—l(t - S):| > 5}
ko+1—1 p
+P{ sup Y Qi) = =
<i<T . 2
0=I=Tj—gy+1

0<t<T

| ™
[ —

12 1/2
=P { sup [(Mko — Mo+t + ,kag Cho Wiy () — Mké Cho+ Wk0+z(l)] >
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ko+I1—1 z
+ ) P{ sup Q;(1) > }
i—ko+1 0<t<T 2(0—1)
2( . ) z ko+l—1 z
<expf— Rt ZH) 24 L ST P sup 0i(0) = . (B.11)
Mko(cko + Cko+l) 2 i—ko+1 0<t<T 2(0—1)

Next we inductively prove (B.3) holds foralll = 2,3, ...,[y. Forl = 2,

DO | &

~ 2(Ukg+1 — Mkg) 2 ~
PJ sup Qo) = 2p <expl———20—0- 28 4P sup Qpopr(r) =
0<t<T t Mo (Cko + Cko+l) 2 0<t<T

. /
= exp j— Mko;l Mzko Z ¢ +exp {—%z}
Mk (Cko + Cko+l)

|

< 2exp{—yz}.

where y; is defined in (B.4). That is, (B.3) holds for [ = 2.
Suppose that (B.3) holds for/ = 2, 3, ..., j — 1, we next show that (B.1) holds for
J, J <lp. By the inductive hypothesis and (B.11),

o ko+j—1 ,
P{ sup Qko-i-j(t)ZZ}fexp{_ Hio+j — Hko Z}-l— Z exp{—.)/—lz}

2 2
0<t<T Mko (Cko + Ck0+j) i=ko+1
< jexp {—V}Z} :

where yl’ is defined in (B.4). So, (B.3) holds for! =2, 3, ..., lp.
In summary, (B.3) holds. O

C Proof of Lemma 4.4
By (4.6), it suffices to prove that
I =0, wp.l (C.1)

fork : pr > 1

C.1 No critical loading

Suppose that px > 1 forall k = kj, ka, ..., kj,and pp < 1forall k # ki, ko, ..., k.
When [y = K (lp = 0), it is the full overloading (underloading) case. By (2.10) and
(4.2), we note that, for all r > 0, Tk(t) = tfork = ki, ka, ...,k and T (t) = pxt
for k # ki, ko, ..., k. Next, we inductively prove that (C.1) holds for all £ =
ki, ky, ..., k.
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At first, we prove (C.1) for k1. If k1 = 1, by (4.2), lim;_, )?1(t) = 400 w.p.1,
because il(t) 1s a BM with positive drift ug — w1 > 0. Since Tl(t) = ?1 &)/ 1 =
SUP(<s<; [—)f\(41(s)]Jr /i1, we have sup,- I(t) < +o0 w.p.1. So, (C.1) holds for
k =1.1f ky > 1, by (2.10) and (4.2), then

Xp, (1) = Xp, 1) — Opy—1(t) + (igy -1 — gt

1/2 = 1/2 -
it k=1 Wiy =1 (T —1(0) = > e, Wy (Tiy (1))

1
k1—1
=X1(0) = Y 0i(0) + (1 — i)t + pyPer Wi (Th (1)
i=1
— 1% e, Wi (Ti (1))
k1—1
~ 1/2 1/2 =
==Y 0i() + (o — )t + 1y " coWo(t) — ! “cx Wi (Ti, (1)).
i=1
(C.2)

By Lemma4.3,forallk =1, 2, . —1, Qk = 0 w.p. lbecause,ok < 1.By (4.9),1t
follows lim;_, oo qu (t) = 400 w.p. 1 By (2.11), sup,~¢ Ykl (t) < oo w.p.1. So, (C.1)
holds for k = k.

Suppose that (C.1) holds for all k = k1, k3, ..., k;, we next prove that (C.1) holds
for k = kj4+1. By (2.10) and (4.2), we have

Xigo) (1) = Xigoy—1(0) = Otpoy—1(1) + (Mhyoy—1 — Mgy )

1/2 - 1/2 =
+“k1/+1—1ck1+1—1 Wiy =1 Ty —1(0)) — Mk,/+lck1+1 Wiy (Thy, (1))
B kiv1—1 B
= —pi Iy () — Y 0i(t) + iy — i)t
i=k;+1
12 ~ 12 -
+Mk1 Ck, Wk[ (Tkl (t)) - Mkl-ﬁ-l Ckiyq Wk1+1 (Tkz_H (t)) (C3)

By Lemma 4.3, éz = 0 w.p.l forall k # ky, ko, ..., kj, and Tk, (1) = Tk1+1 (1) =t

forallz > 0. By (4.9) and ihe inductive hypothesis, we have lim;_, X ki (1) = +00

w.p.1, and further sup,~¢ Ix,,, (f) < oo w.p.1 by (2.11). So, (C.1) holds for k = k.
Hence, (C.1) holds for all k = k1, k2, ..., k.

