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Abstract A functional law of the iterated logarithm (FLIL) and its corresponding law of
the iterated logarithm (LIL) are established for a multi-server queue with batch arrivals
and customer feedback. The FLIL and LIL, which quantify the magnitude of asymptotic
fluctuations of the stochastic processes around their mean values, are developed in three
cases: underloaded, critically loaded and overloaded, for five performance measures: queue
length, workload, busy time, idle time and departure process. Both FLIL and LIL are proved
using an approach based on strong approximations.

Keywords Functional law of the iterated logarithm - Multi-server queue - Batch arrival -
Customer feedback - Nonexponential service times - Strong approximation

1 Introduction

We develop a functional law of the iterated logarithm (FLIL) and its corresponding law of the
iterated logarithm (LIL) for the multi-server G158 /GI¥ /N queue, which has a renewal batch
arrival process with independent and identically distributed (i.i.d.) batch sizes (the G1 By,
i.i.d. non-exponential service times (the second GI), N servers in parallel, and customer
feedback after service completion in a Bernoulli fashion (the superscript F).

Many asymptotic results have been developed for queueing networks having the batch
arrivals. For single-server queueing models, there is a large volume of literature on the
asymptotic analysis, including stationary probability distribution analysis (Machihara 1999;
Ommeren 1990), fluid approximation (Chen and Shanthikumar 1994; Dai 1995), diffusion
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approximation in heavy traffic (Glynn and Whitt 1987; Pang and Whitt 2012), LIL limits
(Guo and Liu 2015; Minkevicius and Steistinas 2003; Sakalauskas 2000), strong approxima-
tion (Chen and Mandelbaum 1994; Chen and Shen 2000; Glynn and Whitt 1991a, b; Horvath
1992; Mandelbaum et al. 1998; Whitt 1983; Zhang 1997; Zhang et al. 1990; Zhang and Hsu
1992), stationary optimal policies under a linear cost structure (Lee and Srinivasan 1989),
etc. Related heavy-traffic results for multi-server queues include the diffusion approxima-
tion (Chen and Shanthikumar 1994) and the LIL limits (Minkevi¢ius 2014) for generalized
Jackson network in strictly heavy traffic. See Iglehart (1971) for the FLIL and LIL lim-
its of multi-channel queue models. Queueing models having after-service feedback have
also proven useful in modeling real service systems, see Dai (1995) for stochastic queueing
networks with customer feedback, Yom-Tov and Mandelbaum (2014) for the Markovian
Erlang-R model and Liu and Whitt (2017) for time-varying staffing recommendations to sta-
bilize performance in queues with feedback. Readers are referred to Borovkov (1984), Chen
and Yao (2001) and Whitt (2002) for a whole asymptotic analysis for queueing networks.

FLILs and LILs. The earliest FLIL results were developed for the standard Brownian motion
(BM). Let W be a one-dimensional standard BM. By considering a sequence of scaled BMs
indexed by n, W, (t) = W(nt)//nloglogn, 0 <t < 1,n > 3, Strassen (1964) showed
that, with probability one (w.p.1), the sequence {W,,, n > 3} is relatively compact, that is,
every subsequence of W, has a convergent subsubsequence, and the limits of all convergent
subsequences are contained in a compact set:

1 2
e={xecCo1]: x(0)=0,/ <Ex(t)> dt51>,
0 dr

where C1[0, 1]is the space of the one-dimensional continuous functions on [0, 1]. Intuitively,
the set £ is the space of absolutely continuous functions with a controlled total variation. Igle-
hart (1971) adapted Strassen’s approach to establish the FLIL for a multi-channel queueing
systems; also see Glynn and Whitt (1986, 1987, 1988) for a Little’s law version of FLIL.

The earliest LIL result was developed for the standard BM by Lévy (1937) and Lévy
(1948), that is,

W (t W (t
limsupi()——liminfé—l, w.p.1. (1)

100 «2tloglogr 100 /2floglogr

The version of LIL in (1) is called the strong form because it provides an explicit value
[the “1” on the right-hand side of (1)] to quantify the asymptotic rate of the increasing
variability for a standard BM. Motivated by the Lévy’s works, other LIL results have later
been developed for queueing systems, including single-server priority queues (Guo and Liu
2015), multi-channel queues (Iglehart 1971), strictly overloaded tandem queueing model
(Minkevicius and SteiStinas 2003) and generalized Jackson networks (Minkevicius 2014;
Sakalauskas 2000). In contrast to the strong form in (1), Chen and Yao (2001) developed
a weak form of LIL for the queue length process Q (centered by its fluid function Q) of
the G1/G1/1 queue: they showed that supy, -7 ‘Q(t) — Q(t)‘ is in the same order of the
function /T loglog T as T — oo. This result is called the weak form because the value of
the LIL limit [as in (1)] was not identified. Also see Chen and Mandelbaum (1994), Chen and
Shen (2000) and Chen and Yao (2001) for other results on weak-form LILs for generalized
Jackson network and feedforward queueing network.
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Our contributions We summarize our contributions below:

(i) First, we establish a strong-form FLIL and LIL for key performance functions of the
GIB/GIF /N queue including the queue length, workload, busy time, idle time and
departure processes.

(i) Second, our results cover all three regimes defined in terms of the traffic intensity p:
(i) underloaded (UL) with p < 1, (ii) critically loaded (CL) with p = 1 and (iii)
overloaded (OL) with p > 1 (unlike most previous works which merely focused on
either UL or OL state).

(iii) Third, in terms of the model input parameters (e.g., arrival rate, feedback probability
and moments of service times), we identify the FLIL and LIL limits as simple analytic
expressions. The FLIL limits are compact sets which are explicitly defined by the model
parameters; and the LIL limits are closed-form functions of the model parameters.
These simple FLIL and LIL limits provide structural insights and interesting results.
For instance, Theorem 3 shows that Little’s law always holds in the UL and CL cases
but may fail in the OL case; Little’s Law holds in the OL case only when the variance
of service times are zero. To gain insights into our explicit FLIL and LIL limits, we
provide detailed discussions in Sect. 4 and numerical examples (see Sect. 6).

(iv) Finally, different from previous methods for LIL and FLIL [e.g., using probability
inequalities (Minkevi¢ius and SteiStinas 2003; Minkevicius 2014; Sakalauskas 2000)
and construction of renewal processes (Iglehart 1971)], we adopt a new strong approx-
imation (SA) based approach; we believe that this new approach may help stimulate
future research (e.g., facilitating proofs of asymptotic results of other queueing models).
We next give more details of our SA-based approach.

The strong approximation approach. To illustrate the framework of SA, consider a renewal
process {N(#),t > 0} with rate A > 0 and interrenewal-time variance 02 < oco. Define
N(t) = At and ]\Nl(t) = At + 1326 W (1), where W is the one-dimensional standard BM. In
fact, N () and N (t) are the fluid limit and SA of N(¢) respectively. It follows from Horvath
(1984a) and Horvéth (1984b) that, if the rth moment of interarrival times is finite, r > 2,
then
sup ‘N(z)—ﬁ(t)‘ =0(L1/r), w.p.1, 2)
0<t<L
where the little function “o(-)” means that f (1) = o(g(t)) ast — ocoiflim, o | f(t)/g(t)| =
0. Equation (2) implies that the renewal process is approximated by a one-dimensional
standard BM with an error o (Ll/ ’) with r > 2 if the rth moment of interarrival times is
finite. For ¢ € [0, 1], the FLIL of the renewal process N (¢) can be obtained by taking n — oo
in the sequence:
N@t)=N@nt)  N(@t)—N@t)  N@t)—N@t)  23PoW(nr)
Jonloglogn  anloglogn | Janloglogn  yZnloglogn
where the second equality holds by (2). Hence, the FLIL of renewal process is now trans-
formed to the FLIL problem of the corresponding scaled BM. SAs have been developed for
various stochastic processes, such as random walks (Csorg6 et al. 1987) and renewal-related
processes (Csorgd and Révész 1981; Csorgd and Horvath 1993). There is a body of litera-
ture using the SA to study queueing models, including the GI/GI/1 queue (Chen and Yao
2001), GI1/GI/oo queue (Glynn and Whitt 1991a), multiple channel queue (Zhang et al.
1990), tandem-queue network (Glynn and Whitt 1991b), generalized Jackson network (Chen
and Mandelbaum 1994; Horvéth 1992; Zhang 1997), non-preemptive priority queue (Zhang

o(1),
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and Hsu 1992), time-dependent Markovian network queues (Mandelbaum and Massey 1995;
Mandelbaum et al. 1998) and feedforward queueing networks (Chen and Shen 2000; Chen
and Yao 2001).

Our SA-based approach follows four steps: first, we need to establish the fluid limits
and strong approximations for the desired performance functions (e.g., the queue length
and workload processes). Second, we connect the FLILs of these performance functions to
the FLILs of their corresponding SAs; these SAs are usually in forms of some continuous
functions of BMs. Next, we directly treat the BM related processes to obtain closed-form
FLIL limits. Finally, we obtain the LIL limits from their corresponding FLIL limits. One
major advantage of the SA-based approach is that, once the SAs of the desired performance
functions are established, we are able to take advantage of existing FLIL results for BMs. In
this case, developing FLILs for BM-related functions is much easier than treating FLILs for
the discrete performance functions (e.g., queue length process). Nevertheless, there are two
major difficulties in this SA-based approach: it is in general not easy to develop the heavy-
traffic fluids and strong approximations for the desired performance functions. Commonly
used methods include the continuous mapping approach (Chen and Shen 2000; Chen and
Yao 2001; Zhang 1997; Zhang et al. 1990) and probability inequality approach (Horvéith
1992; Zhang and Hsu 1992). In addition, obtaining the LIL limits from the corresponding
FLIL results may not be straightforward.

