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Abstract A law of iterated logarithm (LIL) is established for a multiclass queueing
model, having a preemptive priority service discipline, one server and K customer
classes, with each class characterized by a renewal arrival process and i.i.d. service
times. The LIL limits quantify the magnitude of asymptotic stochastic fluctuations
of the stochastic processes compensated by their deterministic fluid limits. The LIL
is established in three cases: underloaded, critically loaded, and overloaded, for five
performance measures: queue length, workload, busy time, idle time, and number of
departures. The proof of the LIL is based on a strong approximation approach, which
approximates discrete performance processes with reflected Brownian motions. We
conduct numerical examples to provide insights on these LIL results.
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1 Introduction

In this paper, we develop a law of iterated logarithm (LIL) for the multiclass
(GI/GI)X/1/PPSD queueing system, which has one server, K customer classes,

Y. Guo
School of Science, Beijing University of Posts and Telecommunications, Beijing 100876, China
e-mail: yongerguo@bupt.edu.cn

Y. Liu (X))

Department of Industrial and Systems Engineering, North Carolina State University,
Raleigh, NC 27695-7906, USA

e-mail: yliu48 @ncsu.edu

Published online: 12 September 2014 &\ Springer



Queueing Syst

a preemptive priority service discipline (PPSD) with class i taking priority over class
jforl <i < j < K, class-dependent renewal arrival processes (the first GI)
and independent and identically distributed (i.i.d.) non-exponential service times (the
second G1).

Priority queueing systems In the literature of queueing theory, multiclass priority
queues have largely captured researchers’ attention because the models are relevant for
many applications. For instance, in emergency rooms, patients are treated in the order
based on their severity levels; in service systems such as call centers, VIP customers
experience much less waiting time; in entertainment parks, customers who purchase
“quickpasses” can jump over the long regular waiting lines. Various asymptotic the-
ories have been developed for priority queueing models including heavy-traffic weak
convergence results [1-3]; diffusion approximations [1,4,5]; and strong approxima-
tions (SAs) [6-9]. Because strong approximations are crucial building blocks for our
proofs, we emphasize that among the literature on priority queues the most relevant
work to the current paper is [7], which established the strong approximations for the
(GI/GI)X/1/PPSD model.

Law of iterated logarithm As a classical asymptotic result in probability theory, the
LIL for a standard Brownian motion (BM) W is

. wa W
lim sup ——— = = limsup —————= = (D
T—oo /2T loglogT T—oo /2T loglogT

SUP()S[ST W(t) T SupOgtﬁT |W(t)|

= lim sup , with probability 1, (2)

= lim sup
T—oo /2T loglogT T—oo ~/2T loglogT

where (1) was the earliest LIL result developed by Lévy [10,11] and (2) was a later
generalization by [12,13]. These versions of LIL in (1) and (2) are called the strong
forms because they provide an explicit value (the “1” on the right-hand side of (1)) to
quantify the asymptotic rate of the increasing variability for a standard BM. Motivated
by the LIL for BM, various LIL results have later been developed for performance
functions in queueing systems. Iglehart [14] developed LILs for the queue lengths of
multiple channel queues; Sakalauskas and Minkevicius [15,16] obtained LILS for the
queue lengths and waiting times of generalized Jackson networks assuming all queues
are strictly overloaded. Also see [17] for LIL for strictly overloaded tandem queueing
models. In contrast to the strong form in (1) and (2), Chen and Yao [18] provided a
weak form of LIL for the queue length process Q (centered by its fluid function Q) of
the GI/GI/1 queue: they showed that supy, <7 ]Q(t) — Q(t)‘ is of the same order
as the function /7 loglog T as T — oco. The result is called the weak form because
the LIL limit (as in (1)) was not clearly identified. Also see [7,18,19] for more results
on weak LILs.

There also exists a body of literature on the functional LIL (FLIL). Analogous to (1),
Strassen [20] developed the FLIL for the standard BM by considering a sequence of
scaled BMs indexed by n, W,,(t) = W (nt)/+/nloglogn,n > 3. Strassen showed that,
with probability 1, the sequence {W,, n > 3} is relatively compact and that the limits
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of the convergent subsequences are contained in Cj, which is the set of absolutely

continuous functions x satisfying x(0) = 0 and fol [x’ (t)]2 dr < 1. A major tool to
establish FLIL results is the continuous mapping theorem (CMT); see Whitt [21].

Iglehart [14] adapted Strassen’s approach to establish the FLIL for queue lengths,
departures, and waiting times of the multiple channel queueing systems; also see
Glynn and Whitt [22-24] for a Little’s law version FLIL. In [3], Whitt hinted that the
FLIL for the (GI/GI)X /1/PPSD could be developed using CMT, that is, the limits
of convergent subsequences of performance functions could be characterized by some
compact subset IC7. However, we point out that (i) this set 7 usually does not have an
explicit form so it is difficult to provide useful engineering approximations by directly
using the FLIL results; (ii) in general, LIL results cannot simply be obtained as special
cases of the corresponding FLILs (i.e., FLILs do not necessarily imply LILs); and (iii)
the LILs are in some sense more difficult to establish because the powerful tool CMT
cannot apply.

Our contributions We next summarize our contributions in four important directions.
First, we establish a strong version of LILs in the form of (2) for all key performance
functions of the (GI/GI)X /1/PPSD queueing system, including the queue length,
workload (waiting time), idle time, busy time, and departure processes (see Sect. 2
for their definitions). Second, unlike many results in the literature which omit the
difficult critically loaded (CL) and underloaded (UL) cases (thus only assuming the
systems are strictly overloaded (OL)), we provide a complete analysis by covering all
three regimes defined in terms of the traffic intensity p: (i) UL with p < 1, (ii)) CL
with p = 1, and (iii) OL with p > 1, see Sect. 2 for details of these three regimes.
Third, we identify the LIL limits of the above performance measures as simple and
analytic functions in terms of the model input parameters. Our results significantly
refine the FLIL in [3,22-24] because these explicit limits can be exploited to pro-
vide useful engineering approximations for their corresponding stochastic processes.
Fourth, our LIL limits provide interesting and sometimes counterintuitive observa-
tions. For instance, the LIL limits (in Theorems 2—-6) are discontinuous in the traffic
intensity p; in the OL case, in terms of the class index k, these limits always peak at
the classes that deplete the remaining service resources; the LIL limits of high-priority
classes are strongly influenced by their arrivals, while those of low-priority classes are
independent with their arrivals. To elaborate and better understand these interesting
observations, we provide comprehensive discussions (see Remarks 3—7) and concrete
numerical examples (see Sect. 5).

A strong approximation approach The strong version of LIL for the (GI/GI)X /1/
PPSD remained an open problem prior to the current paper because it is particularly
difficult to deal with the CL and OL cases. To treat these cases, we follow three steps:
The first is to relate the LILs of the performance functions to the LILs of their strong
approximations (SAs). In order to establish convergence for the LILs, we next develop
asymptotic theories for functions involving two BMs, see Lemmas 3 and 4 in Sect.
6. These results are legitimate in their own right and can be viewed the generalized
version of the standard LIL of BMs in (1) and (2). Finally, we obtain the desired LIL
limits by analyzing the (reflected) BMs given by the SAs.
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Refining the functional strong laws of large numbers (FSLLNs) and fluid approxi-
mations that have been widely used to approximate the mean values of the correspond-
ing stochastic processes, SAs provide effective estimates of the stochastic fluctuation
around those mean values. We now demonstrate the idea of SA using a renewal process
{N(),1 > O} withrate A > 0 and interrenewal-time variance 02 <oo.LetN(t) = At
and N be the SA for N. Suppose that the r-moment of the interrenewal-time exists
with some r > 2. For a large t > 0, we write

N ~N@) = N@) + 1 oW@). (3)

In addition, the error of the SA N (t) — N () is a higher order infinitesimal of 17 see
[25,26]. SAs have been developed for various stochastic processes, such as random
walks [27] and renewal-related processes [13,28]. There is a large volume of the
literature using the SA to study queueing models, including the GI/GI/1 queue
[18], GI/GI/oco queue [29], multiple channel queue [30], tandem-queue network
[31], generalized Jackson network [19,32,33], non-preemptive priority queue [9],
time-dependent Markovian network queues [34,35], and (GI/GI)X /1/PPSD queue
[7,18].

Organization of the rest of the paper We close this section by summarizing
all notations used throughout the paper. In Sect. 2, we formally introduce the
(G1/GI)X /1/PPSD model and define the key performance functions. In Sect. 3,
we review the FSLLN and fluid limit of the (GI/GI)X /1/PPSD model because the
fluid functions will be used to construct the prelimits of the LILs. In Sect. 4, we present
our main results through Theorems 2—6. We also provide insights into these results.
To substantiate the LIL results from an engineering perspective, we provide concrete
numerical examples in Sect. 5. In Sect. 6, we give the proofs of the main results.
Finally, in Sect. 7 we draw conclusions. Additional supporting materials, including
extra numerical examples, omitted proofs, and alternative representations, appear in
the Appendix.

Notations All random variables and processes are assumed to be defined on acommon
probability space (£2, F, P). We reserve E(-) for expectation and Var (-) for variance.

If two random variables X and Y have a common distribution then we write X 4
Y. The symbols R and R, are used to denote the sets of real numbers and non-
negative real numbers, respectively. For a, b € R, define a vV b = max{a, b} and
[a]T = max{a, 0}. For a sequence xi, x3, .. ., define Z{:k xi =0fork > j (e.g.,
Z?: 1 xi = 0). Let C be the space of continuous functions and ID be the space of
right-continuous functions with left limits. Define Dy = {x € D : x(0) > 0}. Let
[l fll7 = supy<;<7 | f ()| be the uniform norm of f. We say f, — f uniformly on
compact set (n.0.c.) if || f, — fllr — o0, as n — oo. For two functions f and g,
let f o g(t) = f(g(t)) denote the composition of f and g. We say f(t) = O(g(?))
ast — oo if limsup,_, . |f(t)/g()| < M for some M > 0 and f(t) = o(g(t)) as
t — ooiflim, o | f(t)/g(t)| = 0. We use the acronym “w.p.1.” for “with probability
one”. Finally, we define the LIL scaling function
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Class 1 Class 1 Class 1

o—
Class 2 Class 2 Class 2 \
adZ, ZIkdl

Class 3 / Class 3 / Class 3
00 000 00
(a) (b) (c)

Fig. 1 The (GI/GI )3 /1/PPSD example a The server is serving a class-3 customer when there are no
class-2 and class-3 customers in the system; b a newly arrived class-2 customer enters service preempting
that class-3 customer who returns to the head of queue 3; and ¢ a newly arrived class-1 customer enters
service preempting that class-2 customer

o(t) = +/2tloglogt.

