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Time-Varying Arrival Rates
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Differentiated Service Levels
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@ 80% of type 1 calls need to be answered within 20 seconds (“80-20
rule”)

arrival rates

@ 50% of type 2 calls need to be answered within 60 seconds
@ How many servers are needed over the course of day?

@ How to assign a newly idle agents to one of these queues?
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Differentiated Service Levels

Triage

Less

|Resuscilaﬁon | Emergent Urgem urgent |Nonurgent

| Immediately | 15minute | | 30minute | 60 minute |120 minute
S|

Canadian triage and acuity scale (CTAS, Ding et al. 2018)
“CTAS level i patients need to be seen by a physician within w; minutes
100c¢;% of the time”, with

(w1, wa, wz, wa, ws) = (0, 15, 30, 60, 120),
(a1, a0, a3, a4, a5) = (0.98,0.95,0.9,0.85,0.8).
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Other Examples of Service Differentiation

coach class %
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Existing Works and Contributions

@ Literature review

» Service differentiation
Gurvich, Armony & Mandelbaum (08); Gurvich & Whitt (10); Soh &
Gurvich (16); Kim, Randhawa & Ward (2017)
All assume a critical-loading system and the demand to be stationary

» Performance stabilization of time-varying queues
Jennings et al. (96); Feldman et al. (08); Pender & Massey (17); Liu &
Whitt (12,14); Liu (18)
All consider single-class models

@ Our contribution:
studying service differentiation with time-varying demand and
class-dependent services, focusing on overloaded systems.
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A Multi-Class V Model

Yunan Liu (NCSU)

s(t) servers

Service Differentiation in TV Queues

Class-dependent arrival rate
)\,‘(t)

(non-homogeneous Poisson)

Class-dependent
abandonment-time distribution
Fi

A large time-varying number of
servers s(t)

Exponential service times with
class-dependent service rate ui

First-Come First-Served within
each class



Problem Statement
@ Model parameters

,PE(AII(t)?Fth wi, &, 1§/§K,O§t§ T)
—_——— =

customer behavior service level

@ Obtain convenient staffing and scheduling rules (in terms of P), such
that the tail probability of delay (TPoD)

P(Wi(t) >w) <a;, 1<i<K, 0<t<T,
or P(Wi(t) > w) = aq
for any

» w; > 0 (delay target).
» «; € (0,1) (probability target: fraction of excessive delay).

Wi;(t): potential waiting time of class i at time t, i.e., offered delay to
a class-/ arrival at t assuming infinitely patient.
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Step |: Proposed Staffing Formula
© Use offered-load (OL) to determine the nominal service capacity
» No. of busy servers B(t) in M;/Gl /oo ~ Poisson r.v. with mean
t

m(t) = E[B(t)] = / At — s)G(s)ds.
0
» Here, for the i*" class, the OL is

t
m,-(t) :/ Ff(wi)Xi(u — w;) e Hilt=u)  dy.
0 — . .
effective arr. rate ©xPp. service dist.

OL: mean No. of busy servers needed to serve all customers who are willing
to wait (excluding an acceptable faction of abandonment).

@ A time-varying square-root staffing (TV-SRS) rule

s(t) = m(t) +VArc(t)| for m(t) = mi(t)+ -+ mk(t)
M~ =

first order  second order

where c(t) is a control function (TBD), and A\* is the system'’s scale, i.e.,
1 T
3= ?/ AE)E,  with  A(E) = A() + - + A (8).
0
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Step |: Proposed Scheduling Structure

@ Use real-time class-i head-of-line waiting time (HWT) H;(t) to devise a dynamic
control policy;

@ A delay-based time-varying dynamic prioritization scheduling (TV-DPS) rule:
Assigns the next available server to the HoL customer from class i* satisfying

) Hi(t 1
i* € arg max i) + Vo Ki(t)
1<i<K w; *
_I_ \ ! J/
normalized HWT second order

where k;(t) is a control function (TBD).