Organization of the paper In Sect. 2, we introduce the GI8/GI¥ /N model, define key
performance functions and give useful preliminary results. In Sect. 3, we review the fluid
limits of the G158 /G I /N queue which are building blocks for the FLIL and LIL. In Sect. 4,
we present our main FLIL and LIL results (Theorems 2, 3, 4, 5). In Sect. 5, we prove the
main results and other supporting results. In Sect. 6, we give concrete numerical examples
to gain insights into the main results. Finally, we draw conclusions in Sect. 7. Additional
supporting materials, including additional numerical examples and omitted proofs, appear in
“Appendix” section.

Notations We close this section by summarizing all notations. All random variables and
processes are defined on a common probability space (£2, F, P). We let E(X) and Var(X) be

the mean and variance for X. We write X = ¥ if X and ¥ have the same distributions. For any
positive integer k, we denote by R¥ and R’i the sets of the k-dimensional real numbers and
nonnegative real numbers. Vector e € R¥ is a column vector with all of its entries being ones.
We denote R = R! and Ry = Rl_. Fora € R, [a]" = max{a, 0}. For any t € R, denote
by || the maximal integer no more than 7. Let D¥[a, b] be the space of k-dimensional right
continuous functions on [a, b) having left limits on (a, ], endowed the Skorohod topology,
see Ethier and Kurtz (1986). Let C*[a, b] be the subset of continuous paths in D*[a, b).
Denote D = D! and C = C!. We say that f, = Ky wp.lif {f,,n > 1} is relatively
compact (i.e., every subsequence has a convergent subsubsequence) and the set of all limit
points is the compact set K 7. Let || f||r = supy<,<7 | f(¢)| be the uniform norm of f. We
say f, — f uniformly on compact set (u.0.c.) if||fu — fllr — 0,as n — oco. We say
f(@) =0(g()) ast — ooif limsup,_, | f(¢)/g(t)| < M for some M > 0. We use “="
to denote a definition. We summarize all acronyms in Table 2 of “Appendix” section.

2 The GI®/GI¥ /N queuing model

Consider a multi-server G158 /G I /N queue with batch arrivals and customer feedback. The
servers are indexed by 1, 2, ..., N. External customers arrive in batches and are served in the
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order of arrival. Customers in the same batch are served in an arbitrary order. If a customer
finds at least one available server, it starts service with the available server having the smallest
index. If all servers are busy, the arrival waits in queue. When a customer finishes service,
with probability 0 < p < 1 it returns for more service (joining the end of the queue) and
with probability 1 — p it leaves the system. We assume a work-conserving service discipline,
i.e., no server is allowed to be idle if there is a customer waiting in queue.

Let u(n) be interarrival time between the (n — 1)th and nth batches, v;(n) be the service
time of the nth served customer by server j, and &(n) be the size of the nth arrived batch,
n = 1,2,.... Suppose that u = {u(n),n = 1,2,...},v; = {v;(n),n = 1,2,...} and
& ={@m),n=1,2,...} are mutually independent i.i.d. sequences of non-negative random
variables, having means E[u(1)] = 1/«, E[v;(1)] = 1/u and E[£(1)] = m, and squared
coefficients of variation (SCV) cg = Var[u(l)]/(E[u(l)])z, c% = Var[vj(l)]/(E[vj(1)])2
and c,% = Varl[&(1)]/ (E[g(l)])z. Throughout the rest of the paper, we assume that, for some
r>2,

E[u(1)] <oo, E[vj()] <oco, E[E(1)] <00, forallj=1,2,....,N. (3)

We use the i.i.d. sequence y = {y;(n), j = 1,2,..., N,n = 1,2, ...} to characterize the
Bernoulli feedback. After a customer completing service by server j, let y;(n) = 1 if the
customer decides torevisit the system, and let yj (n) = 0if the customer leaves the system. We
assume that the sequence y is independent of u, v, £, and has mean E[y;(1)] = p € [0, 1).
Define the partial sums of the interarrival times, service times, batches and routings:

n

Uny= Y uk), Viin) =Y vjk), B) =y EK), [jm) =Y yik), (4
k=1 k=1

k=1 k=1

n=1,2,..., and two renewal processes:
A)=max{n >0:U(n) <t} and S;(t) =max{n >0:V;(n) <t} Q)]

where A(t) counts the total number of batch arrivals in (0, ¢] and S;(¢) counts the number
of customers server j can potentially serve in (0, ¢] (assuming server j is always busy).
Define the traffic intensity:

o= with A =ma + pNpu. (6)

A
Np
We say that the system is UL when p < 1, CL when p = 1 and OL when p > 1.
Performance functions Let Q(¢) be the total number of customers in the system at time ¢
and Z(t) be the workload at time ¢, that is, the time until the system first becomes empty
assuming no future arrivals after time ¢. Let T (¢) indicate the cumulative busy time of server
Jj during [0, ] and I;(¢) = t — T;(¢) indicates the cumulative idle time of server j during
[0,¢]. Let T () = Zj-v:] T;(t)and I(z) = Z]/-V:] I;(t) = Nt — T(t) be the total busy time
and idle time for all N servers in [0, ¢]. Let D(¢) denote the total number of departures by
time 7.

System equations We assume the system is empty initially, i.e., Q(0) = 0. Flow conservation
implies that

N N
0(1) = BA®) — Y. S;(T; (1)) + Y Tj(S;(T; (1)), @)

j=1 j=1
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where, by time ¢, B(A(t)) is the total number of customer arrivals, S; (7T (¢)) is the total
number of service completions at server j and I (S; (T} (¢))) is the total number of customers
that are feedback from server ;.

To relate the queue length process to idle times, we rewrite (7) as

Q@) =X (1) + Y1), ®)
where the auxiliary processes:
N
Y(t)E(l—p)ﬂl(t)Z(l—P)MZIj(t) >0, 9

j=1
X () =0yt + [B(A(1)) — mat] + Z [1j(S; (T (1)) — pSj(T;(t))]

N
j=1

N N
+p Y [Si(Ti @) = uTi0)] = > [S;(T;0) — uT; )] (10)
j=1 j=1
and 6y = ma — (1 — p)N . We note that, forany j = 1,2, ..., N, I;(t) cannot increase at

time ¢ if Q(¢) > N under the work-conserving service discipline. That is, when Q(¢) > N,
dY (t) = 0. On the other hand, if Q(¢) < N, then dY (¢) > 0. This implies that

(N = Q(@)dY () = 0. (an

More discussion on the queue length and idle time see Sect. B.2.
When N = 1, the multi-dimensional system dynamical equations simplify to:

QW) =BAW)—DH)=X0O)+Y@) =0, D) =S(T@)—I'(S(T))),
X (1) = 61t + [B(A®)) — mA(D)] + m [A(t) — at]
+D(ST (@) —pSTEN]— A = p)[ST (@) —uT@)],
t
Y@) = —pul@), /o Q(ndy () =0,
Z(t) = V(BAW®) +T'(ST@))—T@)=V(Q@) + ST @) —T(), (12)

where I’ = I, V = V|, S = §). In this case an equivalent representation for Q(¢) and Y ()
is

() =@(X)(t) and Y(1) =¥ (X)), (13)
where two functions (¥, @), defined as

W) (1) = sup [—x()]" and @x)() = x(1) + ¥ (x) (1), (14)
0<s<t
are known as the one-dimensional oblique reflection mapping (ORM) (see Sect. B.1 for an
alternative definition of ORM).
The objective of the rest of the paper is to establish the FLIL and LIL for performance pro-
cesses (Q, Z, T, I, D) and identify the their corresponding FLIL and LIL limits as functions
of the model input data

D= (a, p,m, p,c c2 ¢}, N). (15)
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3 Fluid limits

Since the forms of the FLIL and LIL involve the performance measures centered by their
corresponding fluid functions, we now give the corresponding fluid limits. We first define the
fluid-scaled processes:

_ 1 _ 1 _ 1 _ 1

0" (t) = —Qmr), YW(@)=-Y@mr), XW(@)=-X@nr), Z"W(@)=—Znr),
n n n n

= (n) ! 7(n) 1 5 () ! = (n) 1

TV () = -Tmt), 1V (@)= —I1(nt), D (t) = —D(nt), Tj (t) = =Tj(nt),
n n n n

1) = l1~(m) DW () = lD»(m) i=1,2 N

j = n J ) ] = n ] ’ j S i .

We next give the functional strong law of large numbers (FSLLN) results for the
GIB /GI F /N model. The proof is similar with Chen and Yao (2001) and Dai (1995). We
give the proof in Sect. C.1 of “Appendix” section.

Theorem 1 (FSLLN for GI18/GIF /N) Assume the system is initially empty. If E[u(1)] <
oo, E[vj(1)] < coand E[£(1)] < o0, j =1,2,..., N, then,

(1) If N > 1and p > 1, then, as n — oo,

(Q("), X0 TO [0 pe, [);")) — (0, X, Tj,1;, D, D;) wo.c, wp.l,

where Q(t) = X(t) = Oyt, Tj(t) =t — 1;(t) =1, T(t) = Nt, [(t) = 0, D;(t) =

(1= p)ut and D(t) = Y-Y_, D;(1).
(i) If N =1, then, asn — oo,

(0. Xy, Z0 F0 [0, pW) > (0,%,¥,Z,T.1.D), woc, wpl,
where Q, X, Y, Z, T, I, D satisfy, fort > 0,

- - _ _ _ 1 _
(0.V) =(@,¥)(X), X(t)=01t, I(t)=—""Y(),
(I—=pu

- 1 - - , _ -
Z(t) = EQ(I), T(t)y=t—1@1), D)= 1-pul). (16)

4 Main results

In this section, we establish the LIL and FLIL for the GI8/GI¥ /N queue. we first define
the LIL and FLIL scalings in Sect. 4.1; next in Sect. 4.2 we develop the FLIL and LIL results
in the UL, CL and OL cases. We give all proofs in Sect. 5.