2 The (GI/GI)X /1/PPSD queueing model

The model consists of a single server and K queues, K > 2. Each queue & is fed by
an external class-k arrival process, 1 < k < K. In each queue, customers are served
in the order of arrival. A preemptive priority service discipline (PPSD) is enforced
among K classes: If a customer of higher priority arrives, the low-priority customer
that is currently being served (if any) will be immediately bumped out of service and
placed at the head of line of its own queue; after all customers of higher priorities leave
the system, the server will resume serving that preempted customer until its service
is completed or another interruption by a customer of higher priority. We label these
classes from 1 to K with class 1 takes the highest priority, while class K the lowest.
See Fig. 1 for an illustration.

For each class k, let vi(n) and uy(n) be the service time and interarrival time
(time between two consecutive arrivals) of the nth customer. We assume that
ur = {ug(n),n = 1,2,...} and vy = {ve(n),n = 1,2,...} are two indepen-
dent i.i.d. sequence of non-negative random variables, having means E[u(1)] =
1/xx and E[vg(1)] = 1/ug, variances Var[vg(1)] and Var[vg(1)], and squared
coefficients of variation (SCV) cg, . = Varfug(1/(Elux(1)])? and cka =
Var[ve(D1/(E[ve (D)2, respectively. Define the partial sums

Ur(n) = D w(i) and Vi(n) = D we(i), n=1.2,..., (4)

i=1 i=1
and their corresponding renewal processes

Ar(t) = max{n > 0: Ur(n) <t} and Sx(t) = max{n > 0: Vi(n) <t}, (5)
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where Ay (t) counts the total number of arrivals for class k customers in the time interval
[0, #] and Sk (¢) counts the number of class k customers the server can potentially serve
in [0, ¢] if there are no class i customers with i < k.

Define the overall traffic intensity

K

A

p=>p where p= o, k=12....K. (©6)
=1 Mk

We say the system is UL when p < 1, CL when p = 1, and OL when p > 1. Let
c,% = cg’ et ci « be the variability coefficient for class k (capturing the variabilities of

both the arrival and service distributions). Let

k 2
2 : €
op = E pjwj, with w;=—.
i=1 Hj

Here sz can be understood as the (weighted) cumulative utilization of service capacity
by the first k classes.

Performance functions Let Qg (t) be the total number of class-k customers in the
system at time ¢, let Z;(¢) be the workload for class k at time ¢, that is the total
amount of time required to process all class k customers assuming no future arrivals
and no class i < k customers after time ¢. Let By (t) be the total amount of time
the server is busy serving class k customers in [0, 7], that is By (t) = fé 110,(s)~0yds
and

t
Bi(t) =/0 U 010,010 <1} 35> for 2=k =K. @)

Let I (¢) be the residual time in [0, ¢] available to serve classes k + 1, ..., K after
serving the first £ classes, i.e.,

k
Ity =1— )" Bi(0). ®)
i=1

Let Di(t) = Sk (Bx(t)) count the total number of class k customers that complete
service by time 7. We have

04() = Ar(t) — Sk(Bi(1)) = 0, ©)

Zu(t) = Vi(Au(®) — By(o), (10)
t

0= /0 0udI (), (11
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where (9) holds by flow conservation, (10) holds because Vj;(Ag(t)) represents the
total amount of work (measured in time units) of class-k arrivals in [0, ], and (11)
implies that the idle process Ix(¢) increases only when Q () = 0.

The objective of the rest of the paper is to establish the LIL for performance functions
(Qks Zk, Bk, Ix, Dy, 1 <k < K) and identify the LIL limits as functions of the model
data

D = (b i G o 2o o pis o1 1 Sk < K). (12)

3 Fluid limits of the (GI/GI)X /1/PPSD queue

Since the forms of the LILs involve the performance measures centered by their cor-
responding fluid functions, we next review the fluid limits of the (GI/GI)X /1/PPSD
model.

Let Q0 = (01, ..., Ok) be the vector of the queue length processes, also let Z, B,
I, and D be the vectors of the workload, busy time, idle time, and departure processes
in the same token. Define their LLN-scaled processes as

- 1 _ 1 _ 1
0" (1) = -Q(nt), Z™(t)=~Z(nt), B™(t)=—Bn),
n n n
_ 1 _ 1
1) = =I(nt), D"™(t) = —D(nt).
n n

We summarize the FSLLN and the fluid limits [8] in the next lemma, also see [6] for
details and proofs.

Theorem 1 (FSLLN for the (GI/GI)X/1/PPSD queue [8]) Assume the system is
initially empty. If E[ux (1)] < 0o and E[vr(1)] < oo, then

(Q("), zZm g jo D(”)) — (Q, Z,B, 1, [)) , uwo.c,wp.l, asn— oo,

where Q 7. B. I, and D are K -dimensional deterministic vectors with their kth com-
ponents satisfying

Yi(t) = (X)), Qx(t) = Axt — Dp(t) = Xi (1) + Yi(t) = @(Xp)(1),
k—1 k—1
Xi(t) = O — it + ke Y Bi(0), Bty =1— > Bi(t) — I (1),

=1 =1

o L ;
o= b= mBo. Z0=2D k=1 Kk a3
1223 1223

and functions @ and ¥ are defined for x € Dy as

Y(x)(t) = sup {—x(s)}T and P(x)(t) =x(t)+ sup {—x(s)}T. (14

0<s<t 0<s<t
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Remark 1 (Oblique reflection mapping) The mapping (¥, @) is known as the one-
dimensional oblique reflection mapping (ORM), and is Lipschitz continuous in uni-
form norm; see [18] for detailed discussions. Alternative representations for (¥, @)
are given in Appendix.

Remark 2 (Analytic solutions of the fluid functions) Equations in (13) uniquely define
a set of deterministic and continuous functions (Q Z.B. 1, [)) that are performance
measures for the (GI/G1)X /1/PPSD fluid model; see [8,36] for details. We provide
the analytic solutions of the equations in (13) in Appendix.

4 Main results

In this section, we develop the LIL for the (GI/GI)X /1/PPSD model in the following
form:

. | 2k = Okl , : |2k = Z|

1 —— L =0 1 - L =7

T (1) Qi s =) ¢

. | B — B e

1 -~ =B 1 =1

T (T e T e ¢

. |De = Di|, . _
llis;pW—Dk, wp.l, for k=1,...,K, (15)

where (Qk, Zk, Bi, I, Dk) are the fluid functions defined in Sect. 3, and the LIL
limits (Q%, Z{, B}, I}'. D) are explicit functions of the model data D in (12). Since
the fluid functions have been widely used to approximate the mean values of their
corresponding stochastic functions, these LIL limits refine the fluid approximation
and provide an estimate (in the order of ¢(¢)) for the growth of the approximating
error (deviation from the fluid paths).

We next present the LILs in three cases: (i) p < 1 (UL), (ii) p = 1 (CL), and (iii)
p > 1 (OL) through Theorems 2—6. We give all proofs in Sect. 6. Throughout the rest
of the paper, we assume that, forallk =1, ..., K,

E [uk(l)r] <oo and E [vk(l)r] < oo forsomer > 2. (16)

4.1 LILs for the UL and CL cases

We first establish the LIL for the UL case.
Theorem 2 (LIL for the UL (GI/GI)*K/1/PPSD queue) If p < 1, then the LIL
(15) holds fork = 1,2, ..., K with

CiA/ Ak

Kk

0;=2;=0, B = . I} = ok, and D = ca i/ Ak- (17)
In addition, the limit superiors for Q and Z in (15) become limits.
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Remark 3 (Understanding the LIL limits for the UL case) In the UL case, the whole
queueing system is in light traffic. In an interval [0, ¢] for large ¢, the server is idling
asymptotically for a significant amount of time (1 — p)¢ > 0. Hence the fluid queue
length and workload vanish, i.e., O = Z = 0 (see Appendix); also the queue length
and workload of the queueing system are stochastically bounded, namely they do not
grow with ¢ at all. This explained why Q* = Z* = 0 in (17). In addition, the LILs for
Q and Z hold in a strong sense with “lim supy_, ., upgraded to “lim7_, »” because
|Ox — Oill; = | Zx — Zi| ; = OQog(T)); see Sect. 6.

Interestingly, since the waiting times at all classes are asymptotically negligible, i.e.,
all customers are quickly served upon arrival, the class-k busy time By and service
completion Dy become asymptotically independent with the performance of other
classes. Hence B,f and D,f are determined only by parameters of class k: Ag, ik, cq k,
and ¢y ;. In addition, D}, capturing the asymptotic variability of the class-k departure,
is solely characterized by Ax and ¢, (parameters of the class-k arrival process),
because the server is asymptotically always available when an arrival occurs, which
makes the arrival process (rather than the service times) the deciding factor. The idle
process I is determined by the busy times By, ..., By so that I} embodies parameters
of all classes 1 to k through oy.

We next establish the LIL for the CL case.

Theorem 3 (LIL for the CL (GI/GI)X /1/PPSD queue) If p = 1, then the LIL (15)
holds with limits in (17) fork =1,2,..., K — 1 and

Q% = nkok, Dy = \/M%(GI%_l +Akel g V (Vhkep k).

1
Zi =1 =ox and Bl = P I:(,LLKO'K_l) v (\/)»KCK):I. (18)

Remark 4 (Understanding the LIL limits for the CL case) Due to the preemptive
priority policy, the performance of class k is independent with that of all classes
Jj > k. Since 215:_11 ok = 1 — pg < 1, the subsystem consisting of the first K — 1
classes can be treated as a UL (GI/GI)X~!/1/PPSD system. Hence, the LIL limits
for the first K — 1 classes coincide with those of the UL case in Theorem 2.