@ Main ideas of TV-DPS:
> I:I,-(t) = H;(t)/w; focuses on the delay target w;;
» xi(t) helps accomplish the class-dependent probability target «;;

» TV-DPS is both time-dependent (accounting for time variability) and
state-dependent (capturing stochasticity).
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An lllustration of How TV-DPS Rule Works
| | N | |

00:15:10 00:15:10 00:15:10
00:26:45 00:26:45 00:26:45
00:24:00 00:40:20 00:24:00 00:40:20 00:24:00 00:40:20
00:30:00 00:55:30 00:28:00 &V 01:00:00 00:30:00 01:00:00

- 3

Goal: Hol delay ratio 1/2
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Step Il: Large-Scale Asymptotic Analysis

@ Exact analysis is difficult; hence do asymptotic analysis as scale grows
(realistic for large-scale systems).

@ Use n in place of \* and consider a sequence of models indexed by n.

@ In the n*® model:
» Arrival rate A7(t) = nX;(t);
» Staffing level:

s"(t) = nm(t) + /nc(t).

H! 1
i Eargmax{’(t)—i— fi,’(t)}.

1<i<K w; \/ﬁ

» Service rates and abandonment distributions are fixed.

» Scheduling rule:

@ HWT and PWT processes:
HP(t) = /2 (H(t) — w;) and WP(t) = n/2 (WP(t) — wy).
(Scaled “errors” of HWT and PWT)
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Limit of Waiting Times and State-Space Collapse
Under the TV-SRS and TV-DPS policy, the CLT-scaled waiting time processes
(ﬁf,...,ﬁ,@,W{...,W,@) = (Pfl,...,ﬁK,Wl...,WK) in DX as n— oo,
with all HWT and PWT limits in terms of a one-dimensional process H(-), where
Hi(t) = wi(H(t) — mi(t)),  Wi(t) = wi(H(t + w) — ri(t + ).
The process H uniquely solves the following stochastic Volterra equation (SVE)

H(t) :/OtL(t,s)Fl(s)der/ot J(t, $)dW(s) + K(),

where W is a standard Brownian motion,

K mi(s)erits—D) (u; - hF,.(w,-)) s = \/Z,K:l 2115=0) (FE (wy)\i(s — wi) + pimi(s))
n(t) ' T n(t) '

S (mi0ni(0) = J mi(9)eiE 70 (1 = e, (w)) ri(s)ds ) — (o)

SK mi(t) ’

L(t,s) =

K(t) =

for mi(t) = wiAi(t — w;) FF(w;).
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Limit of Waiting Times and State-Space Collapse

@ State-space collapse (SSC): All 2K HWT and PWT processes degenerates
to a one-dimensional process H.

@ The SVE admits a unique (strong) solution which is a Gaussian process
> If i #Fp
* SVE has NO analytic solution;
* We gave effective algorithms (geometrically fast) to compute
mg(t) = E[H(t)] and variance Cy(t,s) = Cov(H(t), H(s));
* Variance 0"%(1') = Cy(t,t) relies only on model parameters
(independent with control functions);

* Control functions ¢(-) and «;(-) appear in the term K(-) only.

* SVE degenerates to a time-varying Ornstein—Uhlenbeck (OU) process;
* SVE has an closed-form solution (so do my(t) and Cy(t, s)).

F(t) = 7” (/ J(u)dW(u)+/ dK(u)+/ K(u)dR(u))
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Step IlI: Solve c*(t) and k}(t) subject to Service-Level Constraints

® Road map: when n is large, at each time t € [0, T], we hope
n large
P(H?(t) > wy) = B(H(t) > 0) "= B(Hj(t) > 0)
SSC Gaussian dist.
¢>Mmdﬂﬂ—mun>0)ﬁ>E%N(mﬁﬂmaﬂ)>mUD

want

—p (/\/(o, 1) > W) a;

Recall that my(t) is a function of x;(t) and ¢;(t).

@ Uniquely obtain the asymptotically “feasible” control functions:

K t
()= 3 (mOi )~ [ e s ) i 51 ).