4.1 The LIL and FLIL scalings

LIL scaling and limits Using the fluid limits given in Sect. 3, we now define the LIL scaling
and limits. Let

o) — 0@) ‘it Q(t)—Q(t).

Ogp =limsup ———=— and Qf, = lim in o0

17
t—00 @) 17
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where ¢(t) = /2t loglogt for all + > e (Euler’s constant). Similarly, we define the upper

and lower LIL-scaled processes: Zg,, Zii ¢, Tops Tings Laups Lings Diups Dings T;ksup’ T;finf and
I; sup’ Ij*,inf’ Jj=1,2,..., N. We will express all the LIL limits in terms of the input data D
in (15).

FLIL scaling and limits For any t € [0, 1] and n = 3, 4, .. ., define

Q(nt) — Q(n)
0"ty = ———. (18)
@(n)
Similarly we define the FLIL-scaled processes: X" (t), Y"(t), I"(t), T"(t), Z"(t), D"(t),
T;’ () and IJ’.’ (#) in the same token of (18), j = 1,2, ..., N. We will develop the FLIL results
by showing that

(", z", 1", T",D") = (Ko, Kz, K1, K1, Kp) = K*,  w.p.1, (19)

and identifying the compact sets g, Kz, K, K7, Kp characterized by the input data D in
(15) and the compact set Gy defined as

1
Gr(8) = {x e Co, 17: x(0) = 0, / X)) dr < 52}, §>0, (20)
0

where the square denotes inner product, and X (¢) denotes the derivative of x (#) which exists
almost everywhere with respect to Lebesgue measure.

We remark that Gx (§) is the space of continuous functions having a §-controlled quadratic
variation. We give some examples to gain insights. For instance, x1(¢) = dat € G(8) for 0 <
a < 1 because x;(0) = 0 and [ [ (1)]2dr = a26% < 8% x2(t) = (b1, Sbat) € Go(8) for
by, by such that 0 < b? 4 b3 < 1, because x2(0) = 0 and J, [i2(1)]>dr = §2(b? + b3) < 8.

4.2 The LIL and FLIL limits

We now give our main results. For the OL and CL GIB/GI¥ /N model with N > 1, we
give the FLIL and LIL results for the queue length, busy time and idle time process. For the
case N = 1, we give the FLIL and LIL results for all performance functions in OL, UL and
CL cases. We give all proofs in Sect. 5.

Theorem 2 (FLIL for GIB/GI¥ /N) For N > 1, we have

co={ G b1, @
where G = Gy is defined in (20) and
0 (N) =m?a (c; +c;) + p(l — pu+ (1 — p)*Npuc;. (22)
If p =1, then forall t € [0, 1],
N
(1= pu Y IM(1) = W (Gao(N), wp.l. 23)

j=1

If p > 1, then I}’(t) :iOandTJ”(l) = 0wp.dforallt € [0,1]and j =1,2,...,N.
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Remark 1 (Understanding FLIL for GI8/GI¥ /N) When p > 1, the FLIL limit for the
queue length is mainly determined by total variability o,(N), including the variabilities of
the arrival, batch, routing and service distributions. When p = 1, the weighted idle time
FLIL limit in (23) is dependent on o, (N) through continuous mapping ¥. When p > 1, the
FLILs for busy and idle time both degenerate to a single point zero, because all the servers
are busy almost all time so that both busy and idle times are almost linear in time ¢. By the
definition of the relatively compact, if f,, = KCr w.p.1 and the set /C contains a single point,
then f, — Ky w.p.1. Therefore, the FLIL here implies the FSLLN, that is, / j" (t) > O and
Tj"(t) — Ow.p.l asn — oo.

Theorem 3 (FLIL for GI8/GI7 /1) If N = 1, then the convergence (19) holds with K* =

(0.0, (%52, — %5 x,op.ux ) 2 € G if p<l,

(0. 4@, = ).~ ¥ (@), hG)) 1 ¥ € Go0).y € o]y
if p=1,

[(a,,x, %20.0,0, (1 - p)apyox) ‘xe g(l)} , if p>1,

where h is a continuous function mapping: C x C — C, defined as
h(x, y)@) = y@) + oi<2f<z[x(s) =yl (25)

0o = 0,(1) > 0 defined in (22), and

Oue = /am? (CZ + Cﬁ) + (1 = pymaci + pma,

P
opu = Jam? (2 +c}), opo= |nct+ T

07,0 =Jam? (2 +c}) + 2 (pu'/? — (ma + p,u)l/z)2 +p(l—pu. (26)

Remark 2 (Little’s law in FLIL) Unlike in the fluid limit where Little’s Law always holds
(e.g., 0Q(1) = nZ(t) in (16)), Little’s law in FLIL, such as, Ko = ukz, continues to hold in
the UL and CL cases, but fails in the OL case. In general Little’s law fails in FLIL because
FLIL describes the asymptotic stochastic fluctuations around the means rather than the mean
values (that are characterized by the fluid model). In fact, in (24) we have Ky = uKz in the
OL case if we let ¢; = 0 (little’s law holds in the OL case only when the service times are
deterministic).

Remark 3 (FLIL for GI/G1/1) Settingm = 1, ¢, = 0 and p = 0 yields the FLIL for the
G1/G1/1 special case. The FLIL parameters in (26) simplify to the following:

Oye = UZ,O =,/ (Cg +C§), GD,M = 1/0{(,'621, Op = ‘/(XC‘% +/LC§,
OD.o =/ 1cl. (27)

Here for the GI/G1/1 queue, the FLIL of the departure p = h(G2(0,)) coincides with
the result in Theorem 4.2 in Iglehart (1971).

We next give the LIL results for the GI15/G1F /N model.
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Theorem 4 (LIL for GI8/GIF/N)
1) If p =1, then qup =0,(N), Qf; =0.

(11) If*,O = l*then Q;UP = Ql*nf - UO(N) sup = Tmf = Is*up = I;‘;‘f = 0 and
TIQUP_T/mf_I/GUP Jlnf_oforallf—] 2 N

Remark 4 (Understanding the GI8/GI¥ /N LIL limits) According to the FLIL scaling in
(17), the LIL limits given in Theorem 4 imply the fluid limits in (i) in Theorem 1, because
¢(n)/n — 0asn — oo. The LIL limits of T, I, T; and I; given in (ii) in Theorem 4 are
consistent with their FLIL limits in Theorem 2, because when both the lim sup and lim inf
are zero, the limit is zero. In the CL case, Q}; = 0 implies that the scaled queue length
Q(t)/¢(t) approaches 0 infinitely often on every sample path. However in the OL case, the
queue length has both positive and negative fluctuations around its fluid limit.

Theorem 5 (LIL for GI8/GI¥ /1) If N = 1, then the LIL limits are given below:
(1) If p < 1, then

Q;kup = Qi = Z;kup int =0, D:up = —Djs = 0pu,
(oF
T =Tk =I5 = I = ————. (28)
sup — in sup — inf (1 _ P)M
(i) If p =1, then
Oo
o =pZi =0, Io =-Tr=—",
sup sup 4 sup inf (1 _ p)ﬂ
Oint = Zing = Iing = Tyyp = 0. (29)
(iii) If p > 1, then
UZ,
Q:up = _Qiknf = 0o, Z:up == ;;lf = 70’
* * * *
Top = Ting = Iﬂup = Iy =0, pr =Dy = (1 = p)op,o. (30)

Remark 5 (Little’s law in LIL) Similar to the observations in Remark 2, the LIL Little’s Law
for Q and Z holds in the UL and CL cases, i.e., qup = uZg,and QO = uZi ., but fails in
the OL case, i.e., qup #~ ﬂZsup and QF ; # /LZ . Note that the workload Z keeps track
of the total amount of unfinished service times while the queue length Q only counts the
number of unfinished customers. Although, as time goes to infinity in an OL system, many
customers will never be served so their service variability will play no role in the FLIL limit
of Q. Nevertheless, their service variability still make an impact to the workload Z (this
explains why Little’s law holds in the OL case (30) only if we set ¢y = 0).

Remark 6 (LIL for GI/GI/1) Settingm = 1,¢, = 0 and p = 0 yields the GI/GI/1
special case. In particular, (28)—(30) hold with ,¢, op i, 07,0, OD,0 and o, defined in (27).
For example,

0, it p<l1,
if p<1,

0,
* = 2 2 1 — * =
qup Ol(ca +cs)5 if p=1, me {_\/W’ it o1,
vack +pcz, it p>1,

- 0 if p<l, e 0, it p<1,

sup % ’oz(cg-l-c%), if /OZI, inf — _/ll. a(c%—}—c?), if p > 1.
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In Sect. D of “Appendix” section, we conduct sensitivity analysis for the FLIL and LIL limits:
we study the impact of all model input parameters, e.g., the mean values, variabilities, upon
the FLIL and LIL limits. Also see Sects. 6 and E in “Appendix” section for related numerical
studies.