The class-K LIL limits are functions of the parameters of the first K — 1 classes
because class K takes the lowest priority and thus is influenced by the first K — 1
classes. At the fluid level, the remaining service capacity for class K, px = 1 —
Z,fz_ll Pk, 18 barely enough to serve the class-K arrival. Note that the LIL limits for
the departure process either are characterized only by ¢, x+1 and independent with
all other parameters, if ¢, g1 is large, or is independent with ¢, x+1 is if ¢4, k41 18
small. Interestingly, only one of the two terms (i) the variability of class-K arrival and
(ii) the sum of the variability of class-K service and those of the first K — 1 classes,
whichever is bigger, plays a role. We make a similar observation on the LIL limit of
the busy period process.
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4.2 LIL for the OL case

The OL case becomes more complicated. We next carefully treat three types of OL

queues (in Theorems 4-06), categorized by the values of py, ..., pk:

ko ko+1

Type — 1 : there exists a kg : 1 < kg < K such that ij =1< Z pj; (19
j=1 j=1
ko ko+1

Type — 2 : there exists a kg : 1 < kg < K such that Z,oj <1< Z pj: (20
j=1 j=1

Type — 3 :p1 > 1. 21

We point out that the two types in (19) and (20) have to be investigated separately
because the LIL limits are not continuous in p at value 1.

Theorem 4 (LIL for the type-1 OL (GI1/GI)X /1/PPSD queue) If the system is type-
1 OL defined in (19), then the LIL (15) holds for all classes. First, the LIL limits for
class ko satisfy (18) with K replaced by ko. Second, the LIL limits for classes I to
ko — 1 satisfy (17) withk = 1,2, ..., ko — 1, ifko > 1. Third, for class ko + 1,

Meo+1Co 1 + 12 of
o 2 2 2 . \/ 0+1C%k+1 ko+1%%k
Qhor1 = \/)‘k0+lca,ko+1 + Kig+1%%, Zior1 = [or 1 ’
L1 =0, By =0k, and Dy i) = tig+10%k- (22)
Last, if kg + 1 < K, then fork = ko +2,ko+3,..., K
C /\/
0F = axcar, Zi =K and I =Bf =D} =0. (23)

Remark 5 (Understanding the LIL limits for the type-1 OL case) Since the subsystem
consisting the first ko queues can be treated as a CL (GI/GI)* /1/PPSD queue, we
refer to Remark 4 for interpretations of the LIL limits of the first ko classes. We next
provide insights for classes kg + 1, ..., K.

We first explain the LIL limit of the queue length. The first term of QZO 1 coincides
with QF, k > ko + 2, representing the variability of the arrival process. Interestingly,
Qj is independent of the service SCV ci « because customers from classes k > ko + 1
asymptotically will “never” enter service because the service capacity is completely
occupied by the first kg classes. As a result, the queue length of class k > kg + 1 will
grow to infinity. The second term of QZO 4 1S [Lkg+10ky = Mkg+1 1 ,:‘0, which represents
the influence from the first kg classes (recall that I is the residual time the server
spends on serving low-priority classes after serving the first ko classes). Although
the first kg classes have utilized all service capacity, it is still possible to serve some
(perhaps very little) class ko + 1 customers. However, Q7 for k > ko + 2 does not have
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such a term and is thus independent of the first ko classes because customers there are
indeed “never” served.

The comparison between Z,’:O 41 and Z,f (k > ko—+2) is similar. However, unlike the
LIL limits for the queue length, Z;' depends on the service SCV because it involves

cr =, /ci «t cs2 o fork > ko+ 1. This is so because the workload process keeps track
of the total amount of unfinished service times, while the queue length process only
counts the number of unfinished customers. Although these customers will “never”
be served, their service variability will still make an impact to the workload: if service
times are highly variable, it does not affect the queue lengths because no one will enter
service, but it will make the workload process highly variable because a customer’s
service time will be added to the workload process immediately upon its arrival. An
interesting observation is that Little’s law (which holds for the fluid model, see Sect.
1) does not hold here (i.e., Z is not proportional to Q}), unlike the UL and CL case.
To explain DZ‘OH = Mko+lBlzk0+1 and B;:(H_l = B;{"O = 0Oy,, We use a similar
argument in Remark 4 because the busy times By, and By,+1 again play a seesaw.
Finally, since customers of class k > ko + 2 are indeed “never” served thus having 0
stochastic fluctuations, we have I,:‘O = I} = Bf =Dy =0.
Theorem 5 (LIL for the type-2 OL (G1/GI)X /1/PPSD queue) If the system is type-
2 OL defined in (20), then the LIL (15) holds for all classes. First, the LIL limits for
classes 1 to ko satisfy (17) withk = 1,2, ..., ko. Second, for class ko + 1,

x _ 2 2 2 2
Oko+1 = | Mig+1% T Mho+1€5 g1 T Mko+1€5 k41

* _ * _ * _
Zig+1 = Oko+1s  Broy1 =0k Iy =0,

x« |2 o2 2
and Dy, = | Mg 1% T Hko+1€5 k11 (24)

Last, if kg + 1 < K, then (23) holds for classk = ko +2,ko+3,..., K.

Remark 6 (Understanding the LIL limits for the type-2 OL case) First, since the sub-
system consisting the first ko queues can be treated as a UL (GI/GI1)*0/1/PPSD
queue, we refer to Remark 3 for explanations of the LIL limits of the first kg classes.
Second, we refer to Remark 5 for explanations on LIL limits of classes kg + 2 to K
because in both type-1 and type-2 OL cases, customers of these classes are indeed
“never” served. Hence, the only complication (difference) appears in class ko + 1,
which we exploit next.

The LIL limit of the queue length QZO 41 18 the square root of the sum of three
terms, with the first term capturing the influence from the first kg classes through oy,
the second term representing the variability of the arrival process, and the last term
characterizing the variability of the departure process Dy,41(t) = Sky+1(Biy+1(2))
because as t — o0, Br,+1(t)/t — 1 — 560:1 pi > 0 is the long-run proportion of
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service capacity allocated to class ko + 1. Also note that Q;:O 41 is not continuous
in the traffic intensity at 1 (comparing to the type-1 OL case), namely, QZO 41 does

not coincide with that in (22) if we let 250:1 pi = 1, which justifies the separation of
type-1 and type-2 in the OL case. See Sect. 5 for more discussions on the discontinuity
the LIL limits in the traffic intensity.

The LIL limit of the departure process D,fo 41 can be understood similarly, except

for the absence of the term )Lko+1ci ko+1- This is so because the available service
capacity is enough to serve only a proportion of class ko + 1 customers so that the
queue length will go to infinity and neither the rate nor the variability of the arrival
process makes an impact to D,fo 4l

Little’s law again fails to hold for the LIL limit of the workload Z;:O e which
captures both the variability of class ko + 1 and the influence from the first ko classes.
The LIL limit of the busy time B Z‘O 11 =0k = 1 ,:‘0 because, /i (t), the remaining service
capacity available for low-priority classes k > ko, will asymptotically all be devoted
to class kg + 1. Even so, it is still not enough to serve all class-(kg + 1) customers,
so it leaves no capacity at all for any class k > ko + 2 classes, which explains why

I/f()+1 =0.

Theorem 6 (LIL for the type-3 OL (GI/GI)X /1/PPSD queue) If the system is type-
3 OL defined in (21), then the LIL (15) holds with limits in (23) fork = 2,3,..., K

and
e 2, Zi =01, Bf =1} =0, and D} = u\'} 25
Q1 =\Jhicg T ricgy, Zy =01, By =17 =0, and Df = p'yes1. (25)

Remark 7 (Understanding the LIL limits for the type-3 OL case) Theorem 6 supple-
ments Theorem 5. We can simply treat class 1 as the class kg + 1 of the type-2 OL case
(namely, setting kg = 0 so that o, = 0 in Theorem 5). Since class 1 will be partly
served while classes 2 to K will “never” get served, we refer to Remark 6 for detailed
discussions. Although Theorem 6 can be viewed as a special case of Theorem 5, we
present the type-3 OL case separately to avoid complications in notations.

5 Numerical examples

Before presenting the proofs, we next consider two numerical examples to obtain
insights of the LIL limits in Theorem 2-6.

5.1 Discontinuities in the queue index k&

Due to the PPSD service discipline, the LIL limits of queues establish discontinuities
around kp. We next demonstrate this jump structure.

Example 1 (Discontinuity of the LIL limits in the class index k) We first consider a
(GI/GI)®/1/PPSD model with K = 6, Ay = 0.3, jix = cqx = csx = 1 for all
1 < k < K = 6. This example belongs to the type-2 OL case because kg = 3,
S ok=09<landY}_ pp=12>1.
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Table 1 The LIL limits for Example 1

k 1 2 3 4 5 6
QZ 0 0 0 2.14++0.1 0.3 /0.3
Z,’(k 0 0 V2.4 0.6 V0.6
Bl’: 0.6 /0.6 /0.6 V1.8 0 0
I,f 0.6 V1.2 V1.8 0 0 0
D,f V0.3 £/0.3 0.3 1.8+ +/0.1 0 0
15
‘ _______ T
N — 1
G 05 m
3 ’ . ; ; :
15 | - E
*N-“ TR T e
05 | . u T
on » » : 5 :
- T T _'i‘ T
X ! h ]
0 o5 . - i
0 ! ! ! RN
CE— g 2 : :
L | 4
= os 4
03 z 3 —~# * .
15 T T '_,-'\\ T
x_x 1 A ) ]
O os5m--- ----l - u ' B
° 2 C— 7 B "

Queue k

Fig.2 LIL limits of Example 1 as functions of k, 1 < k < 6, withkg =3, 33_; px < land 3¢_; p > 1

According to Theorem 5, we compute the LIL limits in Table 1 and plot these
limits as functions of k in Fig. 2. The vertical line in 2 serving as a “benchmark”
for p = 1 separates queue 3 and queue 4 (because ZI3<=1 pr = 09 < 1 and
ZQZ] or = 1.2 > 1). We see that all LIL limits jump at kg and ko + 1. Simi-
larly, the LIL limits QF, Z, B and D; all peak at k = ko + 1 = 4, with stochastic
processes Qk, Zi, Br and Dy experiencing the largest asymptotical variability at
k = ko + 1. The LIL limit /; increases in k, peaks at ko = 3 and then drops to
0, because the variability of I is cumulative (thus increasing) for 1 < k < k¢ and
then becomes asymptotically negligible for all ky < k < K. See Remark 6 for more
discussions.