Ki(t) = za0p(t), 1<i<K, 0<t<T.
where z, = 711 — ), ni(t) = w\i(t — w;) FF(w;).
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Step IlI: Solve c*(t) and k}(t) subject to Service-Level Constraints

@ Recall: delay-based time-varying dynamic prioritization scheduling rule:

where

@ Some insights:

/{,‘(t)

quantile variability

. H;(t 1
i* € arg max i(t) + —= ri(t)
1<i<K wi VA
normalized HWT second order
Za;, - op(t), 1<i<K, 0<t<T
N——

> Sign of xi: when «; < 0.5 (> 0.5), then k; > 0 (< 0)

Adding (removing) some weight to make class i more (less) important;

» Difference of k;: if a1 < 0.5 < ap, then k1 > 0 > k2, and

r1(t) = ra(t) = (2ay — 2ay)op(t);
In a more (less) random system, need more (less) contrasting &;'s;

» TV-DPS is both time-dependent (accounting for time variability) and
state-dependent (capturing stochasticity).
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Step VI: Prove Asymptotic Optimality

The asymptotically “feasible” control functions:
t

K
(0= 3 (w00 [ w600 (s~ hew)) wi(s)as ). ()

ki (t) = zo,05(1), 1<i<K, 0<t<T. (2)

Theorem (Asymptotic service differentiation)
Under our staffing and scheduling rule with c*(-) and k7 (-) in (1) and (2),
(i) Mean PWT and HWT are both asymptotically differentiated and stabilized:

E[W/(t)] - w; and E[H](t)] = w; as n— oo, for 0<t<T,1<i<K.
(it) TPoDs for PWT and HWT are both asymptotically differentiated and stabilized:

P(W(t) > w;) = o; and P(H](t) > w;) = «; as n— oo

for 0<t<T, 1<i<K.

v
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Review of the Approach

Step 1:
Propose convenient staffing and
: 1 scheduling polices with unknown
I~ € arg max { Hi(t)/wi + \/7 ;‘-,-{t)} control functions: ¢ (t) and k(t)

1<i<K

s(t) = m(t) + (A1) %c(t)

(Re.....7g) = (P, 7o)

Step 2:
Hi(t) = wi(H() — ri(t))  SSC Establish large-scale asymptotic
N t N (fluid + diffusion) limit under
H(t) = /o L(t,s)H(s)ds the proposed staffing and

scheduling structure

-

Analyzing H(t) to obtain Step 3:
N Determine desired control
Kki(t) = zy,05(t * *
(1) o5 (1) functions ¢ (t) and k', (1)
C'(t) . subject to service-level
constraint in the limiting model

+ fol J(t, s)dW(s) + K(t)
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Numerical Examples
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Base Case - A Two-Class V Model

@ Model parameters

> Sinusoidal arrival rates \;(t) = nX\; (1 + risin(yit + ¢;))
M=LA=15n=02rn=03n1=7%2=1¢=0¢=-1

» Service rates p3 = pp = 1 (later extend to class-dependent case)
» Exponential abandonment times with rates #; = 0.6,6, = 0.3.

» System scale: n =50

@ QoS parameters

» Delay targets wy; = 0.5, wp = 1;
» Probability targets a; = 0.2, = 0.8.

Hope to achieve:
P(Wi(t) > 0.5) =~ 20%, P(Wa(t) > 1)~ 80%. Class-1 more important!
@ Quality of service (QoS) increases as «; and w; decreases.

@ Monte Carlo simulations of P(W;(t) > w;) with 5000 independent runs.
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Base Case

— Class 1
- Class 27

Arrival Rate
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(a) Control functions (b) Simulations
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Base Case

— — —Targst
lass 1
Class 2

Tail Probability
of Delay

o 4 8 12 16 20 24

@ Monte Carlo estimator: ]P’(W,(/tj-)\> W)=+ Zzlzl LWE(t) > w;), i =1,2.

@ N = 5000 samples, 99% confidence intervals, step size
At = tiy1—t = 0.01.
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High Quality of Service (Smaller «;)

Arrival Rate
(2] o)
o o

N
o

Tail Probability
of Delay
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= - Total
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8
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0 L L L L
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Time

Good performance when «; < 10%.
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A Small System (n = b)

10 T

Arrival Rate
o

*Class 1 Round

2 <
3 Class 1 Ceil [~
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g *Class 2 Round |-
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il --=-Class 2 Floor ||
0 1
0 4 8 12 16 20 24
12 T T T
% 10 et i
=
E 6
2] il
4 1 L L L L
0 4 8 12 16 20 24
Time

@ When n is small, adding/removing a server causes bigger bumps;
@ Error is attributed to discretization of staffing levels;

@ Ok to apply large-scale results to a smaller scale system.
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Five-Class Example
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(c) Control solutions
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Future Directions

Differentiate PoD P(W;(t) > 0) ~ «; (QED). Our scheduling rule

HI'(t 1
i* € arg max {’() + — Ii,’(t)} breaks down when w; = 0!
1<i<K w;i Vn

Scheduling policies based on other states, e.g., queue length (information
retrieval cost, implementation convenience, and server saving).