5 Proofs

In this section, we prove our main results. We first provide two preliminary results (i) FLIL for
BM (Strassen 1964) (Lemma 1) and (ii) strong approximations for G158 /GIF /N (Theorem
6). Next, we apply these results to prove Theorems 2, 3, 4 and 5.

Strassen (1964) firstly developed the FLIL for the k-dimensional standard BM.

Lemma 1 (Strassen’s FLIL for BM Strassen 1964) Let W), (t) = W (nt)/+/nloglogn,n > 3,
t € [0, 1] where W is a k-dimensional standard BM, then W,, = Gy(1) wp. I, k =1,2, ...

We next give the SAs and leave the proof in Sect. C.2 of “Appendix” section.

Theorem 6 (Strong approximations for GI8/GIF /N) Suppose (3) is satisfied.
(i) If N > 1 and p > 1, then, for somer > 2, wp.l,

sup 1Q(t) — O] = o (LV7), OsupL!a—p)ul(r)—wixrn=o(L”r),
<t<

0<t<L
3D
where Q(t) = ®(X)(t), and
N
X (1) = X(t) + ma'Pca Wa (1) + mep Wy (ar) — (1 — pyu'/? ZCst'vaf(t)
j=1
N
+Vp(L=p) Y Wy ju), (32)

Jj=1

and Wy, Wy, Wy j and Wy ; are mutually independent BMs associated with the batches,
arrival, service and feedback, j = 1,2,..., N.
(i) If N =1, then

sup [Q(1) — O =o (L"), sup |T(t) =T =0(L"),

0<t<L 0<t<L

sup |Z(1) = ZW) =0 (L"), sup [10) =T =0 (L"),
0<t<L 0<t<L

sup |D(t) — D(t)| = o (Ll/r) , forsome r > 2, (33)
0<t<L

where Wy = W |, Wy = Wy, and T(t) is given in (16),

(0.7)=(@.0)(X), 1I(t)= M?(t), T)y=1t—1@),

_r
(1-p)
X (1) = X(1) +ma' e, W, (t) + mey Wy (at) — (1 — pyp!2es Wy (T (1))

+v/p( — pW(uT (1)),
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~ 1 ~ _
Z(t) = P [0@t) + ' 2 es (W (T (1)) — Wi(pt)].,

D)= (1 - p)[uT @) + pPes Wi (T ()] = Vp( = )W T (). (34)

Remark 7 X (1) — X (¢) is a driftless BM with variance parameter c702(N ) defined in (22) in
Theorem 2 if N > 1, and o2 defined in Theorem 3 if N = 1.

5.1 Proof of Theorem 2
Forallr € [0, 1]and n = 3,4, ..., define

én (1) = M’ (35)
@(n)

where Q and é are defined in Theorem 1 and Lemma 6, respectively. By Lemma 6, since
LY" = o(p(L)) for all r > 2, we have, for all t € [0, 1], w.p.1,

o 1een - omn)| SUPg<,<, | Q) — O(®)| . o(n'/")
m ——— < limsup = lim sup =0
n— 00 o(n) n—00 @(n) n—oo @(n)

So, forall ¢ € [0, 1],

Jim 2010 = Q@) _ 0, w.p.l. (36)
700 @(n)

Note that, by (18),

0" (t) = M + é"(t).
@(n)
This, and (36), implies that it suffices to prove Q” = K if one tries to prove 0" = Ko.
Similarly we define Xr (#) in the same token of (35). It is only needed to prove X" =K X
if one tries to prove X" = Ky, where Kx is some compact set of absolutely continuous
functions.

The CL case. If p = 1, by Theorem 1, X(t) = Oforallt > OLby Lemma 6, X (¢) is a driftless
BM with variance parameter 002 (N).Then, forall¢ € [0, 1], X" (¢) =g (0o(N)) w.p.1. Since
@ is a continuous mapping under uniform topology, forall ¢t € [0, 1], Q" () = ®(G(0,(N)))
w.p.1.

To prove (23), we note that

N

D P - b
A =ppl"0) = 5 1 p)M;I(nt) v | + s @),

Forall ¢ € [0, 1], by (31),

1/r
(n)

— 0 as n — oo,

1 N -
o | =P 100 = e Ry s’;

n) o
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and by Theorem 7 (Strassen’s CMT),

1 ~
——¥(X)(nt) = ¥(G(0,(N)))
w(n)

because X" (1) = G(o,(N)) w.p.1 forall ¢t € [0, 1]. So, (23) holds.

The OL case. If p > 1, then by (32) and Theorem 1 X (t) is a BM with positive drift Oy > 0,
which implies that lim,—, X(t) = +oow. p-1. So, by the definition of continuous mapping
v, sup, l,I/(X)(t) < oo w.p.1. As a result, for all ¢ € [0, 1], W(X)(nt)/(p(n) — 0 w.p.l.
as n — oo. This, and (31), implies that (1 — p)u Z, 1 /(t) — O w.p.1 asn — oo. Notice
that (1 — p)u > O and /() > O, then for j = 1,2,..., N and ¢t € [0, 1], I}’(t) — 0
w.p.l asn — oo. SinceT(t)—t—I(t) for j =1,2,...,Nandt € [0, 1], T”(t)—>0
wpl asn — oo. For the FLIL of Q, since p > 1, we have Q(t) = X(¢) and then
Q(t) —0@) = X(t) - X0+ lP(X)(t) This follows that, for all ¢ € [0, 1],

~ ~ v (X)(nt
30y = %10+ L0 o vy, wal,
@(n)
because that X (t) — X (¢) is a driftless BM with variance parameter ooz (N). ]

5.2 Proof of Theorem 3

As in the proof of Theorem 2, we define yr (1), " (1), B ), Zn (1), D" (t) in the same token
of (35), and we transfer the original problem (19) for the GI2 /G1/1 queue into the following
problem:

(Q",Z", 1", B",D") = K*, w.p.1, (37)
where K* is given in (19).
The UL case. If p < 1, then, p = ma/((1 — p)u), and by (16),
(0.Z,X,Y,T,1,D) () =(0,0,0i1, =611, pt, (1 — p)t, mat), (38)

and by (34), X (t)isa BM with negative drift 6; < 0 and variance parameter o . So, Q is
a reflected BM (i.e., @ (X )) with negative drift ; < 0. Therefore, it follows from Theorem
6.3 in Chen and Yao (2001) that

sup é(t) = O(logL), w.p.l.
0<t<L

Because O(log L)/¢(L) — 0 as L — oo, we have
SUPp<s<L é(t)

@(L)
Since Q(t) = 0 for any t > 0, we have, for all t € [0, 1],

— 0, wp.l,asL — oo.

0"(t) > 0 w.p.l,asn — oo, (39)

and furthermore, for all ¢ € [0, 1], @”(z) = 0 w.p.1 as n — oo. For the FLIL of workload
Z, since Z"(t) = Q"(t)/u from (34), we have, for all t € [0, 1], Z"(1) = Q" (t)/u = 0
w.p.l.asn — oo.

For the FLIL of the idle time 7, since é(t) = i(t) + ?(t), we have

Y0 —Y(0) =00 —X(t)— Y1) =00 — [X(t) — X(1)].
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This, and Remark 7, implies that, for all ¢ € [0, 1],
S ~ X(nt) — X (nt)
Y'(t) = Q" (1) — ————— =2 G(oue), w.p.l,
@(n)

because @” (t) = 0, where o, is defined in (26). So, for all t € [0, 1],

~ 1 ~ 1
"y =——-vY" ——G(oye), p-1.
0=y V0= G, we

For the FLIL of the busy time 7, since T(z) —T@) =1@0) — T(I), it follows that, for all
1 €0, 1],

") =-T"(t) = —ég(ow), w.p.1.
u(l = p)

For the FLIL of departure D, since, by (16) and (34),
D) - D()
= =p) {r[TO) - TO]+ 1" PesWi(ot)} — /(1 = pYWy(uT (1))
= (1= p) {u[I() = TO] + ' Pe;Wipt)} = Vo (1 = P)W (upt)
=[0() - O]+ [X(®) = XO] + (1 = puPes W (pr) — /p(1 = pYW s (upt)
= —0(1) + ma'PcgWa(t) + mep Wy (@),

we have, for all € [0, 1],

~ - 1/2 .
D)y =-0"() + ma'’“c, W, (n(;)(l;l)— mcp Wy (ant) —g < lam? (Cg + Cl%)) . wop.l,

because é” (t) > Ow.p.1. and ma/2e, W, (1) + mep Wy, (aet) is a driftless BM with variance
m2a (cg + cg)

The CL case. If p = 1, then ma = (1 — p)p and
(0.Z,X,Y,T,1,D)(t)=1(0,0,0,0,7,0, (1 — p)ut), (40)

and as in the proof of Theorem 2, for all ¢ € [0, 1],

X (nt)

@(n)

where o, is defined in Theorem 3. By continuous mapping theorem (CMT) B.3, for all
t € [0, 1], wp.1,

X"(t) =

= G(o,), w.p.l,

0" (1) = ®(G(0,)) and Y"(1) = ¥ (G(0p)).
For the FLILs of 1, T and Z, we have, for all ¢t € [0, 1], w.p.1,

~ 1 ~ 1
"t = —y” —VY 0)),
0= 70 = W (Gl

1) = =T () = ————— W (Glon)),
u(l —p)

~ 1~ 1
Z'"t) = —Q0"(1) = —P(G(0,)).
3 n
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For the FLIL of D, we note that, from (34),

D(t) — D(t)
=1 = p) [-pI@®) + p e, W )] — V(I = pWr(uT (1))
= — sup [~ X ()] + (1 — p)u'Pes W (1) — /p(1 — p)Wy(ut)

O<s<t

= jinf [X©)]+ (1= pu'e;Wel) = /p(L = p) Wy (ur)

= inf [ma‘/zcawacs)+mcbWb(as> — (1= p)u'PesW(s) +/p(1l —p)Wf(;m]

0<s<t
+(1 — pu'PesWy(t) — /p(1 = p)Wy(ur)
= h(ma' e, Wa(t) + mep Wi(at), (1 — p)u'2esWo(t) — /p(1 — p)W ().