We consider a second example in the Appendix to explore the discontinuity in k
for the type-1 OL model. See Table 2 and Fig. 4 in Appendix.
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Table 2 The LIL limits for Example 3

k 1 2 3 4 5 6
05 0 0 3273 V7 1 1

zZ; 0 0 V273 V8/3 V2/3 V2/3
B} V2/3 V2/3 2/3 2/3 0 0

I V2/3 2/3 V273 0 0

D 1 1 V5 3273 0

5.2 Sensitivity to the traffic intensity p

We have exhibited different structures for the LIL limits in Theorems 2—6 that cover
all cases (UL, CL, and OL) categorized by different values of the traffic intensity p.
We find it impossible to unify these cases into one framework because our formulas
are in different form and our results provide distinct implications. On the one hand,
this disparity can be understood through the distinct proof technique for each category
(see Sect. 6); on the other hand, we conduct another numerical example to understand
the discontinuity of these LIL limits in the traffic intensity p.

Example 2 (Discontinuity of the LIL limits in the traffic intensity) Let K = 4, A =
A3 = A4 = 05, uk = cgx = csx = 1 forall & = 1,2,3,4. But we will vary
p2 = A2/m2 = Az in an interval [0, 1]. The idea is to increase p> so that we can walk
through all cases considered in Theorems 2—-6.

We have four cases: (i) p1 < 1, p1 +p02 < land p1 + p2 + p3 = 1 when pp =0
(with kg = 3 for the case in Theorem 4); (ii) p1 < 1, p1+p02 < land pj+p2+p3 > 1
when p, € (0, 0.5) (with kg = 2 for the case in Theorem 5); (iii) p; < 1, p1+p2 =1
and p1 + p2 + p3 > 1 when po = 0.5 (with kp = 2 for the case in Theorem 4); and
@(iv) p1 < 1, p1 + 02 > 1 and p; + p2 + p3 > 1 when pp € (0.5, 1] (with kg = 1 for
the case in Theorem 5).

Since the LIL limits for classes 1 and 4 are relatively simple, we plot the LIL
limits of classes 2 and 3 as functions of p; in Fig. 3. In Sect. 1, we provide complete
formulas for all LIL limits as functions of p;. We see that the limits are neither right
continuous nor left continuous. The variabilities are non-decreasing functions in p2
for 0 < po < 1/2, representing the type-2 OL case with kg. When po» = 1/2, jumps
occur because the system now switches to the type-2 OL case with ko = 2. These
functions jump again after value 1/2 and are non-decreasing in the interval (1/2, 1].
This example clearly explains why all these cases have to be treated separately as in
Theorems 2—6.

6 Proofs of main results

In this section, we prove the main results, namely the LIL (15) in UL, CL, and OL
cases given in Theorems 2—6. We first present some preliminary results that are building
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Q*(p,) Z*(p,) 2400
Q,*(p,) 2 \P2
o) — 2o —
V3
V2 V2
1 1 e ——
O—
i 1 pz i 1 p2
0 0.5 1 0 0.5 1
(a) FLIL Limit Q*(p,) (b) FLIL Limit Z*(p,)
D*
B*(p,) . (p,)
Bz*(Pz) D,*(p,) —
B;*(py) - - - D3*(p,)
[ -7 V15
1f 1 o
& L P, (5 R — —s P,
0 0.5 1 0 0.5 1
(€) FLIL Limit B*(p,) (d) FLIL Limit D*(p,)

Fig. 3 The LIL limits Q]t, Z]’:, BZ‘ and D,’:, k = 2,3, as functions of p;. We omit I]f which is relatively
simple

blocks for the proofs. We introduce results related to SAs of the performance functions
for the (GI/GI)X /1/PPSD system in Sect. 6.1. We next prove the LILs in UL, CL,
and OL cases in Sects. 6.2-6.6, applying these preliminary results.

6.1 Strong approximations and related results

The idea of the SA is to approximate a discrete process, such as the queue length Q,
by the sum of two continuous functions: (i) the deterministic fluid function Q and
(i1) standard BMs, with Q characterizing the mean value and the BMs quantifying
the stochastic fluctuations around that mean value. We next introduce the SAs for the

(GI/GI)X /1/PPSD system.

Lemma 1 (Strong approximations for (GI1/GI)X /1/ PPSD) If (16) holds, then for
k=1,2,...,K,

|0k = Okl = 0Ty, |2k = Zk|| g = 0TV, | Bi = Bi|| = 0T,

|1 = Ik||, = o(T""), | D = Di||, = o(T'7), wp.1. (26)

where
Ok (t) = Xi(t) + Yi(t) = 2(X)(1), Yi(t) = ¥ (Xp)(1),
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k—1
Xp(t) = Ok — )t + ke Y Bit) + Wi (1),
=1

k-1
_ _ ~ ~ 1~
By(t) =1 — E Bj@) — Ik(t), L) = ;Yk(t),
j=1

= o 1~ L1 10 - 12
Ze(t) = — Ok (t) + — [uk CoxWei (B (1)) — pa) cs,kWs,k(pm],
Mk Mk
Dy (1) = p B (1) + M}lc/zcs,k Wik (Bi (1)),
—~ 1/2 1/2 =
Wi(0) = 1% cax War (1) — % es sk Wy (Bi (1)), 27)

Wy x and Wy i are independent standard BMs associated with the arrival and service
processes of class k, respectively, and ¥ and @ are defined in (14).

Proof Complementing Chen and Shen [7] which establishes the SAs for Qy, Zy, and
Iy, we provide the SAs for Ek and ﬁk.

We first prove the SA for Bi. The SA for I, namely |I; — I
together with (8) and the third equation in (27), implies that

[r = o'/n.

|Be — Bx|, = o(T"7), wp.1. (28)

Since the system is assumed to be empty initially, we note that X« (0) = 0 for all
k=1,2,..., K. The sixth equation of (27) implies that
Dy(t) = Di(t) = Sk(Bi (1)) — Di(1)
= [Se(Be) = Bt = 1 e kW (Be(1)) ]
+ i (Bi () — Br(1)
+ 1125k [Ws k(Bi(®) = Wy k(Bi(0)].

Following Theorem 3.4 in [7], we have H By — Bk ||T = O(¢(T)) w.p.l., which
together with Lemma 6.21 in [18] implies that

| Wy i (Bi) — Ws k(Bo)|| , = o(T""),  wp.1.

Therefore, (28) and SA of renewal processes (see Theorem 5.14 in [18]) conclude that
| Dk — Di|; = o(T'/7). o

We next provide two corollaries following Lemma 1.
Corollary 1 Fork=1,2,...,K,

k—1

Xi() = Xe(t) == % [01() — Q1(D] + Wi (1), (29)

=1
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_ ~ 1~ - 1 ~
Bi(1) — Br(t) = — [Qk(t) — Qk(1)] — — Wi (1), (30)
Mk Mk

where Wi (t) = i S5_ Wi(t) /i1, W, is defined in (27), k = 1,2, ..., K.

Using the SAs, Corollary 1 expresses )?k as a function of Ql, §2, el ék_l.
Because Qk = (D(f(k) and Iy = W (Xy)/ 1k (see (27)), we exploit an inductive
argument to find Qj using Q7, O3, ..., Q;_,. We obtain B} (as a function of Qy)
through (30). Corollary 1 will be used in the proofs of Theorems 2-5.

Proof We prove Corollary 1 by induction. We first show that (29) and (30) hold for
class k = 1. By (27), we have

Xi(t) = X1(z) + Wi(r) and

_ ~ _ ~ _ 1 .~ ~
Bi(t) — Bi(t) = (Bi(t) — 1) + I1(t) = (B1(t) — 1) + m [01(1) — X1(1)].

If py < 1, then By (t) = pit, X1(t) = (b1 — 1)t <0, Q1(1) =0, and By(1) — 1 =
X1(t)/m1 (see Theorem 1 and Sect. 1). Hence

_ ~ 1 - 1~ _
Bi(t) = Bi(t) = —X1(1) + — {01(1) — [X1 (1) + W1 (D]}
w1 w1

1~ _ 1 -
—[01() = Q1] = — W1 (D).
23 M1
If p; > 1, then By(r) =t and Q;(t) = (A — 1)t = X1 (1), so that
_ ~ 1 ~ ~
Bi(t) — B1(t) = m [01(1) — X1(0)]

_ 00 -[X0+ W] _ 010 - 010) W)
B 11 1 o

We next assume that (29) and (30) hold for 1, 2, ..., k. For class k + 1,

k

X1 (1) = Gyt — sy )t + sy D Bi(®) + Wi (1)
=1
k k

= Ot — DI+ D Bi®) =it D [Bi(®) = Bi®) ]+ Wi (1)
1=1 1=1

k
- ~ 1~ - 1 ~
= X1 (0) + Wi1 (1) — sy D [ —[0i) = Q1] = —Wi(0)
= LM i

k

= X1 () = > “Zj‘ [01() — 01(D)] + Wi (1), (31)

=1
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where the first equality follows from (27) and the third equality holds by (13) and the
induction hypothesis.

Bit1(t) — Biy1 ()

k
= By (1) — [r -> B - Zc+1(t):|
=1
—_ k _ ~ k —_ —~
= (Bey1(t) — 1) = D [Bi6) = BiO] + D Bi(6) + Iy (1)

=1 =1

_ [% B ;} Qz(t) -0 W;(r)] . ém; Xit1(1)
l k+1
_ % Byt | - Xen® | Qe Wi @
Mk+1 Mk+1 Mk+1

Oks1(t)  Wig1 (1)
[Met1f — D (D] + & -
Mk+1 Mk+1 Mk+1

- _ 1 ~
—— [Qk41() = Qi1 ()] = —— Wi (1),
Mk+1 Hie+1

where the first equality follows from (27), the third equality follows from the induction
hypothesis and (27), the fourth equality holds by (31), and the last two equalities hold
by (13). O

Because T/ = o(¢(T)) for some r > 2, following Lemma 1 we have the next
Corollary, which transforms the original LIL of the performance functions (defined in
(15)) to the equivalent LIL of their corresponding SAs. Its proof is omitted.