Dependent arrival streams (modeling, simulation, and staffing).

Nonexponential service distributions (non-Brownian driven limits).

Multiple service pools (skill-based routing).

Inflexible staffing functions (incorporating costs to change staffing levels).

Customers switch classes (e.g., patient's health deteriorates/improves).
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Queue-Length based Scheduling

@ Implementation convenience (discrete counters)
@ Information retrieval cost (dimensionality reduction)
@ May require fewer servers??

» QL provide more holistic understanding of current system state and is
more forward looking (HoL delays only capture partial information and
short-term dynamics); !

» Under QL-based policy, system may be less variable, thus requiring less
servers?

1Ibrahim, R. and W. Whitt. Real-Time Delay Estimation in Overloaded Multiserver
Queues with Abandonment. Management Science, 55(10), 2009.
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Queue-Length based Scheduling

@ Same goal: P(Wi(t) > wi) = a.
@ A time-varying square-root staffing (TV-SRS) rule

s(t) = m(t) +vVA*c(t),| c(t)is TBD
S~~~ N——

first order  second order

@ A queue-length-based scheduling rule:
Assigns the next available server to the HoL customer from class i* satisfying

Q) () +n Vg (1) }
Qi) ax(t) + n V%x(t) J

.k
I € arg max {
1<i<K

» Qx(t) = Z,K:1 Qi(t), Qi(t) is the class-i waiting queue length.
» gx(t) = Zlel gi(t), qi(t) is the class-i fluid queue length

qi(t) = /ti | Ff(t — w)Xi(u)du.

» gy (t) = Z/K:1 §i(t), g:(t) is the second-order regulator (TBD).
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Dependent Arrival Streams




Dependent Arrival Streams

@ Data source: An American call center;

@ Two customer types: VIP and regular;

@ Time-dependent (positive) correlation for five weekdays
Cov(Ny(t), No(t))

t) =
pra(t) /Var(Ny(2)) Var(Na(1))
e
g o
g T T T T
7:00 12:00 17:00 22:00

[0.4]

@ Explanation: hidden (random) environmental process drives both classes.
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Dependent Arrival Streams

@ Data source: An lIsraeli call center;

@ Two customer types: different service options;

@ Time-dependent (negative) correlation on weekdays and weekends
Cov(Ny(t), No(t))

t) =
pra(t) /Var(Ny(2)) Var(Na(1))
T \ v/‘,’—”j—’/j//’d
2 R
7:|I30 1 2’:00 1720|0 22:(;0

[0.4]

@ Explanation: two classes share the same (finite) customer pool.
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Dependent Arrival Streams

Interesting research questions:

@ How to model dependent arrival process (each with time-varying rate)?
» For example: given parameters \;i(t), pij(t), 1 <i,j < m, how to
properly define m-dim process {(Ny(t),..., Nn(t)),0 <t < T}?

@ What are relevant statistical procedures to fit the model parameters from
real data?

@ How to effectively simulate such a model?
@ What are the impacts of the dependent arrivals on

» system performance (e.g., queue length, delay, etc.)
» operational decisions (e.g., staffing and scheduling policies subject to
service-level constraints).
* For positive/negative correlated arrival streams, should we add/remove
some servers to meet a service target?
* If so, how many should we add and how does this dependent on p;;?
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THANK YOQOU!
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Another Motivating Example - Electronic Commerce

@ Delivery guarantee

- Prime member: within 24 hours

- Regular member: within 4 days

1600 1500

1400

1200

@ Non-stationary demand
- How to determine the fleet size?
-How to schedule shipment date?