By CMT B.3, forall ¢ € [0, 1],
b"(n)

_ h(ma' e Wo(nt) + me, Wy(ant), (1 — p)p'/2e, Wy (nt) — /p(T= p)W (unt))
B o(n)

= h(G2(00)), w.p.l,

because, by Corollary 2.2 in Iglehart (1971), for all ¢ € [0, 1], w.p.1,

@(n) ' @(n)
= Ga(0y).

<ma1/2ca Wa(nt) + mepWy(ant) (1 — p)u' e Wy (nt) — /p(1 = p)wfoun))

The OL case. If p > 1, then by (6), p = (ma + pu)/u and

(0.Z,X,Y,T,1,D)(t) = (61t, (p — 1)t,012,0,£,0, (1 — p)ut), (41)

where Q(1) = 6;r = u(p — D)t = pwZ(t). As in the proof of Theorem 2, sup, )N’(t) =
Sup,>( lP()?)(t) < oo w.p.l.,and )7”(t) — Ow.p.1l.asn — oo. Hence IN”(t) = 7”(t)/[(1 —
p)i]l = 0 asn — oo. For the FLIL of T, since f(t) —T@) = —T(t), we have, for all
te[0,1]1, T"(t) = —1"(t) = O w.p.1.

For the FLIL of Q, as in the proof of Theorem 2, O(1) — O(t) = X(1) — X (1) + Y (1),
and, for all ¢ € [0, 1],

X (nt)
@(n)

For the FLIL of Z, since, by (16) and (34),

0"(1) = +7"(1) = G(0,), wp.l.

Z@t) — Z(1)
1~ 1 -
= [O() + ' Pes(Wy(t) — Wy(pr)] — ;Q(r)

l -~ v v 1/2 _ 1~
= [X(0) + Y (1) = X(1) + p' e (Wi (1) — W(p) | = =Wz (1) + ;Y(t),

T =
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where

Wz.0(t) = ma'2cqWa (1) + mey Wy () + pu' e We (1) — e, Wy (pt)

+vp( = p)Wye(ut).

Notice that pp!/2e Wy (1) — ' 2es Wy (o1) = 5 (pu'/? — (mot+p) )Wy (1), then Wz o (1)
is a driftless BM with variance parameter oZ , defined in (26). This, and y" #)/n = 0w.p.1
for all ¢ € [0, 1], implies that, for all ¢ € [0, 1],

=n 1 WZ a(l’ll) Sn
") =——"—+— Y = Q(Uz o), Ww.p.l.
uo ) 2

For the FLIL of D, since

D(t) = D) = (1= p) [ (T(0) = T@®)) + " *e; W5 (T())] = /p(1 = pYWp(uT (1))

=(1-p [—;J(z) + e W) — /%Wf(m)} :

we have, for all r € [0, 1],

/zcs Ws(nt) — lfp Wf(”,ut)

D"(1) = (1 —p) | —uI" () +
o(n)

={-pGp,oe), w.p.l,

where op , is defined in (26).
Hence, the result is proved. O

5.3 Proofs of Theorems 4 and 5

Since the proof of Theorem 4 is similar to that of Theorem 5, we only prove Theorem 5.

(i) Case p < 1. By (24), since Ko = Kz = {0}, we have QF,, = Q;"n Z3yy = f =0.
For I, T and D, we firstly observe that sup, g5 x(1) = 6 and 1nfxeg(,3) x(1) = —§ for any
8 > 0, where the supremum and infimum are actually attained for the functions x () = &t
and x () = —§t respectively. This and (24) imply that (28) holds.

(ii) Case p = 1. By (24), Kp = @(G(0,)). As Corollary 3.1 and 3.2 in Iglehart (1971), we
have

sup  x(1) =0, and inf  x(1) =0,
XD (G(0,)) X€PD(G(00))

where the supremum and the infimum are actually attained for the functions x(#) = o,¢ and
x(t) = 0 respectively. That is, qup = 0, and Q;*nf = 0. Notice that Xz = @(G(0,))/1n
from (24), we get pr and Z} uf in (29).

For 1, we firstly note that IC, = (1/(1 — p)u)¥(G(0,)). On the one hand, Strassen has

shown that G(§) is compact in C'0, 1] for any § > 0 and that |x(b) — x(a)| < &(b — a)l/?
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forany y € G(6) and 0 < @ < b < 1. Reader can also see Iglehart (1971). This follows
ly(b)| < 8+/b <8 forany y € G(8) and 0 < b < 1, then,

sup  x(1) = sup sup {—y(s)} = 0o,
XeW(G(0,)) ¥€G(0p) 0<s<1

where the supremum is attained for the function y(s) = —s. On the other hand, notice
v(0) = 0 for any y € G(5), then

inf x(1)= inf sup {—y(s)} =0,

xe¥(G(oy)) yeG(o,) 0<s<l1
where the infimum is attained for the function y(s) = 0. From above, IS*W =o0,/[(1 — p)u]
and I;Zf =0.
For T, we note that K7 = —K; = =¥ (G(0,))/[(1 — p)u], which follows the desired
15,y and T, - in (29).
Case p > 1. The analysis is similar with the case p < 1 and omitted. O

6 Numerical examples

We now consider numerical examples to gain insights into our LIL limits. In particular, we
study the sensitivity of our LIL limits to the model input parameters, including the number
of servers N, the traffic intensity p and the variability parameters (c,, ¢ and cy). Additional
numerical examples appear in Sect. E of “Appendix” section.

Example 1 (Sensitivity to the traffic intensity p) We first consider a GI8/GI¥ /1 model
with fixed variability parameter ¢, = ¢, = ¢y = 1. We study the sensitivity to the traffic
intensity p, by varying of parameters in (6): ., m, u and p. The idea is to vary the value of
p so that we can cover all UL, CL and OL cases.

We consider the following four cases:

(i) Varying o with others fixedatm =1, u=1,p=1/2,¢c, =cp =c5s = 1.
(i) Varying m with others fixedata = 1/2, u =1, p=1/2,ca =cp = ¢5 = 1.
(iii) Varying p with others fixedata = 1/2,m =1, p=1/2,c, =cp = ¢ = 1.
(iv) Varying p fromOQOto landleta =1/2,m=1,u=1,¢c, =cp =c¢5; = 1.

For case (i), we plot the key LIL limits as functions of « in Fig. 1. We observe that the LIL
limits jump at @ = 0.5 which correspond to the CL case (p = 1). For cases (ii)—(iv), we plots
the key LIL limits in Figs. 2, 3 and 4 in Sect. E of “Appendix” section.

Example 2 (Sensitivity to variability parameters) We next consider a GI15/G1F /1 model
with o, m, , p fixed and study the sensitivity of the LIL limits to the variability parameters
Ca» Ch, Cs. We consider the following two cases:

(i) Arrival variability We fix m =2, u = 1, ¢ = ¢, = p = 0 and study the dependence
on ¢, when the system is UL (¢ = 1/4), CL (@« = 1/2) and OL (« = 1).

(i) Service variability We fixe = 1/2,m =2, ¢, = ¢, = p = 0and study the dependence
on c¢; when the system is OL (u = 1/2), CL (x = 1) and UL (i = 2).

For case (i) we give the LIL limits as functions of ¢, in Table 1. We give the numerical
results in Sect. E of “Appendix” section for case (ii).
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0'(a) — Q'@
o Q*inf(a)
Jis
o[~ 05 1 5
~1s
[*(a) — ]*sup(a)
fre— I*inf(a)
2415
(0] 0.5 7
2415

*

Z (o)

—Z *sup(a‘)
e Z it ()

2 o

*

T (@)

24/1.5

0.

—

S~

— T*sup(a)
e T ine (@)

2415

Fig. 1 LIL limits of (i) of Example 1 as functions of &, withm =1, u =1, p=1/2,ca =cp =cs =1

Table 1 The superior and

inferior LIL limits as functions of

¢q for case (i) of Example 2
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Q:up (ca) Z3p(ea) Lip(ca) Tgp(ca) D3plca)
% 0 0 Ca Ca Ca
1 Ve V2¢q V2eq 0
1 2¢q 2¢q 0 0
o Qi*nf (ca) Zi*nf (ca) IiTlf (ca) T;;f (ca) Di*nf (ca)
% 0 0 —Ca —Ca —Ca
oo 0 0 —~V2ca 0
1 —2cq4 —2¢q4 0 0 0
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Example 2 shows that the LIL limits are either zero or linear functions of variability
parameters ¢, and c. See Sects. D and E in “Appendix” section for more discussions on the
sensitivity analysis to the input model parameters.