Corollary 2 If(16) holds, then fork = 1,2, ..., K,

T—00 o(T) T—>oo o(T)
Zi— 7 Zi— 7
lim sup —” k k H L — lim sup —” k ul ” r ,
T—o00 o(T) T—00 o(T)
By — B By — B
lim sup ” ¢ ¢ ” L — lim sup M
T—o0 @(T) T—o0 ‘P(T)
I — I, I — [
lim sup —” k i ” T — lim sup —” i d ” r ,
T—00 o(T) T—00 o(T)
o |Pe=Dilly D= Dy
1 —_— =1 , wp.l. 32
1;n_)s;p o(T) 1£Souop o(T) P G2

Given Corollary 2, it remains to prove that the right-hand sides of (32) agree with the
LIL limits in (15).
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6.2 Proof of Theorem 2

The next two results will be used in the proof of Theorem 2. Lemma 2 provides an
exponential bound for the tail probability of the extreme value of the queue length,
namely supg—,<r Qk(t). Because the proof of Lemma 2 is similar to the proof of
Theorem 3.1 in [37], we omit it here but give it in the Appendix. Using this exponential
bound, we can easily establish Corollary 3, which implies that the extreme value of
the queue length is O(logT) as T — oo.

Lemma 2 (Exponential bounds for the UL queue lengths) If p < 1, then for any
z>0andk=1,...,K,

k
P[ sup Qk(t) zz] < N exp —ZyHsz , (33)

0<t<T =1

where

min{ui, ..., pi}
2(k — 1)

0 0 k
yzmin[ 212,..., 2K2] and Okz,uk(l— ,01), k=1,..., K.
K104 HkOk =1

Corollary 3 If p < 1, then forallk =1,2,..., K,

Ssi=1, Ni=1, N; , k=2,...,K,

k—1
2+ > N &=
=2

|0, = 0togT), wp.1. a4

Proof Lemma 1 implies that ék (t) > 0forallt >0and k = 1,2,..., K. Letting
z=1logT/(y Hljzl 8;) in (33) yields that

P Ou(t) > log T <N 1
sup Qx(t) > ——— ) < Ni—-
0<t<T y Hl;zl 8; T2

Hence, Borel-Cantelli lemma implies that || O ||T = O(ogT) w.p.l. for all k =
I,...,K. O

Proof of Theorem 2 'We now prove Theorem 2 using Lemma 2 and Corollary 3. We
consider a UL system. First, fork = 1,2, ..., K, we observgthat Qk(t) = Zk(t) =0
and By (1) = prt (see Sect. 1 for details), so that Zx () = Qk(¢)/ux in (27). Hence,
the LIL for Qy holds as a simple consequence of (34) with QZ = 0 and the LIL for
Z; holds with Z;7 = 0.

We next prove the LILs for By and ;. Since Wk () now becomes a driftless BM
with variance )»kc,%, it follows from (30) and (2) that
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By — B, W
lim supM = ! — lim sup HWkHT = Ckm, w.p.1l.

T—o00 o(T) Mk T—ooo @(T) Mk

Regarding the LIL for I;, (27) and (30) imply that

k k
(@) — T(t) = (z - Zém)) - (z - ZB}(r))

=1

=~

I|
M»

k
1 - 1 ~

(Bi(t) — Bi(1)) = E —[0it) = Qi()] + E —Wi(@).
i = M

=1 =1

The LIL for I; holds then with I} = o} because Q} = 0 and Zf:] W;(r)/ul is a
driftless BM with variance parameter oy.
Finally, (30) implies that

Di(6) — Di(t) = )% cs k Wy k (Bi () + pui (B (1) — Bi (1))
= 1 s kW i (Bic (1)) — [ Ou(t) — Wie(0)]
= —0k() + 1) cak War (1)

This, together with Q,’: = 0 and (2), completes the proof of the LIL for D; with

DZ = Ca. kN k- O

6.3 Proof of Theorem 3

We next prove Theorem 3 for a CL (G1/GI)X /1/PPSD system with p = 1. First, it
is easy to see that the LIL in (15) holds with limits in (17) fork = 1,2,..., K — 1,
because the first K — 1 classes form a UL (GI/GI)X~1/1/PPSD system (since
ZIKZ ]1 p1 < 1). Hence, it suffices to prove the LIL for class K with limits in (18). We
do so by exploiting the next three Lemmas.

Lemma 3 (Generalizing the LIL of one BM) Suppose Wi (1) and W (t) are two
independent standard BMs, 61 > 0 and 67 > 0 are two constants, then w.p.1

sup |01 Wl (t) + sup 62W2(S)
T 0<t<T O<s<t 52 4 52 (35)
1m sup =,/0 o5
T—o0 o(T) ! 2

Proof Notice that

GIWi(t) + sup G2 Wa(rt)

0<r<l

GIWI(t) + sup G2Wa(s)| =

0<s<t

sup
0<t<T

sup
0<t<T
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= sup | sup [&1Wi(t) + & Wa(rn)]

0<t<T |0<r<l1

d o~ o~
= sup | sup [a1 Wi (1) + Vra2Wa(1)]

0<r<T |0<r<l1

4 sup | sup (,/612 +r622)W1 (1)

0<t<T |0<r<l1

’

where the second equality in distribution holds because Wl and WZ are independent
standard BMs. So,

sup (/G24+ra)Wi(r)

sup |01 Wl(t)—i- sup 62W2(s)

sup
. 0<t<T 0<s<t . 0<t<T |0=<r=<l1
lim sup =lim sup
T—o0 (p(T) T—o0 <P(T)
= sup (\/(_712 + r&zz) = \/612 + 622.

0<r<l1
O

Lemma 4 (Generalizing the LIL of one BM) Suppose that W] (t) and WQ (t) are two
independent standard BMs, 61 > 0, o5 > 0 are two constants, then w.p. 1

sup
0<t<T

sup [a1 Wit —s) — 52W2(S)]‘

O<s<t

lim sup

=5V (36)
T o(T) P

Proof First,

sup
0<t<T

sup [a1 Wit —s) — 52VT’2(S)]

0<s<t

= sup | sup [alwl((l—r)r)—ﬁzﬁ/z(n)]‘
0</<T |rel0,1]

0<t<T |rel0,1]

4 sup | sup ,/(1—r)612+r622VT/(t)

0<t<T |re[0,1]

4 sup | sup [\/1—r61W1(t)—«/762W2(t)]‘

)
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where W is a standard BM. N ext, we have

sup [61 Wi (7 —s) — 62W2(S)]‘

sup
. 0<t<T |0<s<t
lim sup
T—o0 o(T)
= sup /(1 —1r)&] +r65 =61 V.
ref0,1]

m}

Lemma 5 Consider g(t), h(t) € D, and a Lipschitz continuous function f on [0, 00)
with Lipschitz constant ¢ > 0. If sup |h(t)| = o (¢(T)), then

0<t<T
I lfolg+mlr .. Ifoglr
imsup ————— = limsuyp —————.
T—o0 o(T) T—00 o(T)

Proof We have

Wfe(@+mlr—INfoglrl<Ifo(g+h)— foglr

sup f(g+h)()— sup f(g))

0<t<T 0<t<T

<c sup |h()l,
0<t<T

under the condition supy, <7 h(1) = o (p(T)). O

Lemmas 3 and 4 can be viewed as generalized versions of the LIL for the BM in
(2). All three Lemmas will be used to prove the LILs for the CL and type-1 OL cases
(i.e., Theorems 3 and 4).

Proof of Theorem 3 Recall that Q(r) = Zi(t) = 0, Bi(t) = ppt for k =
1,2,..., K. And by Corollary 3, we have

=o(p(T)), wp.l. (37)
T

= MK
2.0
= ni

According to (29), we have Qg (f) = ®(Xx)(t) and Y (1) = ¥ (Xg)(r), where
K—1

Xk =-> ’;—’jéz(r) + Wk (D). (38)

=1
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LIL for idle process Ix.Lemma 5 and (38) imply that

sup Y (1) sup ¥ (Wi (1))
0<t<T . 0<t<T
lim sup —— =limsuyp ———
T—o0 (/)(T) T—o00 QD(T)
sup Wk (1)
0<t<T
= limsup ———— = ugog, w.p.l, (39)
T—00 o(T)

where the second equality holds because Wg(0) = 0 so that W(Wy)(r) =

sup [—Wkg (¢)]. Hence, the LIL for /g follows from (27) and (39).
0<t<T

LILs for queue length Qg and workload Zg . Combining (27), (38), and Lemma 5
yields that

sup QO (1) sup @ (Wk)(1)
0<t<T 0<t<T
lim sup —— = limsuyp ———@@—
T—o00 @(T) T—00 @(T)

0<t<T 0<s<t

sup ’WK(I)-F sup [—WK(S)]]

= lim sup
T—o0 @(T)
sup sup Wg(t —s)

0<t<T 0<s=<t

= lim sup

T—o00 o(T)
sup Wk (2)
lim sup O=r=T UKo w.p.1
— = KOK, P.l.y
T—o0 o(T)

which proves the LIL for Q k. This and (27) furthermore prove the LIL for Zx with
zZ 7( = 0g.

LIL for busy time Bg. First, (29) and (30) imply that
_ ~ 1 - ~ I ~
Bk (1) — Bk (t) = M_[XK(t) + Yr ()] - H_WK(t)

1
= Z Qz(t)+z Wz<t>+—YK(t> (40)

We then have
K-1 e
_ ~ KW + Yk
BB, _ & ,
limsup ———— = lim sup
T—o00 o(T) MK T—o0 o(T)
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sup
0<t<T

K-1
sup [ > ’;—KWI(I) — Wk (s)
o<s<t Li=1 "

ENCEY

= lim sup
T—o0 ng ¢o(T)

where the first equality holds by (40) and Corollary 3, and the second equality holds
because, by (38),

K—1
~ ~ H/ ~
Yk(0)= sup [~Xk )] = sup | D “E0i(s) — Wk(s) | (42)
0<s<t O<s<t | 1=, M
Note that
K—1 K—1

S BT - Wi ) £ S EEW@ —s) - Wk (o),
M 2

=1 =1

is the sum of two independent BMs with variances “%(012(—1 and A Kc%{. We exploit
Lemma 4 to complete the proof of the LIL for Bg.