Jan'15 Jun'15 Jan 16 Jun 16 Sep '16 Mar '17 Jun'17 Sep '17

=e= Prime members == Non-Prime members
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Full Description of the Main Theorem

Suppose the system operates under the TV-SRS staffing and TV-DP scheduling rule. Then
there is a joint convergence for the CLT-scaled processes:

(P, F, Vo VX, R G  QR)
= (Fyee Fio Vi Vi K X Qu Q) in D as oo,
v,\(lze)re all limiting waiting-time processes can be expressed in terms of a one-dimensional process
H(-):
Hi(t) = wi(H(t) — ki(t)), Vi(t) = wi(H(t + w;) — wi(t 4+ w;));
the process A uniquely solves the following stochastic Volterra equation

H(t) :/OtL(t,s)FI(s)ds—i-/ot J(t,5)dW(s) + K(¢),

where W is a standard Brownian motion,

S @i (b)) VS HETI F NG = )+ pimi(=)
) 5 = )
n(t) n(t)
S (ni(0i(e) = f mi()e 179 (i — b, (w)) ri(s)ds) — (1)
n(t)

for ni(t) = wii(t — wi)FF(w;) and n(t) = >z mi(t).
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Functional Weak Law of Large Numbers

The limit for each queue-length process can be decomposed into three terms:
Qi(t) = Qia(t) + Qia(t) + Qi ()
t
Qia(t) = / FE(t — u)v/A(a)dWs, (u),
t—w;

Qia(t) = /ti JRE(E = W)= i ()aw, (s),

Qi a(t) = Xi(t — wi) Ff (wy) Hi (1),

for Wy, Wy,, W,,; being independent standard Brownian motions. Finally, the limits for number

in system is given by Xi(t) = Bi(t) + Qi(¢).
As an immediate consequence of the FCLT result, we have

(Bf,....Bg,Qf,...,Qu, X{ ..., X, HY, ..., Hz, V{,..., VR)

: 5K
= (M1, oy MK, GLy e QK XLy - ooy XK WIE, -, WKE, WIE, ..., Wke)  in D

as n — oo where ¢ denotes constant function of one.
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Computing C(t,s)

Algorithm:
(i) Pick an initial candidate COO(.,.);
(ii) In the k™ iteration, let ) = © (C(">) with © given by

O(Cy)(t,s) = _/o /Os L(t, u)L(s, v)Cqy(u, v)dvdu—|—/0 L(t, u)Cy(u, s)du

+ /05 L(s,v)Cy(t, v)dv + /0 J(t,u)J(s, u)du.

Here ©(:) is a contraction operator.
(i) If [|[C%*D — Cc||7 < ¢, stop; otherwise, k = k + 1 and go back to step (ii).

According to the Banach contraction theorem, this algorithm should converge
exponentially fast. Finally, we take Var(H(t)) = C(t,t), for0 <t < T.
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Part | - Single Class Model




M,/M/s; + G

Nonhomogenous Process arrivals (easily extendable)

@ |.I.D. exponential service times with rate u (great difficulty arises when
extended to general services)

Time-varying staffing level (TBD)
I.1.D. abandonment times ~ F(x) = P(A < x) (the +GI)

First-Come First-Served

@ Unlimited waiting capacity
Performance functions

Q(t

)
X(t) = Q(t) + B(t): total number in system at time t
° V(t):

and B(t): number in queue and in service at time t

potential waiting time at time t
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Staffing to Reduce Excessive Delay

Objective: P(V(t) > w) = a € (0,1)

Key idea: V/(t) is approximately normal for A and s large (L&W14)

Propose staffing:
s(t) = [m(t) + &(1)]

@ Detailed Formula:

t
m(t) = FC(W)/ e Mt \(u — w)du (offered-load process)
0

c(6) = 2o (20) = (u = he(ow) [ Z(5)as)

for Z(t) = e(“_hF(W))f\//ot e2hr(w) (Fe(w)\(u — w) + um(u)),

zo = ®7H1 — @) and he(x) = f(x)/F(x).
@ Formula (4) was derived by L&W12 and (5) - (6) came from L18.
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Heuristic Derivation of m(-)
@ Consider an M,/ Gl /oo model with arrival from time zero. Then number in
system Q(t) ~ Poisson r.v. with mean (EMW93)
t

m(t)EE[Q(t)]:/O )\(u)GC(t—u)du:/O A(t — 5)G<(s)ds.

With exponential services we have G(x) = e™#*, and so
t
m(t) = / Au)eH=dy, (7)
0

@ If the mean waiting time is stabilized at the target w, then on average a
customer (if not abandon) will wait w time units before entering service.

© Hence the “effective arrival” rate () = At — w)F¢(w). Replacing A(t) in
(7) with A(t) yields (4), as desired!