7 Conclusions

Using a strong approximation approach, we have developed a FLIL and its LIL for
GIB/GIF /N queue with Bernoulli feedback by focusing on five key performance pro-
cesses: queue length, workload, busy time, idle time and departure processes. The FLIL and
its LIL results cover all three important cases UL, CL and OL categorized by the traffic inten-
sity. Refining the FSLLNs and the corresponding limiting fluid functions which are often used
to approximate the mean values, the FLIL and LIL provide an estimate for the asymptotic
rate of the increasing stochastic variability of these performance functions in functional set
version and numerical version. We have identified these FLIL and LIL as explicit mathemat-
ical expressions of the first and second moments of the batch, batch-interarrival, service time
and feedback. Comprehensive discussions and numerical experiments have been provided to
gain insights of these FLIL and LIL limits.

Our SA-based approach can be a viable tool to establish FLIL and LIL limits for more
general queueing systems, especially network models having a multi-dimensional state pro-
cess, such as the generalized Jackson network, reentrant models and feekforward systems
(Liu and Whitt 2014b). To do so, the first step is to obtain the heavy-traffic fluid limits of
the designated network queue model (Liu and Whitt 2014a). Based on the fluid model, we
need to next develop the strong approximations (Mandelbaum and Massey 1995). Depending
on the values of the traffic intensities in a queueing network, the SA results can be multi-
dimensional reflected BMs with different drift (positive, zero or negative). We plan to next
develop the FLIL and LIL results for the reentrant network queueing system.
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Appendix

Overview. This appendix contains additional materials supplementing the main paper. In
Sect. A, we summarize all acronyms used in this paper. In Sect. B, we give additional
preliminary results, including one-dimensional ORM (Sect. B.1), discussions on queue length
and idle times (Sect. B.2) and the continuous mapping theorem for FLIL (Sect. B.3). In Sect. C
we give additional proofs, including the proofs of Theorem 1 (Sect. C.1) and Lemmas 6
(Sect. C.2). In Sect. D, we study the sensitivity of the FLIL and LIL limits to the input
parameters. In Sect. E, additional numerical examples are given to supplement Sect. 6.

A Summary of the abbreviated words

We give a glossary of all acronyms used in the main paper in Table 2.
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Table 2 Summary of all

acronyms used in the main paper Acronyms Meanings
(in the alphabetic order) BM Brownian motion
CL Critically loaded
CMT Continuous mapping theorem
FLIL Functional law of the iterated logarithm
FSLLN Functional strong law of large numbers
iid. Independent and identically distributioned
LIL Law of the iterated logarithm
OL Overloaded
u.0.c. Uniformly over compact sets
ORM Oblique reflection mapping
SA Strong approximation
SCV Squared coefficient of variation
UL Underloaded
w.p.1 With probability 1

B Additional preliminary results

In this section, we give additional preliminary results that will be used in the proofs.

B.1 The oblique reflection mapping

We now provide an alternative definition of the ORM. Define D}, = {x € D[0, co) : x(0) >
b} forany b € R, and D4 = {x € Dy : x is non-decreasing}.

Definition 1 (The one-dimensional ORM Harrison 1985) For any function x € Dy, if there
exists a unique pair of functions (z, y) € ]D)% satisfying

(1) z(t) =x(@) +y@) = 0;
(i1) y is nondecreasing and y(0) = 0O;
(i) [5°z(n)dy() =0,

then the map from x to (y, z) is called the one-dimensional oblique reflection mapping,
denoted by (z, y) = (@, ¥)(x).

B.2 Analysis of queue length and idle times

This section facilitates the treatment of (11). Define
Hi={y eDy:x(@®) +y@) =0,V >0},
Ha = {y € Dy : [x(#) + y(®)]dy(r) > 0,Vt > 0}.

For x € Dy, it is proved in Reiman (1984) that, ¥ (x) is the least element of 71, that is,
for any y € Hj, y(t) > ¥(x)(#); and in Chen and Shanthikumar (1994) that ¥ (x) is the
maximum element of Hy, that is, for any y € Ha, y(t) < ¥ (x)(?).

Let x € D, withb € Ry, y € D4, z € D, and suppose that

z=x4y>0, (b—z@)dy@) =0, Vi=>D0. 42)
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Then, together with Theorem 2.2 in Chen and Shanthikumar (1994), we have
Y(x)@) < y@) W (x—b)), Vi=0. (43)

Comparing (8) and (11) with (42) and (43), we have
N
(X)) <1 - P)MZIJ'(Z) SY(X —N)@). (44)
j=1

B.3 The continuous mapping theorem for FLIL

The following result is a Corollary of Theorem 3 in Strassen (1964).

Theorem 7 (Strassen’s CMT) Let {x,, : n > 1} be a relatively compact sequence in C*10, 1]
endowed with the uniform norm and with the compact set Gy as its set of limit points. If
f is a continuous function on C¥[0, 1] into some metric space S with Borel sets \, then
the sequence { f (x,) : n > 1} is relatively compact in (S, V) and the set of its limit points
coincides with f(Gy), a compact set.

C Additional proofs
C.1 Proof of Theorem 1

We only prove (i) because (ii) is similar to Sect. 6.3 in Chen and Yao (2001). Since 0 <
7_"].(") ) — Tj(") (s) <t—sforany0 <s <1, {Tj("), n > 1} is uniformly Lipschitz continuous
and hence equicontinuous. Therefore, the proof of the u.o.c. convergence reduces to the proof
that all convergent subsequences must converge to the same limit. That is, it is sufficient to
show that Tj("’)(t) — fj (t) u.o.c. as [ — oo, which implies that Tj(")(t) — Y_‘j (t) u.o.c. as
n — oo, where {n;, [ > 1} is a sequence of integers convergent to infinity. To simplify the
notation, we assume without loss of generality that n; = [.

For the case p > 1, by FSLLN, we have xX®™ (t) = Oyt > O u.o.c. wp.l asn — oo,
which implies that, as n — oo, w.p.1,

lI’()_((”)>(t) — 0, uw.o.c., and W()_((") - ﬁ) (t) = 0, u.o.c

This, together with (44), yields the convergence below:
N N
A=puy. 1}”’(;) —0=(-ppY L. voc,wp.l
j=1 j=1

]%ecause I_i(t) > 0 by deﬁniti(_)n, I_,-(t) = 0 for any z_ = 1,2,..., N. This implies that
T;(t) = t for any i. Therefore, I(t) =0, T(t) =t and Q(t) = Ont. O

C.2 Proof of Theorem 6

Lemma 2 Suppose p > 1. If (3) holds, then, for all j,

sup |T;(t) —t| =0 (,/Lloglog L) wp.l.

0<t<L
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Proof Since (3) holds, we have, w.p.1.

sup |A(t)—at|:0(~/L10g10gL), sup |S;(t) — put| = 0O (\/LloglogL),

0<t<L 0<t<L

sup |Vi(t) —t/ul = O (,/LloglogL), sup |B(t) —mt| = O (,/LloglogL),
0<t<L 0<t<L

sup |I5(t) — pt| = O (,/LloglogL), i=1,2,...,N,
0<r<L

where V;(t) = V;([t]), B(t) = ?(Ltj) and 1'_'j(t) =Tj([t]) forallt > 0.
If p > 1, then, by Lemma 1, T;(t) =t — I;(¢t) = t for all j, and by (9),
sup |X (1) — X(1)]
0<t<L
N

<0supL|B(A<r>>—mar|+Z sup 18,7 ®) = pS; (T, )
<t<

+Zp sup [3(T3(0) = uT; <r>|+Z sup [85(T;0) = w70
j=

0<t<

j=1
N
< sup |B(A(D) —mA®|+m sup |A@t) —at|+ Y sup |Ij(0) — pt
0=<t<L 0=<t<L ~:10§t§(u+l)L

+Zp sup ’S (t) — ut +Z sup ]S (t)—p,t]
j=

=1 0<t<L

=0 (\/Lloglog L) , w.p.l

Because ¥ is continuous under uniform norm, then, w.p.1,

sup |[W(X) (1) — w(X)(0)| =0 (‘/LloglogL),

0<r<L
sup |W(X = N)(t) — W (X)(0)| =0 (JL log log L) .
0<t<L

Since ¥ (X)(r) = ¥ (Ont) = 0, and with (44), we have

sup (1 — p)uZl =0 <\/LloglogL>, w.p.1l.

0<t<L j=1

Notice that (1 — p)u > 0, I;(¢) > 0 for all i, then, w.p.1,

sup |(1— p)uli()] < sup (1—pm21<r) =0 (VLloglogL),

0<t<L 0<t<L =1
which implies that supy, -, |1; (1)| = O («/L log log L) w.p.1. This follows that, for all j,

sup ‘T(Z)—t‘_ sup ‘I (t)’_ (,/LloglogL), w.p.1.

0<t<
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Proof of Theorem 6 By the SA in Csorgd and Révész (1981), w.p.1,

sup |B(t) —mt —me, Wy ()| = o (L"),

0<t<L

sup |A(t) —at —a'ZeqWa ()| = o (LV7). (45)

0<t<L

By Lemma 2.3 (vi) of Chen and Shen (2000), we have, w.p.1,

sup |B(A(1)) — mat —ma'?cqW,(t) — me, Wy(at)| = o (L'7). (46)

0<t<L
(i) Suppose that N > 1 and p > 1. If p > 1, then Tj (t) =t for all j. With (32), we have

X (1) — X (1) = [BA®)) — mat —ma'cqW, (1) — mep Wy(ar)]

N
= 85T @) = uTj0) — 1" Pes jWe j(T;(1)]
j=1

N
B Z/’Llﬂc&j [Wy.; (Tj (1)) — Wy, ;(T;(1))]
j=1

N

+ D[ 1T 00 = pS; A1) = PO = PIW (ST 0]
j=1
N

+ va(l - p) [Wf,j(Sj(Tj(f))) - Wf,j(.ufj(t))]

~.
Il
-

p[S;j(Tj@) — wTj(t) — e ;Wi j(Tj(1))]

+
-

~
Il
-

M=

+ ) put ey [We j(Tj0) = We ; (T; ()] “n

~.
Il
-

By Lemma 2 and Lemma 6.21 in Chen and Yao (2001), supy, < |Ws, j(T; (1)) — Wy, ;(T;(1))]
=0 (Ll/’) w.p.1. By Lemma 2, since

SUPL |Sk(Te (1)) — uTe ()] < SUPL [Sk (Ti (1)) — T (1) +MOSUPL | Tk (1) — T (1) |

0<t< 0<t< =<I=
=0 (‘/LloglogL) , w.p.l,

we have

sup |Wy i (S;j(Tj(1) — Wy (T; )| = o (LY7), w.p.L.