LIL for departure process Dg. By (13), (27), and (30), we have

Dk (1) — Dk (1)
= =0k () + 1 cakx Wa k(1)
= —)?Ka) — Yk () + 1 Pcax Wa k (1)

= Z —Qz(t) ~ Wk () = Y (0) + 2 cax Wa k (1)
Kl p ~ Kl - ) N

=- [— S EEQ0) + D FE W) — i esx Wk (Br (D) + YKa)] :
= M = M

where the second equality follows from (27) and the third equality follows from (38).
The rest of the proof is similar to that of Bx with

K—-1

- Z Qz(t) +>E EW“) — i ee k Wy k (Bg (1))

=1

replacing the function
K-l k-1
=D =0+ D — W)
= M = M
in (40).
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6.4 Proof of Theorem 4

We now consider a type-1 OL (GI/GI)X/1/PPSD model with p > 1 and
220:1 pr = 1 for 1 < kg < K. Because the first ky classes naturally form a CL
(G1/GI)*/1/PPSD model (already discussed in Theorem 3 and proved in Sect.
6.3), it remains to prove the LILs for classes ko + 1, ko +2, . . ., K. We seek help from
Lemmas 3—4 and the following Lemma 6.

Lemma 6 Consider a type-1 OL system defined in (19). Fori =1, ..., K — ko,

§k0+i (1) — fgkw (1) = @k0+i () — [koti 17@_1(0, B (43)
Oroti (1) — Okoti (1) = Wigi (1) — igti [Troi—1(1) — Irgi ()] . (44)

Proof Consider a type-1 OL (GI/GI)X /1/PPSD system, we have I; () = 0 for all
tand k = ko, ko + 1, ..., K. First, (29) implies that

ko—1

Ko ) = Xip) = = > ’;—"l [01(t) — O1()] + Wi,y (0. (45)

=1
In addition, since Qko ®H=X k(t) = 0, we have

Oy (1) — Qo (1) = Xy (1) + Yy ()
ko—1

== 2S[O0 = QO]+ Wi + Tig0). - 46)
=1

Following (29), we have

ko

Xkgr1 (1) — Xgo1 (1) = — Z % [01(1) — Q1(®)] + Wigr1(0). 47)
=1

Substituting (46) into (47) yields (43) for i = 1, and then (44) for i = 1 with the help
of (27).

We next prove (43) and (44) using induction. Assume (43) holds for 1,2,...,i
withi < K — kg, (29) implies that

Xigti+1(t) — Xgpi1 (1)

ko ) _ B ko+i ; _ B
= S B 50 -0i0]- > B 51— 0i0)]+ Wigi1 ()
- M Ikl M
= Wit (1) — ‘“‘Lk"“[wko (1) + Vi ()]
0
& igrin = =
- > AW = [0 = Tin)]}
I=kot1 M
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ko+i
Mko+i+1 Mko+i+1
= Wigrit1(t) = =2 Wi (6) = D~ =W () — skt Tkg i ()
Hko I=ko+1

= Wiorit1 — Mkoti+1kg+i (),

where the second equality holds by (46) and the induction hypothesis. Hence, (43)
holds for i + 1. m|

6.4.1 LIL for class ko + 1
We first prove the LIL for class ko + 1.

LIL for idle process Iyt 1. Theorem 1 (also see Sect. 1) implies that X (1) = gt for
k > ko + 1, By(t) = pxt for 1 < k < ko, and By (1) = O for k > ko + 1. Following
(29), we have
&, &,
v G + 41~
Xigr1(6) = Xpgr1(6) = D == 00() + D, == Wi(t)
= M - M
1/2
+ )\k0+lca,ko+l Wu,k0+1(t)« (48)

Observe that the last two terms in (48) are two driftless BMs. Because LILs hold for
the first ko classes with limits Qy = 0 fork = 1,2, ..., ko — 1 and on = [bkoOko>
we have lim;_, o )~(k0+1(t)/t = Aky+1 Or equivalently, lim;_, oo )~(k0+1(t) = oo, w.p.1.
Therefore, by (27) and the definition of the ORM ¥ in (14), sup;~ ?ko_;,_l(l) < 00
w.p.1. so that N

Y,

=0, wp.l
T—00 o(T)

This, together with (27), proves the LIL for Iy,4+1 with / ,:‘0 4 =0

LIL for queue length Qy,+1.Note Qx(t) = Oforallk = 1,2, ..., ko undeer‘i1 ol =
1. Hence, (14) and (29) imply that

0<s<t
Iko(t) = ———— = sup
Mokq 0<s<t

sup [ )?ko(s)] ko—1
[ (49)
=1

Qi(s)  Wiy(s)
122 Mkg ’

Following (44), we have

| Okt — Okort || 4

lim sup

T—o0 o(T)
12 ~ -
) H)\k0+1ca,ko+1Wa,ko+l — Mko+1 (Iko - Ik(H-l) ”T
= lim sup
T—o0 o(T)
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1/2 ~
H)\ko_;,_lca,ko+1Wa,ko+l = Mo+11k ,

= lim sup

T—o0 o(T) '
1/2 MkOJrl
sup )\’ko-i-lca ko+1 W Jko+1 () + sup Lk Wko (s)
5 0<t<T 0<s<t 0

= lim sup

T—o0 o(T)
_ 2 2 2
- \/)"kO‘i‘]ca,k()—l—l + H’k()—i—lak()’ (50)

where the second equality holds because /. ,fo 41 = 0, the third equality holds because,
by (27) and (29),

12 ~
H)”k0+lcaak0+1 Wa,ko—H — Mko+1 Iko H r

ko—1
1/2 Mko+1 ~ Mko+1
sup [—Ak§+1ca,ko+1Wa,k0+1(r>+[Z L Wk()(s)” :

0<s<t =1 0

= sup
0<t<T

and QZ =0,k =1,2,...,ko — 1, and the last equality in (44) holds by Lemma 3
with two independent BMs W, x,+1(t) and Wy, (¢) having variance parameters 1 and
ko Okg -

LIL for workload process Zy, 1. Because Bk0+1(t) = 0, it follows from (13), (27),
and (44) that

Zk0+1(r> — Zig41(2)

[Qk0+1 () — Mk0+1cs ko+1 Wi ko+1 (pk0+1t)]

Oko+1(1)
Mko+1

= Wi = [T = Ty 0]

0+1

1,2 172
where W;f @) = AngrlCa,koHWa,ko+1(l) - Mké+1cs,ko+lWs,ko+1(Pko+lt)- Hence,
with Ik = = (0, we have

| Zeo+1 = Zio1 | 1

lim sup

T—o0 o(T)
sup_[—pasgi1 i 1) + W 4 1)
_ ! lim sup O=1=T
Hko+1 T—soo o(T)
sup | sup Mﬁi“ WkO(S)-l-VT/,fOH(f)
1 . 0<t<T |0<s<t 7 1
= im sup = , w.p.l.,
Mko+1 T—o0 <P(T) kot
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where the second equality holds by similar analysis for Qg,+1 in (50) and the third
equality holds by Lemma 3 with two independent BMs Wy, and W:O 1 With variance

parameters [ik,0k, and \/Aky+1Cky+1-

LIL for busy time By,+1 and departure process Dy, 1. Because By 1) = Zc_l(t) —
Iy(t) fork =2,3,..., K and Ik*OJrl =0, (27) implies the LIL for By, 41, that is,

lim sup M = lim sup “ U ”T _

T—00 o(T) T—oo ¢(T)

Oky, W.p.1.

Finally, according to (27) and (13) (also see (56)), we have 5k0+1 = Wky+1 §k0+1 and
Dyy+1 = Bry+1 = 0, which concludes the LIL for Dy .

6.4.2 LIL for classes ko + 2 to K
We next prove the LIL for classes ko + 2 to K.

LIL for: idle processes Ixy12. ..., Ix. We prove the LIL for I; using induction. First,
since By,42(t) = 0, rewriting (43) yields that

_ _ s _
Xig+2(t) = Xig2(1) = 1% ca ko Wakos2 (1) = ikg2 kg1 (1.

Because )_(k0+2(t) = Akg+21, IZ‘OH = 0, we obtain the LIL for [}, 4> with Iljo+2 =0,
following the analysis for the LIL of I+ in Sect. 6.4.1.

Next, suppose the LIL holds for Iy with I =0 fork = ko +2, ko + 3, ..., ko + i
withi < K — kg. Since Bk0+,-+1 (t) = 0, (43) implies that

- _ " -
Xio+i+1(8) — Xggti+1(1) = )Lké+i+lccz,ko+i+lWa,ko+i+1(t) — Wko+i+1 Tko+i (1)

We have X ko+i+1() = Agg+i+1? and 1~1f0 = 0 following the induction hypothesis.
We then establish the LIL for Iy,4;4+1 with I,j‘o it = 0, using the similar analysis of

the LIL of I, 42.

LIL for queue lengths Qyy+2. ..., Qk. Since Bk(t) =0,k > ko + 2, by (44), we
have,

Ok(t) — Ox(t) = /% ca s War () — i [To1 (1) — e (1)] for k = ko + 2.

Becausel,zk =O0forallk =ko+ 1,ko+2,..., K, wehave

~ _ 1/2
: e,
lim sup H Qk — O ”T = lim sup# = vVAkCak, W.p.l.

T—o0 o(T) T—o0 o(T)
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LIL for workload processes Zyyy2, ..., Zg. Since Bi(t) =0,k > ko+2, according
to (27) and (44), we have, fork = ko + 2, kg + 3, ..., K,

Zi (1) — Zi(t)
1 1~ 1 -
— [Qk(l‘) - M,l(ﬂcs,kWs,k(pkt)] — — Q0 (1)
k Mk

1 ~ ~
= W eaiWar) = e Wan (oo | = [l 0 = L]

Because [ = Oforall k =ko+ 1,kp + 2, ..., K, we have,

|Zi — Zi)) ;. cd/mx

lim sup = , wpl, k=ko+2,ko+3,..., K
T—00 o(T) M
LILfor busy times Byy12, ..., Bk and departure Dy, 4o, . .., Dk . Because Ek (1) =

Ii_1(t) — It (¢t) and Di(t) = ukBk(t) (due to (27)), the LILs for B; and Dk with
B* D,f = 0 follow from the LILs for I and I} 1,k =ko +2,ko + 3, ...,

6.5 Proofs of Theorems 5

Consider a type-2 OL (G1/GI)X /1/PPSD model with p > 1, Zl,zozl pr < 1 and

Zi":ﬁl pr > 1for1 < ko < K. The first ko classes form a UL (GI/GI)*/1/PPSD
system (already discussed in Theorem 2 and proved in Sect. 6.2). In addition, the
treatment of the LIL for classes kg + 2 to K is analogous to that of the type-1 OL
model (discussed in Sect. 6.4). Therefore, it remains to prove the LILs for classes
ko + 1.