@ In summary, the offered load m(t) is the mean number of busy servers
needed to serve all customers who are willing to wait (hence excluding an
acceptable faction of customer abandoned).
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A Five-Class V Model: Parameters and QoS Targets

e Sinusoidal arrival rates \;j(t) = n\; (1 + risin(vit + ¢i));
@ Exponential service times;
@ Exponential abandonment times;
@ Scale n = 50.
. Abandonment Service Service
Arrival Parameters
rates rates levels
Class Aj ri Yi i 0; i w; Q;
1 1.0 0.20 1 0 0.6 1 0.2 0.1
2 1.5 0.30 1 -1 0.3 1 0.4 0.3
3 1.2 0.05 1 1 0.5 1 0.6 0.5
4 1.1 0.15 1 -2 1.0 1 0.8 0.7
5 1.6 0.40 1 2 1.2 1 1.0 0.9
The priority decreases in i, 1 < <5,
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Five-Class Example

@ Goal: Stabilizing mean waiting time E[W;(t)] = w;,
(Wl, Wo, W3, Wy, W5) = (027 0.4, 067 08, 1)

@ Apply our staffing and scheduling rule with o; =1/2,1 < i <5.

100 [ —
i) P S . | g:ass ;
< - wweeClass 2| |
E 80 Class 3
[ - - Class 4},
£ 60 —Class 5
<
40 |
24
1 i —Class 1
T = Class 2|
€ _% Class 3|
%80.5* - - Class 4|]
a —Class 5
- - Target ||
0 I I I I I
0 4 8 12 16 20 24
T
>
3]
—
j=2)
£
b
8
n
0 4 8 12 16 20 24
Time
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Mixed Arrival

o
a

Arrival Rate
o
o
o
T
L

50 1
0 4 8 12 16 20 24
1 T T T T T
= i R
5 >
< o
ERosf
=]
E 0.2 A A A At e e e e
0 | . . . I
0 4 8 12 16 20 24
T T T
2 00| 4
-
=)
&
£ 501 R
2]
° . | . L L
0 4 8 12 16 20 24
Time
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Base Case: Constant Arrival Rate

/\1 =n= 50, )\2 =15n=75, (Wl, Wg,al,ag) = (05, 1,02,08)

i
»
»
® )
» ®
s 1 »
D » 2
@
? 0 2
0
5
6 15
s
.
0 o
o o5 1 5 2 5 3 a5 4 o o5 1 5 2 28 3 a5 4 0 o1 02 03 o4 05 05 o7 08 09 1
K , 1
2 @
w0
1 =
]
-8 » )
o F)
g s 15
v W
4 0 0
B
2 5
0
o 0
o o5 1 5 2 25 3 s 4 o os 1 5 2 2 3 a5 4 0 o1 02 03 04 05 06 07 08 09 1

g W

For example, reducing wy from 0.5 to 0.4, need to add

As ~ (—ﬁ) x 0.1 ~20x0.1=2.
8W1
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Base Case: Constant Arrival Rate

/\1 =n= 50, )\2 =15n=75, (Wl, Wg,al,ag) = (05, 1,02,08)

-di fdw,

01

02

03
)

-dr, /da,

o 05 1 15 2 25 3 35 a0 05 1 15 2 25 3 35 4 0 o1 02 03 04 05 05 07 08 09 1

, ay
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Server-Based Scheduling

@ Compute s1(t) and s(t) using single-class formulas;

@ Schedule customers based on server ratio s;(t)/s(t).

©
=}

Arrival Rate
3

IS
S

2 r

3 =08 L = - — Target |~

8 % L= Class 1

DQ_ Qo4 = = Class 2

= 02

° 0 I 1 I I I ]
0 4 8 12 16 20 24

=)
=]
T

T
== Server Allocation (SA)
= Delay Based (DB)

Staffing Level
3]
T

0 4 8 12 16 20 24
m5 T T T T T
8
Jas]
o
<
@/ 0 Il 1 Il Il L

0 4 8 12 16 20 24

Time
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Special Case: Class-Independent Service ;1; = p and Constant Arrival A;(t) = A;

@ Staffing

AiFf(w;i) wiAifi(w;)
mi(t) ~m = ———, c(t)~c= — K,
(t) (t) ;:1 .