0<t<L

Since Ty (t) <t for all t > 0, then

sup |Sk(Tk () — wTik (@) — w'eg k Wy i (Ti ()| = 0 (LV7), w.p.L.
0<t<L
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Using Sk (Ti (1)) < Sk(t) < (u + 1)t w.p.1 for large ¢, we have
S | P Ty 00 = pS;T0) = V(L= PIW (ST 0] =0 (LV7), wp.1.
==

Hence, supg, <, ‘X(t) — )N((t)} =0 (Ll/r) w.p.lL.
Since ¥ is a continuous function under uniform norm, we have, w.p.1,

sup |¥ (X)) — ¥ (X)) =0 (L") and

0<t<L

sup |@ (X — N)(1) —¥(X)D)| =0 (LV7).
0<t<L

This, together with (44), implies that supy_,; |(1 — p)ul (t) — ¥ (X)(1)| = o (L'/"). For
the SA of Q, we note by (44) that ¥ (X)(t) + X (1) < Q) < ¥ (X — N)(t) + X (1), and

(X)) = Q@) =P(X —N)(1) + N.

Since ¥ is a continuous ﬁunction under uniform norm, similarly with the analysis for X, we
have supy,<; |Q(t) — Q(t)| = o (L'/"). So (31) follows.
(ii) Next, we suppose N = 1. Like (47), we have

X(1) — X (1) = [B(A@)) — mat — ma'2c,W, (1) — mep Wy (at)]
— (1= p)[S(T®) = uT @) — n" s Wy(T(1))]
— (1= pyu' Pes [Wi(T (1) — Wo(T (1))]
+[PS@ ) = pST @) = /pa = PWrST )]
+V/p( = p) [Wr (ST @) = WyuT )],

where S(r) = S§i(r). Similarly with Theorem 6.11 in Chen and Yao (2001), we have
SUPg</<L. ’T(t) - T(t)‘ = O(+/Lloglog L) w.p.1. This, and Lemma 6.21 in Chen and Yao
(2001), gives supg<; |W(T (t)) = Ws(T (1)| = o (L") w.p.1. Since supy—,~; [S(T (1))
—uT ()| = O(y/LToglog L) w.p.1, we have

sup |Wy(S(T (1)) = Wp(uT @) =0 (L"), w.p.L.

0<r<L
Since T'(t) < t for all r > 0, then

sup [S(T(1) = uT (1) = w'PesWo(T@)| =0 (L"), w.p.l.

0<t<L

Using S(T'(¢)) < S(t) < (u + 1)t w.p.1 for large ¢, we have

sup |[F(S(TO) = pST@) = /p( = PWr(STON| =0 (L), wp.l.

0<t<L

Hence, supy,<; | X () — X(t)| = o (L'/") w.p.1. This yields the SAs of Q, Y, I, T (which
is similar to Theorem 6.16 and 7.19 in Chen and Yao (2001)). For the SA of Z, we have, by
(12),

~ 1
Z(1t) = Z(1) = [V(Q(t) + ST 1)) - ;(Q(t) + ST ®))

1 1
+—u e Wy Q@) + S(T(1)))
1 1
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1 ~ 1
100 = 0]+ - [ST @) = uT (@) = P W7 (1)]
+%u1/2cs [W,(T () — Wy(F )]

_Lap 1
w e | Wy (B(A(1)) + I'(S(T(1))))
1 1

— W, (i(mar + puﬂr))ﬂ ,
where
Wi (& (mat + PMT(I))> = Wy (p1),

because, if p < 1, then

_ 1 _
T()=pt = — 1 and — (mat + pul (1)) = — (1 + L) t=pt,
(1—-pu " iz l—p
and if p > 1,
_ 1 _
pr="TTPE Fy =t and ~ (mat + puT(©) = pr.
" 1

Notice that, by FSLLN, for a large 7,
B(A@)) + I'(S(T(1)) = Q@) + S(T(@)) < (ma+ pu—+ 1t, w.p.l,
%(B(A(t)) L I(S(TM)) — %(mat + puT(I))‘ -0 (,/L log log L) w.p.1.

sup
0<r<L

The proof of the SA of Z is similar to that of X.
For the SA of D, by its definition we have

D(t) = D(t) = (1 = p) [S(T(®) = uT (1) = u' ;W (T (1))]
+ (1= pu[T@®) = TO] + (1 = pyu'e; [Wi(T 1) = We(T0))]
—[rsa@on - psao) = Vpa=pwisTon]
VP = p) [Wy(S(T ) = Wy (uT @)].

Similar to the treatment of the SA of X, we have supy_,; |D(r) — 5(1)] =o(LY"). O

D Sensitivity analysis for FLIL and LIL limits

In this section we conduct sensitivity analysis for the FLIL and LIL limits given in Theorem
3 as functions of all model parameters.

D.1 Sensitivity analysis of FLIL limits

For the function 4 in Kp in the CL case, we note that, in the proof of Theorem 3 in Sect. 5,
we use the function i (x, y) with

x(1) = ma' ey Wa (1) + mepyWy(ar), y(1) = (1 — pyu'PesWy(t) — /p(1 = p)Wy(ur).
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Then, we have

ha(ma' 2, Wy (1)), if ¢p=c;=p=0,
hq(mecpWp(at)), if ¢,=cs=p=0,
ha(x(1)), if ¢q=p=0,

hx, y)(t) = 1 .
hy (' /=cs Wy (1)), if ca=c,=p=0,
hy(—=v/p(1 = p)Wy(ut)), if co=cp =cs =0,
hs(y(1)), if ¢, =c¢p =0,

where, for function x’,
ha(XY(@) = inf [x'(s)], hs(x)(@) =x'(t) + inf [—x'(s)].
0<s<t O=<s=<t

Then, by Theorem 7 (Stransen’s CMT), w.p.1,

ha (al/zmcu) , if cp=c;,=p=0,
ha ("2mes) | if cq=cy=p=0,
hexe () | ha (Yo (@ +3)). if ¢ =p=0
¢ (n) hs (1! 2ey), if ca=cp=p=0,
hy (Vp(T=p)n), if ca=cp=10¢,=0,
h (V= pPue + p( = pi) . i co=cp=0.

The above functions are used to explain the FLIL limits for for GI2 /G I /1 in the following
cases.

For the FLILs of the GI®/GIF /1 queue in Theorem 3 , we first note that all the FLILs
mainly depend on all the variance parameters. In deed, if all variances are zero, that is,
2=cl=c2=p=0,thenKg = Kz = K; = Kr = Kp = {0}, which implies that all
process Q", Z", I", T", D" converge to zero w.p.1.

Variability in batch arrivals

(1) Let cg = cf = p = 0, that s, all deviations are assumed to be from the batches B, then

2
Ouc =09 =0Du = 0Z,0 =/ Olm2cb, op.o =0, (48)

and
[(0, 0, e, Ty, amx) xe g(l)} it p<l,
= (e Lo, f# @), — 1w ), h(0) ¥ € G}, it p=1.49)
{((r,wx %y, 000) xeg(l)} it p> 1.
(ii) Let cb = c% = p = 0, that is, all deviations are assumed to be from the arrival process

A, then K* satisfies (49) with

Ouc = 0o = 0py = 07,0 = Jam?c2, op,=0. (50)
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(iii) The joint impact from the batch B and the arrival process A. Let cf = p = 0, then (49)
holds with

Ouc = 0o = 0pu =07, =Jam? (2 +c}), op,=0. (51)
Variability in service times Let cg = cl% = p = 0, that is, the variability stems only from
the random service process S, then

Ouc = 07,0 =rJamc?, 0, =0p,o=+/1uc, opu, =0, (52)
and
{(0,0, %x,—%x,o):xeg(l)], it p<l,
Kf = [(cp(x),icp(x),ﬁuI(x),—ﬁW(x),hs(x)) DX eg(aa)], it p=1, (53)
{(G(,x U”‘xOO%):xeg(l)}, it p> 1.

Variability in Bernoulli feedback Let c2 = ¢ = ¢? = 0, that is, the variability stems only

from the stochastic feedback process y, then

Ouc = /pma, opyu =0, (1—=plop,=0,=0z0,=+p(l—pl, (54)
and K* =

I(O 0, 72 p)u , Uf%x,O):xeg(l)], if p<1,
{(@(x) L), b ¥ (). — e W (o). (x)) ‘x eg(ao)}, it p=1,
{(00)6, %50, O,on) ‘xe g(l)}, it p>1.

(55)

Variability in service times and feedback Let cg = c,% = 0, that is, the variability comes
from the service S and the feedback y . We have the FLILs (24) with the following parameters:

Oue = \/(1 — p)macg + pma, 0z, = \/csz(pul/z = (ma+ p)'/%)? + p(1 = p)p.