LIL for idle time Ii,+1. Following (29), we have

ko ko+1

Kior1 () = Xppi1 () = D & SO+ Y K EL ), (51)

=1 =1

where Ko 1(1) = g1 (X171 0 = 1) 1 by (13). Because 8(1) = O(log(0)) for
1 < j < ko (by Corollary 3) so that the second term in (51) is o(¢) and the third term
in (51) is a driftless BM, we have 1im, , o0 Xgo41()/1 = ptig1 ()2 o1 — 1) > 0
w.p.1. Therefore, the LIL for Iy,4+; holds with / ,:“0 41 = O following similar analysis
of the proof for the LIL of /4> in Theorem 4.

LIL for queue length Qjy,+1. We write

sup | Orgs1(t) — Qror1 (1)

T—o0 o(T)
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sup | Xigt1 (1) + Yig1 (1) — Xig1 ()|

. 0<t<T
= lim sup
T—00 o(T)
= = Kot 1y W
sup [ Xg+1 () = Xg1 (1) sup | > == Wi(r)
. 0<t<T . 0<t<T | I=1 "
= lim sup =lim sup — Qko-H’
T—o00 (/)(T) T—o00 </)(T)

where QZO 11 is given in (24), the first equality holds because Qk0+1 (1) = )_(k0+1 (1),
the second equality holds because / ,:‘0 41 = 0, the third equality holds by (51) and

Corollary 3, and the last equality holds by (2) and Bk &) =prt,k=1,2,...,koand
Bio1(t) = (1= 34, po)t.

LIL for busy time By,+1. Following (13) and (27), we have

Bio41 (1) = Bro1 (1) = [Ty (1) — Trg1(D)] = [Te (1) — Teg1 ()]
= [l () — Tty (O] = [Trg41 (1) — Teg1(D)].

The LIL for Bj,+1 thus holds with Blfo+1 = oy, because I,fo = oy, and I,:‘OH =0.

LIL for workload process Zp, 1. Note that Qry11(1) = Xgy41(1) and Okor1(t) =
Xkg+1(t) + Yio+1(2), s0 (27) and (29) imply

Zk0+1(l) = Zig41 (1)

1 _ _ _
= [Xiko+1 (1) = Xig1(0) ] + Tkg41(2)
Hko+1

1

Mko+1

1/2 5 1/2
o —— [l okt Wosko1 Byt (0) = 15 kot Wosko 1 (k11

ko ko+1

~ 1 ~ 1
=l =2 -0+ 3 -~ [ eaiWar) = 1y e aWeatom |,
=1 =1

where the second equality holds by (51). The LIL for fx,4+1 (with [ ,:‘0 41 = 0) and
Corollary 3 imply that

SUP | Zig1 (1) = Ziy41(1)|

. <t<T
lim sup —=
T—00 o(T)
ko+1
1/2 12
sup Z % I:)‘l/ Ca,lWa,l(t) - U«]/ Cs,le,l(Pll)]|
. 0<t<T | I=1
= lim su = Oky+1-
T o(T) o+
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LIL for departure process Dy,1. Following (13), (27), (29), and (30), we have

Dig11(t) = Digr1 (1)
_ _ " _
= [ko+1 [ Bro+1(1) — Bros1 (D] + MkéHCs,koHWx,k0+1(Bko+1(t))
= ~ 12
= [OQko+1(1) — Qko+1 (D] + kkg+1ca,ko+1Wa,ko+1(t)

5 = = 12
= [Xk0+1(l) — Xko+1(0)] = Yeg1 (1) + )‘«ké+lca,ko+1Wa,ko+l(t)
ko

~ Z POt 61ty = Tgui () = D F ST

=1 =1

+ MkO/HCs,koJrl Wi ko+1 (Biko+1(1)),

where the third equality holds because Qk0+1 (1 =X ko+1(?) and the last equality
follows from (51).
Since Qf =O0forallk =1,2,..., ko and I,;*OJrl = 0, it follows that

sup | Diy+1(t) — Digg41(0)]

<t<T
lim sup
T—o00 o(T)
ko
sup |— Z uk0+1 W) + MkéHQ ko+1 Wi ko 41 (Brg 11 (1))

0<t<T =1
= lim sup — =Df ..,
T—o00 @(T) kot

where D,’:O 41 is given in (24), the second equality holds by Corollary 3 and the LIL
for Iry+1 (with I,j‘o 4 = 0), and the last equality holds because B (t) = pit for
1=1,2,... koand Bgy1 (1) = (1 = 312, pp)t, so that

ko

Mko+1
-> e Wit) + )1 s.ko1 Ws g1 (Brg 1 (1)
=1

is a driftless BM.

6.6 Proof of Theorem 6

Consider a (GI/GI)X /1/PPSD model with p; > 1. The LILs for classes 2 to K are
similar to those of classes ko + 2 to K in a type-2 OL (G1/GI)X /1/PPSD system,
discussed in Theorem 5 and proved in Sect. 6.5. Hence, it remains to treat the first
class.

Because p; > 1, Xl(t) = (A1 — up)t > 0, (29) implies that

oy > 1/2 1/2
Xi(t) = X1(2) +)\1/ Ca,lwa,l(t) - Ml/ Cx,lvvs,l(t)a
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that is a BM with positive drift A} — 1 > 0. Therefore, similar to the analysis in Sect.
6.5, we have lim,_, o X (#) = 00 and sup, I (f) < 0o, w.p.1., which concludes the
LILs for I; and By with I = 0 and B} = 0 because Il(t) -1 (1) = Bi(t) — Bl(t)
Next, (13) and (27) 1mply that Ql(t) = X,(¢) and Ql(t) = Xl(t) + ,lL]Il(l‘) SO
that
A

12 12
H)\l Ca,lWa,l_//Ll Cs,lvvs,l

. lor -0, .
lim sup ———— = lim sup
T—00 o(T) T o0 o(T)
= \/m, w.p.1.
Regarding the LIL for Zy, (13) and (27) imply that
) ) 1/2 172
Z ! 7 ! W1 () — Wi 1(pit
Zi(t) = Q1) and Z,(t) = Q1 + pyes 1 W 1 (1) — " " es 1 W 1 (o1 )’
H‘] M] Ml
so that

1 [~ - 1

loo-oiw]+ - [u}/zc‘v,l W () = e 1 W (oi) |
1
I

L1 oap 172
+a [Ml/ cs A W1 (1) — Ml/ Cs,lWr,l(Plt)]

Zi(1) — Z1(0)

[ W0 War(6) = V! cslwsl(t)]+11<r)

1
= E[ W War(6) = cslwsl(mn]ﬂl(t)

Hence,

1Z— 2z, 1 [ caWar =2 Pecawia |

lim sup ——————— = — limsup
T—o0 (p(T) K1 T—oo <P(T)

— L 2 2y
= py )u(ca’1 +Cs,l) =o1, w.p.l.

Finally, it follows from (13) and (27) that

Di(t) — Dy(t) = i [Br(t) — Br0)] + i Pes 1 Wy (Br (1)),

where By (t) = t. So, the LIL for D; easily follows the LIL for By, with D} = u}/zcv, 1.

7 Conclusions

We have developed a strong form of LIL for the multiclass (GI/GI)X/1/PPSD
priority queueing model by focusing on five key performance processes: queue length,
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workload, busy time, idle time, and departure processes. Refining the FSLLNs and
the corresponding limiting fluid functions which are often used to approximate the
mean values, the LILs provide an estimate for the asymptotic rate of the increasing
stochastic variability of these performance functions. We have identified these LIL
limits as explicit functions of the first and second moments of the interarrival and
service times of all K classes. Comprehensive discussions and numerical experiments
have been provided to gain insights of these LIL limits.

Our main results cover all three important cases UL, CL, and OL categorized by
the loading and traffic intensity. There are two important steps in the proofs. First, we
have adapted an SA approach to relate the original LIL pre-limit processes to those of
the corresponding SAs. Second, we have developed asymptotic theories for functions
which involve two BMs. These results are formulated in a series of lemmas which can
be viewed the two-dimensional generalization of the conventional LIL for the standard
BM (as in (2)), so they are legitimate results in their own right.

Acknowledgments We thank Prof. Ward Whitt, Prof. Junfei Huang and the anonymous referees for
providing constructive comments. Both authors were supported by NSFC grant 11471053. The first author
also acknowledges support from NSFC grant 11101050. The second author also acknowledges support
from NSF Grant CMMI 1362310.

Appendix: Overview

This appendix contains additional materials supplementing the main paper. In Sect.
1 we provide an alternative definition for the one-dimensional ORM in (14). In Sect.
1 we provide the analytic solutions to the fluid Eq. (13). In Sect. 1, more numerical
examples are given to supplement Sect. 5. In Sect. 1 we further analyze Corollary 1
in two cases. Finally, in Sect. 1 we prove Lemma 2.

The one-dimensional oblique reflection mapping

We now provide an alternative definition of the ORM in (14).

Definition 1 For any function x € Dy, if there exists a unique pair of functions
z, y € Dy satisfying

(1) z() =x@)+ y(@) = 0;
(ii) y is non-decreasing and y(0) = 0O;
(i) [y~ z(0)dy(r) =0,

is called the one-dimensional oblique reflection mapping, denoted by (z,y) =
(P, ¥)(x).

Fluid solution to (13)

We provide analytic solutions to (13) in three cases: (i) p; > 1, (ii) there exists an
integer ko : 1 < kg < K such that 2511 o < 1and Z;‘S{l o1 > 1, and (iii) p < 1.
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Case (i):If p; > 1, then the solution of (13) is

A sy et k=1

Ok(t) = uk Zi (1) = I)\kt, k=2.3... .. K. (52)
= t, k=1,

B"(”:[O, k=23,....K, (53)
It)=0, k=12,...,K, (54)

and X (1) = Qx(¢) and Dy (r) = p1t and Dy (1) =0 forallk = 2,3, ..., K.