C.2 One critically loaded stage

Accordingly, px, = 1 and px # 1 for all k # k. Consider the stage ko, by (2.10) and
(4.2), we have

Xp, () — Xp, ()
= (ui t— Y (t V2 e Wp (Tp V2o Wi (it
= Miyg—1 — Mko) ko— 1( ) + M 1Ck0—1 k0_1( ko—l( ) — M,;O Cko ko( )
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1/2 -
= (ggmt = Hao)t = Oy )+ X (O + ™ gy Wi,y (T (0)
1/2
P er Wi (1)

0
= (Ugy—p — Mio)t — Qo1 (1) — Qp (1) + X (1)
1/2 1
+“k/ iy Wign Ty () — / ez, Wi, (1)
ko—1

~ S 1/2 1/2
Yo Git) = Yig(0) + ) ey Wi () = 1", Wi, (0. (C.4)
i=ko+1

—I;

ko—1 _
Ifko = 1,then X; (1) = Xj (1)~ OZ 0i (=T (O, er Wi () —p e

where, by (2.10), Xko(t) = (uo — uk )t > 0 and Yl(t) = \D(Xl)(t) with )?1(t) =
MO/ coWo(t) — “1/ c1 Wi(t). Notice that, by Lemma 4.3, Q* =0 wp.lforalli =
2,3, ko—1, )" i Wi (1) — 1/2 ci, Wi, (1) and 110/ 2coWo (1) — ey W (1) are
two driftless BMs. This, together~ w1th Mo — M, > 0, implies that lim;_, X: %o (1) =
+0o w.p.1. As a result, sup,. I,;O(t) < 400 w.p.l by (2.11). So, (C.1) holds for
k = ko.

Ifko > 1and pr = pwo/mx < 1forallk =1,2,...,ko— 1, then (C.4) holds where

ko—1 _

Yio (1) = W(Xy,) (1) with X, (1) = — 21 0i (1) + g/ coWo(t) — iy Wi (1) by

(4.2). By Lemma 4.3, Q* =O0wp.lforalli =1,2,...,ko—1landi =ko+ 1, ko +
2, ..., ko — 1. Notice that both s,/ cy Wiy (1) — 1/ 2 ci, Wi, (1) and 11> coWo (1) —

/Lké Cko Wi, (¢) are two driftless BMs, this, together w1th X %o (t) = (uo — Mléo)f >0

i, Wi, 0

for all t > 0, implies that lim;_, oo X %, (1) = +oo w.p.1. Similar with the last case of
ko = 1, (C.1) holds for k = k.

If kp > 1 and thereisak : 1 < k < ko such that p > 1, then, by the case
of the No critical loading, (C.1) holds for 1 < k < ko — 1: pr > 1. By (2.10),
)_(,;0 (1) = (Ury — “l%o)t > O for all # > 0. Then, by (4.14) and (C.4), we have

ko—1
oy ~ 1/2 1/2
Xy = G =g )t = 3 Gilt) + gy g Wao (0) = g e, Wi, (0
i=ko+1
ko—1
- ~ 1/2 1/2
— sup Ve, )+ D i) — ] erg Wiy () + ) cio Wi (0)

By Lemma 4.3, éj‘ = Owplforalli = ky+ 1,kg+2,....ko—1andi =
- : 1/2 1/2 1/2

koH1, ko2, ... ko—1.Since py iy Wi (1) = 1 g, Wi, (1) and — e, W, (0)+

u,ié 2ck0 Wi, (t) are two driftless BMs, and 7;?0 = 0 w.p.1 because p, > 1 and the case
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of the No critical loading, notice that X %o (t) = (ug — ,u,;o)t > 0 forall r > 0, we get
(C.1) holds for k = kg similarly with the last case of kg = 1.

So far, (C.1) holds for all k < ko : px > 1. Forall k > ko : px > 1, we note
that because stage kq is overloaded w.p.1., the server is always busy so that its service
completion process, in the LIL sense, is a renewal process with parameters p, and
Cf,» the downstream segment of the system is equivalent to a tandem model having

K — kg stages fed by an “external” renewal arrival process with parameters M, and
Cr,- S0, we can get (C.1) similarly with the case of of the No critical loading. O

D Proof of Lemma 4.5

Let pr, = 1. Atfirst, by (2 10), we note that Qko (t) = Mkozko (1), Qko (1) = Wk, Zko (1).
By (4.3), it follows that Qk = ,ukOZ* w.p.1. So, by Lemma 4.2, Qk = MkOZ* w.p.1.
That is, the Little’s law in the LIL version holds w.p.1.

Next, we prove Z = Tk =TI ko BY (4.6), it suffices to prove the first equality.

If ko = 1, by (2. 10) and (4 2), then forall t > 0,

01(t) = D(X))(1) = i Z1(1), X1(t) = g “coWo(t) — ) *cr Wi (1),

Notice that ¥ (1) = w111 (t) = W(X1)(), we have

~ 1 1 ~
I = — lim sup 1 sup sup [—Xi(s)]
K1 Lsoco @(L tO<t<LO<s<t
1 1 ( -
= — lim sup sup [—X 1(t)]
K1 Lsoo ¢(L) {0<t<L
1 1 1 ~
= — limsup ( sup | X1 (1)} = — limsup sup D (X1)(1)
M1 L—soo @(L) t0<t<L H1 L—soco @ 0<t<L
=7 (D.1)

where, in fact, 71* = ZT = Co.1/p1 w.p.1.
If kg > 1, similar with (4.14), we have

ko—1

o i ~ 1/2 1/2
Xio (1) = =Y, () = Y i) + iy iy Wi (1) — 113 ey Wi (). (D.2)

By Lemma 4.3 and Lemma 4.4, we have I* = Q* =Ow.p.lforalli =ky+1,ky,+
2, ..., ko — 1, it follows that, similar with (D 1),

~ 1 ~
I} = — limsup sup |V (Xg,) (1)
ko ™ Mky L—o0 (L) {O<t<L | ’ |
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| 1 { 172 1/2 1
= — lim sup 1 sup |, g Wi, (8) — " g Wi (t)‘ !
Mky L—oo @(L) |o<i<L kg “%0 750 ko THOTTRO J
= L lim sup ! 1 sup CD(;L,i/ZCkO Wi, — ,Uv]i/zcko Wi, (2)
Uky L—soo P(L) {OgtsL T 0
1 1| ~
= — lim sup 1 sup !CID(XkO)(t)|
Mky L—o0 (L) t0§t§L

1 ~ ~
- L -z,
Mg 0 0

O
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