PIL

opu =0, 0opo= [uci+ T, 7= \/(1 — p)ucg + p( = pp. (56)
From (49)-(56), we find that, different from processes B, A and joint B(A), the service S,
feedback I" and joint I"(S) affect the FLIL in a different way.

D.2 Sensitivity analysis for LIL limits

Following Sect. D.1, we now consider the impact of parameters upon their corresponding LIL
limits for GI2/GI¥ /1. Specifically, we study how variabilities in different model compo-
nents affect the LIL limits. If cZ = c,% = 652 = p = 0, that is, all precesses are deterministic,
then all the superior and inferior limits in (28)—(30) are zeros. Hence, it is said that all the

superior and inferior limits are determined by the variances.

Variability in batch arrivals If 2 = ¢2 = p = 0, that is, LIL is only affected by the random
batch size B, then all superior and inferior limits in (28)—(30) hold with parameters given in
(48). Similarly, if ¢} = ¢2 = p = 0 (¢? = p = 0), then the limits (28)~(30) hold with
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parameters given in (50) [(51)]. These three cases describe the impact of the arrival process
on the LIL limits. For example, under condition cf = p =0, we have

0, if p<l1,

2 .
Q;kup:l’LZ;kup: Jam? (c§+ch), if p=1,
Jam? (c§+c,2,), if p>1,

0, if p<l,

Q‘*f = MZ*f =
" " —Jam? (2 +c}), if p>1,

where we note that am? (cg + ci) is the variance parameter of the compound renewal process
B(A(1)), and it entirely determines the LIL limits for Q and Z. If we furthermore assume
that ¢, = 0 or ¢, = 0, then we get the LIL limits similar with the above respectively, that

is, characterized by , /amzcz or y/Jam?c2. In this sense, the impacts from the batch and the
arrival are separable.
Variability in Bernoulli feedback If ¢ = ¢} = ¢? = 0, that is, LIL is only impacted by the

random Bernoulli feedback process I, then all superior and inferior limits in (28)—(30) hold
with parameters given in (54). For example,

0, if p<l1,
Ogup = HZ3yp = pme, if p=1,
V@ =pu. if p>1,
0, it p<I,

Qi*nf = /’LZi*nf =

—/p(l—pu, if p>1,

where we note that p(1 — p) is the variance parameter of the feedback I". We also note that,
it p=1,theni = ma/(1—p)and QF,, = uZg,, = /Ap(l — p). Inthis sense, we can say

that the variance of the feedback p(1— p) determines the LIL limits under CZ = ci = cs2 =0.

Variability in service times If ¢2 = cg = p = 0, that is, LIL is only determined by the
randomness in the service times S, then the limits (28)—(30) hold with parameters given in
(52), for example,

0, if p<l1,

] 0, if p<1,
Q:up =1V /’wsz’ if p=1, Qi*nf = .
—,/p,cf,, if p>1,
Ve, it op>1,
and
0, if p<l1,
| . 0, if p<l1,
* : _ *
Zsup= wV K, if p=1, inf = 1 2 ir 1
: 5 —gvmacg, if p>1.
uVmacg, if p>1,
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We note that these LIL limits are determined by the SCV c¢2, and the Little’s law fails in this
case, i.e., Q;*up #+ ,uZ;‘up and Q;"nf * MZ;knf if cg #0.

Variability in service times and feedback If ca2 = c,% = 0, that is, LIL is characterized
by both the random service time S and the random feedback mechanism I”, then the limits
(28)—(30) hold with parameters given in (56), for example, since A = ma/(1 — p) when
p =1, we have

0, if p<l1,
Qtp = VU= pymacl +2p(1=p), if p=1,
JA=pucz+ pd—pu, it p>1,

* 0, if p<I1,
G = -/ =p2uct+p(l —pu, if p>1,
and
0, if p<l1,
Zip = | wV/ (= pymaci +p(=p), if p=1,
i\/cf (17“1/2 — (ma + PM)1/2)2 +pd—pu, if p>1,
0 it p=<1,
o=
" _;lt\/cf (pu'’2 — (ma + p)'2)’ + p(1 = pu, it p > 1.

Compared with the impact from the batch and the arrival, the impact from the service and the
feedback is not separable and is more complicated. This is so because the feedback adheres
its own deviation to the service process S. We also note that the Little’s law fails here too,
ie, Q:up 7& /LZ:up and Qi*nf # MZi*nf'

We conclude that the LIL limits are non-linear functions of the mean parameters but linear
functions of the variability parameters.

E Additional numerical examples

E.1 A new example

Example 3 (Impact of N on the queue length LIL limits) We consider a sequence of the
queueing models {GIB/GIF/N, N = 1,2,...,5). Leta = 25,m = l,u = 1,p =

Table 3 Impact of N on the

queue length LIL limits for N ! 2 3 4 >
Example 3 3.5 4 4.5
P 3 > 3 T 1
up V3.5 NG V6.5 NG V15
x —35 -6 6.5 -7 0

inf
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0.5, cq = cp = ¢, j = 1. Inthis setting, we compute the values of the LIL limits p, Q;‘up and
Qi*nf in Table 3; they are monotone functions in N.
In Example 3, we find that Q;‘up and QF ; are increasing and decreasing recepectively in

N except O} ; = 0in the CL case: N = 5.

E.2 More on Example 1

To supplement the main paper, here we plot the key LIL limits in Figs. 2, 3 and 4 for cases
(ii)—(iv). We also provide the explicit functions for the LILs in all 4 cases.

(i) Increase o fromOandletm = 1, u =1,p = 1/2, ¢, = ¢, = ¢s = 1. In this case,
p =2aifa <1/2,and a + 1/2 otherwise. Then, we get the superior and the inferior
limits in Table 4, which gives Fig. 1.

Q'(m) — Qlup(m) Z'm) — 7 yp(m)
= Q inr () e 7 (1)
Jas NRD)
s i3
]*(m) - I*sup(m) T*(m) - T*sup(m)
e [ e(100) = T ()
215 215
o 1 m o 1 m
ENE ENE

Fig. 2 LIL limits of (ii) of Example 1 as functions of m, witha = 1/2, u=1,p=1/2,ca =cp =cs =1
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Fig.3 LIL limits of (iii) of Example 1 as functions of p, witha = 1/2,m=1,p=1/2,ca =cp =cs =1

(ii) Increase m fromOQandleta = 1/2, u =1,p =1/2,¢c, = cp = ¢ = 1. In this case,
p=mifm < 1and m/2 + 1/2 otherwise. Then, we get the superior and the inferior

limits in Table 5, which gives Fig. 2.

(iii) Increase u fromOQandleta = 1/2,m =1, p = 1/2,¢c, = ¢p = ¢g = 1. In this case,
p=1/pif u > 1and 1/2un) 4+ 1/2 otherwise. Then, we get the superior and the

inferior limits in Table 6, which gives Fig. 3.

(iv) Increase p fromOto 1,andlete = 1/2,m = 1, u = 1,¢4, = ¢ = ¢; = 1. In this
case, p = 1/[2(1 — p)]if p < 1/2 and 1/2 + p otherwise. Then, we get the superior

and the inferior limits in Table 7, which gives Fig. 4.
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Fig. 4 LIL limits of (iv) of Example 1 as functions of p, withe = 1/2,m =1, u=1l,ca =cp =cs =1

Table 4 The LIL limits for (i) of

Example 1 with « varying <% =% >%
Qlyp(@) 0 3 20+ 1
Z3p (@) 0 3 Sat+1 - Jot )
Igup (@) 2V3a 2,/3 0
Tsup(@) 24/3a 0 0
05 (@) 0 0 —/2a + %
Zie(@) 0 0 ~Je+1— Jar )
I (@) —2/3a 0 0
T (@) 2/ 230

@ Springer



Ann Oper Res (2018) 264:157-191

189

Table 5 The LIL limits for (ii)

of Example 1 with m varying " ! >
Qip(m) Jioomed
Zip(m) 3 \/m2+%m+17 Im+ )
Igyp (m) % 0
Toip(m) 0
Of ¢ (m) —ym2+1
VAN(D) —\/ 2 tmtr—im+ )
L% (m) —2@ 0
Togom) =2 m2+3m -2/3 0
Table 6 The LIL limits for (iii) —
of Example 1 with u varying r ~! <!
Qup(10) 3 I+ 4n
Ziup) NEl 5\/M—m+g
Lp (1) 5 0
Top () 0
0f (1) ~Ji+ i
Zie ) = i+ 3
L () 0
Tine (1) -2/3 0
Table 7 The LIL limits for (iv) 1 1 1
of Example 1 with p varying <2 =2 ~2
Ol 0 vl 7
L 53 2,/3 0
Toip(P) =3 0 0
int (P) 0 0 —V2-p
Zop) 0 0 ~J2p -2 L+p+3
L (p) =3 0 0
Tine (P) -3 -2,/3 0
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E.3 More on Example 2

To supplement Sect. 6, we provide numerical results for case (ii) of Example 2 in Table 8.

Table 8 The LIL limits for (ii)

* * * * *
of Example 2 with ¢y varying Quwplea)  Zaplca)  Taplca)  Taup(ca)  Dsup(ca)

—_

20 0 Tes $Cs 0

1 Cs Cs Ccs 0

T VT2 2cs 0 0 V172¢s
123 Qi*nf(ca) Zi’;f(ca) I;;f(ca) Tiﬁf(ca) D;’;f(ca)
20 0 —1es —1es 0

10 0 0 —cy

b VT2 =2 0 0 —JT/2¢s
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