Case (ii): If there exists an integer kg : 1 < kg < K such that Zfil p; < 1 and
ngl o1 > 1, then the solution of (13) is

k—1 +
Out) = i Zi(t) = hut — pk/\(l—zpl) ot
=1
0, k=1,2,... ko
ko+1
il S =1, k=ko+1; (55)
=1
At k=ko+2,kp+3,...,K,
_ =1,2,... ko:
. k—l + pkt’ k_l k 9 b ’ko’
B () = pkA(l—Zpl) t= (1—zpz)r, k= kot1: (56)
_ =1
L =1 0, k=ko+2.ko+3. ... K.
£y k k
. 1 - t, k=1,2,... ko:
1k<r>=(1—2m) t= ( E”’) ’ (57)
=1 0, k=ko+1,ko+2,...,K.

Finally, we also note that

k-1 k
= = —1)t, k=1,2,...,ko+1;
Xie (1) = ek |:,0kt+z Bl(t)_f:| = (,gl o ) 0

=1 At k=ko+2,ko+3,..., K,
(58)
Akt, k=1,2,...,ko;
_ _ k-1
Dy (t) = i Be (1) = 1 (1—Zpl)l, k=ko+1; (59)
=
0, k=ko+2,ko+3,...,K.

Case (iii): If p < 1, all fluid functions satisfy the fluid functions in case (ii) with kg
replaced by K.
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Fig.4 LIL limits of Example 2 as functions of k, 1 < k < 6, withky = 3, 213(:] pr = land 22:1 or > 1

More numerical examples
A type-1 OL example

Example 3 (Discontinuities of the LIL limits in the class index) Consider a 6-queue
example Ay = 1, ux = 3, cux = ¢csx = 1 forall 1 < k < K = 6. This example
belongs to the type-1 OL case because kg = 3,2;;1 o = land Z;{‘:l ok =4/3> 1.

According to Theorem 4, we compute the LIL limits in Table 2 and plot these limits
as functions of k in Fig. 4. The vertical line in 4 serving as a “benchmark” for p = 1
(because 22=1 pr = 1 and Zizl or > 1). We see that all LIL limits jump at kg
and ko + 1. The LIL limits Qj, Z;, B}, and Dj all peak at ko = 3 and ko + 1 = 4,
where stochastic processes Q, Zk, Bi, and Dy experiencing the largest asymptotical
stochastic variability. The LIL ;" increases in k and peak at k = ko = 3, it then
drops to 0. This is so because the variability of /i is cumulative (thus increasing) for
1 < k < ko and then I} becomes asymptotically negligible for all k) < k < K. See
Remark 5 for more discussions.

We plot the LIL limits as functions of k in Fig. 4.

LIL formulas for Example 2

We next provide the explicit LIL limits for Example 2. These limits are piecewise
functions. The LIL limits for Q are
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Qf(p2) =0, forall 0<py <,

Q3(02) = V2 - 1ipy=0.5) + /1 + V0.5 + p2 - 1105 py<1)»

Q;(PZ) = \/5 1{p2:O}+\/1-5+2p2+\/ 0.5 — 02 - 1{0<py<0.5) +Vv 0.5 - 105 pr <1},
01(p2) = V2.5 1p,—0) + V0.5 - Ljo<p,<1)-

The LIL limits for Z are

f(p2) =0, forall 0<p, <1,

Z5(p2) = 14202 - Lio5<py<1)>
Z5(p2) =2+ 2p2 - Lo<py<0.5) + L5921}
Z3(02) = V3 1p=0) + Ljo<pp<1)-

The LIL limits for B are

Bi(p2) =1, forall 0<py <,
B3 (02) = V202 - Lio<py<0.5) + Lo.52pm <1}
B3 (p2) = 14202 - Li0<py<0.5),

B (p2) = V2 1{p,—q).
The LIL limits for I are

If(p2) =1, forall 0<py <,

I5(p2) = V14202 - 1{0<p,<0.5)s
I5(p2) = V2 1py—oy.
If(p2) =0, forall 0<py<I.

The LIL limits for D are

Di(p2) = +0.5, forall 0<py <1,

D3(p2) = /P2 - Lo<py<05) + V1.5 1jp,—0.5) + V1 + V0.5 Ljo5<p, <1},

D3 (p2) = V1.5 1{p,—0) + \/1 +202 4+ /0.5 — 02 - 1o<pp<0.5) + V2 - 1{py=05),
D}(p2) = V2 1ip,—0).
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More discussion on Corollary 1

Using the analytic solutions to (13), we transform the results of Corollary 1 to more
detailed formulas. We consider two cases: (1) p < 1 and (2) there exists kg : 1 <
ko < K such that Z;‘il o < 1and z;‘gl o > 1.

Case 1. If p < 1, then Qx(r) = 0 and By (t) = pxt fork = 1,2, ..., K. Hence (29)
and (30) are the following

k
+ Z % [ )12 CaiWa,1(t) — Cs,le,l(t)] , (60)

N
I
—

_ _ _ 1 ~
Be(t) — Be(t) £ prt — Bi(t) = — Ok (1)
Ik

1
[ i Wk =2 Wiio]. (61)

Case 2. If there exists 1 < ko < K such that Zl P < 1 and Zk°+1pl > 1,
then Q(t) = 0 and Bi(t) = ppt fork = 1,2,. - ko, and (60) and (61) hold for
1,2,...,ko.Fork = ko+ 1, we note that Qk0+1 (t) = Xk0+1 () = ko1 (Zz 1 Pl
1)t and Bko+1(t) =(1- 21 | Pt Hence,

d ko+1
Xko+1(1) = Bros1 (Z oL — 1)t

=1

ko
Zukw [B16) + 240 Was6) = 21 e Wes0)] (62)

ko
1= piWs ko1 (1) |

1/2
k +1ca ko+1 Wa,ko+1(F) — Myt 1 Csko+1
=1
and

Big+1(t) — Bry11(1)

ko
(1 - sz)t — Bio41(t)

=1

ko+1
|:Qko+1(t) — Mko+1 (Z Pl — 1) j|
Mko+ p

e
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1

Mko+1

ko
1= piWs ko1 (D)

=1

1/2 1/2
)\ké+lca,ko+l Wa kg+1(1) — Hké_;,_lcs,ko—&-l
(63)

Fork =ko+i,i =2,3,..., K — ko, Qky+i (t) = Mig+its Bry+i(t) = 0, we have

ko ko+1
= d Mko+i = Mko+i | ~
Kigri (1) = dpgrit — D, =0y (1) — =108 |:Qko+l(l) — Hig+1 (Z P — 1) }

= M o+ I=1
ko+i—1 " ko Lk
ko+i 13 i [,1/2 1/2
Z ot [Ql([) - )»ll] + Z Blott I:)»l/ CaiWai(t) — )‘l/ CSJWY,[(I)]
I=kp+2 - M
I ko
kot+i | 4172 172
+ )‘ké+lcask0+1wa’k0+1(t) - MkSHCS»kOH 1 - ZpiWs,k0+1(t)
Mko+1 =
ko+i "
ko+i 5 1/2
+ > A P Waa (), (64)
I=ko+2
and
d Okgi (1) = Aigrit )»11(/2 Ca,ko+i Wa ko+i ()
A +i + iCa ko ko
Bk0+i (t) Bk()—i-l (t) 0T o ot . (65)

Wko+i MWko+i

Proof of Lemma 2

According to (13) Bi(t) = Pkt and X (1) = —6xt < 0 for k =1,2,..., K. Next,
(27) implies that Q1 =@ (Xl)(t) is a reflected BM, where X 1) = X1 (t) + Wi ()
is a BM with negative drift —6; and variance parameter (10q. Theorem 6.2 in [18]
implies that

_ 26
P[ sup Ql(t)Zz} §exp‘— zlzz] <exp{-2yz}, z>0. (66
Hi0]

0<r<T

We next considerk =2,3,..., K.Forz >0,

0<t<T

P’ sup ék(l)ZZ]

:P! sup lik(t)‘i‘ sup [—)?k(s)]} zz}
0<t<T O<s=<t

= P{ sup sup [)?k(t) — gk(s)] > Z}
0<t<T 0<s<t
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< P[ sup sup [(Xk(t) + Wi(1)) — (Xi(s) + Wi(s)] = —]

0<r<T 0<s<t

+P[ sup_sup [Z i - ZMsz(t)}Zg}

0<t<T 0<s<t

0<s<T 0<s<T =1

SP{ sup [Xk<s)+wk<s>]>—}+P[ sup Z Ql(S)>—}, (67)

where the first equality holds because X (0) = 0 and the first inequality holds by (29).
To bound the second term in (67), we have

k—1 .
[ sup Z Q,(s)>_] < p[ sup él(s)zmm{m,..-,u«kl}é]

0<s<T 1 0<s<T (k — Dy

k—1
<D P sup 0i(s) = 8z (68)
0<s<T
with §; given in Lemma 2.

We are now ready to prove (33) for 2 < k < K. We use induction. First, when
k = 2, using (67), (68) and the fact that §; < l, we have

0<t<T 0<s<T

P[ sup Qa(r) > z] < P[ sup [Xa(s) + Wa(s)] > 521}

0<s<T

+P{ sup QI(S)ZSQZ}

26 26
<exp)—— 22 Sz +exp —2—12822 < Nyexp{—2yé&z},
H202 H10q

where the second inequality holds by (66) and Lemma 5.5 in [18] (with X (1) + Wa(t)
being a BM with negative drift —0; and variance parameter (,02).
Next, assume (33) holds for classes 2, ..., k. For class k + 1, we have

P[ sup Op11(1) > z]

0<t<T

0<s<T =1 0<s<T

= Pi sup [Xxt1(t) + Wig1(s)] > 5k+IZ] + ZP[ sup Qy(s) > 3k+1z}

26k+18k+12 26016k+12
5exp[—%]+exp{—%]+ZNlexp{ 2y 8283 -+ - 818k +12}
n

2
Hi+1%%+1 1‘71 I—
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k+1

< Nit1exp{—2y8283 - Sg+12} = Ni+1 exp | =2y H Sjzgs

j=1

where the first inequality holds by (67), (50), and the fact that §; < 1/2, and the
second inequality holds by the induction hypothesis and Lemma 5.5 in [18] (with
Xi+1() + Wip1(2) being a BM with negative drift —6;4; and variance parameter

Wk+10k+1)- a
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