@ Scheduling

Y NFf (W)
(SIS A w; ) (Sf AFs (i) )

These formulas can be used to estimate

Ki(t) ~ Ki = zy,; -

@ the required server capacity and scheduling threshold;
@ the marginal price of staffing and scheduling (MPSS):

To improve the service to the next level (w; — w; — Aw; or a; — a; — Ac«y;), how many

extra servers As are needed and how to adjust the scheduling threshold x;?
Os(w, o Oki(w, o
P G CUEX) B N W (L7 GO A
0 ’ 0 ’
Wi (64
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Class-Dependent Service Rates (3 = 0.5, up = 1)

Arrival Rate
(2] o 3
o o

N
S

£ T ———— — T —————— —Class 1|
% > = Class 2
s = = Target
s 8os5 get | |
L%
& T L L S === —o= ==
=
0 I I I I I
0 4 8 12 16 20 24
150 -

kol —Class 1

>

100 = Class 2|

— —

=] Total

=

5 50

2]

0 I I I I I
0 4 8 12 16 20 24

Time
° U%(t) is numerically computed using our algorithm.
@ It takes 42 iterations to converge with € = 107°.
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Many-Server Limit of Waiting Times and SSC

Assumption: Exponential abandonment-time distributions with rate 6;.

Under SRS staffing and QL-based scheduling:
(Flf,,ﬁ/,’é,f({’,)?,’}) = (I/-\Il,...,l/-\IK,)A(l...,)A(K) in DX as n— 0,
with total queue length X = ()AQ, e ,)A(K> solving a K-dim time-varying OU SDE

K
dX(t) = A(t)X(t)dt + B(t)dW(t) + C(t)dt,  Xz(t) =D _ Xi(t),
1

~ edivi
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Many-Server Limit of Waiting Times and SSC

dX(t) = A(t)X(t)dt + B(t)dW(t) + C(t)dt,
where X(t) = [Xi(t), ..., Xk(1)]",

p1 (b1 = 0)pi(t) - (w1 —01)pu(t)
A(t)z_[ H ; | ; ]
UK (

ik = 0)pk(t) (K — Ok)px(t)
VAL(E) + pamr (u) + 01g1(v)

VAm(t) + pxmi (u) + Ok qi (u) ]

(k1 — 01)pa(t) (1 = 01)au(t)
C(t) = —(c(t) + ax=(t)) [ : ] + { : ] ,
) (

(1 — k) pr(t ik — 0)ar(t)

and W(t) = [Wi(t),...,Wk(t)]" is a K-dim independent BM.
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Many-Server Limit of Waiting Times and SSC

Next, matching the TPoD to desired probability target
P(H!(t) > w;) = P(H(t) > 0) ~ P(H;(t) > 0) = - - = a,
yields “unique” control functions

@ scheduling regulators

N

Gi(t) = zq, 0(t), 1<i<K.

@ our desired second-order staffing function c¢* solves a fixed-point equation

c=V(c), where W(c)(t)=p(t)+ e/ot ef:A(")d"C(u)du.

Remark: When u; = p, c(t) has a closed-form solution.
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Very High Quality of Service (Smaller w;)

(a) w, = 0.05, w, = 0.1 (b) w, =0.01, w, = 0.02

T T 0.6 T T T T

0.6 T T

Tail Probability
of Delay

0 . . . . . 0 . .
0 4 8 12 16 20 24 0 4 8 12 16 20 24
T T T T T 150 T T T
°
g 100 1 100 1
-
o
£
:_g 50 4 50 4
]
0 L . . L . 0 . . . . .
0 4 8 12 16 20 24 0 4 8 12 16 20 24
Time Time

@ If w; = 0, TPoD degenerates to probability of delay (PoD) P(W;(t) > 0).

@ Our method will eventually break down...
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Fixed Staffing Intervals
Average staffing level (ASL) and max staffing level (MSL)

[T/As] 1 iAsAT
s8Nt = Z Silite((i-1)As,iAg)s EiEA—S s s(u)du,
i=1 s
[T/As]
s () = Z 1L {te((i-1)Anins) sl = sup s(u),

(i—1)As Su<iAAT

i=1

Class 1 ASL
Class 1 MSL
Class 2 ASL |/
Class 2 MSL
Target

o
®

Tail Probability
of Delay

©
T
|
= —
£ i
T 40§ B
» -

20 i i

o I I L L L
o 4 8 12 16 20 24
Time
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